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Abstract

Let A\, U be representations of a group G with a normal subgroup N. The paper studies
the first cohomology group H!(G, \,U) under various spectral type conditions imposed on the
restrictions of A\, U to N. We assume often that IV is an Engel group and examine various de-
compositions of the extension ¢(\,U, ) of A by U associated with non-trivial (A, U)-cocycles &.

Aiming at applications to double extensions and the theory of J-unitary group representa-
tions on indefinite metric spaces, we describe (A, U)-cocycles when G = D x N is the semidirect
product, D is an Engel group and the restrictions of \,U to N are x1 for some character x
on N (such pairs of representations form in a sense a base class in the variety of all pairs of
representations). Our description is complete if G = D x R™, where D is the group of all diag-
onal matrices with positive entries, or G = D x T is the group of all upper triangular matrices
d = (d;;) with d;; > 0 and T is its subgroup of all matrices with d;; = 1, or G = SO(2) x R2.
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1 Introduction and preliminaries

The paper is devoted to the study of spatial extensions of non-unitary representations of certain
groups. A representation 7w of a group G on a Hilbert space X is a spatial extension of a repre-
sentation A of G by a representation U of GG, if X contains a m-invariant subspace L such that the
restriction 7|f, is equivalent to A, while the representation that 7 induces on X & L is equivalent to
U. A natural instrument for the study of spatial extensions is the technique of (A, U)-cohomologies.

The case when U is unitary is especially important for the study of representations that are
unitary with respect to an indefinite scalar product - the J-unitary representations in indefinite
metric spaces (the Krein spaces). Assuming additionally that A is finite-dimensional, one comes
to representations on the Pontryagin IIi-spaces. Seminal results in this area were obtained by
M.A.Naimark and R.S.Ismagilov (see [23] and references therein). They outlined a wide range
of further studies and raised many important questions. The subject was further developed by



Araki [1], Ismagilov [9, 10, 11], Kissin and Shulman [12], Naimark [21, 22], Sakai [25] and others
(additional references and detailed information can be found in [15]). J-unitary representations were
also considered in relation to the study of various problems in the quantum theory [3, 19, 27, 28]
and the theory of derivations of C*-algebras implemented by symmetric unbounded operators [17].

This paper is a continuation of papers [13] and [16], where we studied extensions of represen-
tations of nilpotent groups, and found some triviality conditions for cohomologies of groups with
normal Engel subgroups. Here we refine and extend many of these results and apply them to obtain
various types of decomposition for extensions of representations. We also describe some important
classes of cohomologies of semidirect product of groups: G = D x N, where D is an Engel group
(this class of groups contains, in particular, many solvable groups). In turn, this allows us to
analyse the structure of the extensions of the representations A by U for these groups.

As in the case of nilpotent groups, where the results on (A, U)-cocycles and extensions obtained
in [13] were crucial in establishing and classifying in [14] various types of decomposition of their
J-unitary representations on Il;-spaces, the results of the present paper are essential for the study
of J-unitary representations of semidirect products of groups on II;-spaces.

Throughout the paper G is a connected locally compact group with a connected closed normal
subgroup N, and \,U are weakly continuous representations of G on Hilbert spaces L and §. By
B($, L) we denote the space of all bounded operators from $ to L. Let K (G, N) be the minimal
closed subgroup of G containing all commutators ghg~*h~', g € G, h € N. Set GI! = K(G,G),
GP = K(G,GM), ..., GI" = K(G,G"1). A group G is nilpotent if Gl = {e} for some n. Each
h € G defines a map ady, on G: ady(g) = ghg *h™! for g € G. An element h of G is Engel if, for
each g € G, there is ny € N such that ang (9) = e. A group G is an Engel group, if it consists of
Engel elements. Nilpotent groups are Engel groups, while solvable ones are not always Engel.

For any map u of G, we denote by pV its restriction to N.

As we only study 1-cohomology, we write for brevity cohomology, cocycles, coboundaries instead
of 1-cohomology, 1-cocycles, 1-coboundaries. A weakly continuous map &: G — B(9, L) is

a (A, U)-cocycle if £(gh) = Ag)&(h) +&(g)U(h) for g, h € G, (1.1)
a (A, U)-coboundary if £(g) = M(g)T —TU(g) for g € G and some T € B($, L). (1.2)

Let Z(G, A\, U) be the set of all (A, U)-cocycles and B(G, A, U) the set of all (A, U)-coboundaries.
Then H(G,\,U) = Z(G,\,U)/B(G,\,U) is the 1-cohomology group of G related to A\, U. If
dim L = 1 and ¢ = 17, then H(G, ¢, U) is the 1-cohomology group of U in classical sense ([2],[4],[5],[6]).

In Section 2 we develop a spectral criterion of triviality of the group H(G, A, U) for pairs (G, N)
(for nilpotent G it was established in [13]). In Theorem 2.13 we show that if A and U are sectionally
spectrally disjoint (Definition 2.4) at some Engel elements of N then H(G,\,U) = 0.

The importance of the notion of the sectional spectral disjointness is also demonstrated in
Theorem 3.9. It states that if a finite-dimensional subspace L is invariant for the restriction 7V
of a representation 7 of G to an Engel subgroup N and the representation 7| is sectionally
spectrally disjoint with the representation that 7 induces on X © L, then L is also 7-invariant.

The main motivation for the study of (X, U)-cocycles of G is that every such cocycle £ defines
an extension ¢(\,U,§) of A by U on X = L @ § by the formula

e(g) = e(\, U, €)(g) = ( A(Og) 5((5;)) > g€Gq. (1.3)

It is well known that L has an e-invariant complement H, if and only if £ is a (A, U)-coboundary.
Moreover, two extensions are similar if and only if the corresponding cocycles are cohomological.



Section 4 deals with the structure of ¢ = ¢(\, U, &) when N is an Engel group. In Theorem 5.2
we show that if G = N is nilpotent, then L always approximately splits e, i.e., there are e-invariant
subspaces (Y;, Z;)72, in X such that X =Y;+Z2;, Y1 G Vi, Z; G Ziy foralli, and L € M = N;Y;
with dim(M/L) < co.

A representation pu of N is monothetic if the spectrum of each operator u(h), h € N, is a
singleton. In this case there is a character y of N (a continuous multiplicative map from N to
C\ {0}) such that Sp(u(h)) = x(h) for all h € N. If N is an Engel group, then (see [13, Theorem
3.17]) each finite-dimensional representation of N decomposes in the direct sum of monothetic ones.
Moreover, in our setting, where N is a normal subgroup of GG, each finite-dimensional representation
A of G decomposes in the direct sum of representations whose restrictions to /N are monothetic [16]
(we call such representations of G N-monothetic). So the following question arises naturally:

Under what conditions all extensions e(\, U, &) of a pair (A, U) (with finite-dimensional \) de-
compose in the direct sum of extensions e(\;, U;, &;) with N-monothetic A\;?

For commutative G, the positive answer to this question was given in [13]. However, the result
does not extend to all nilpotent groups; the corresponding representation of the Heisenberg group
was constructed in [13]. We show in Theorem 5.5 that the needed decomposition exists if U(N) is
contained in the center of U(G)

In Sections 6-8 we consider a comparatively simple (but, in some sense, the base) class of pairs
of representations (A, U) that are not spectrally disjoint on N: N-trivial representations, i.e.,

A(h) =11 and U(h) = 14 for h € N. (1.4)

Such a condition allows us to present a wide range of non-trivial (A, U)-cocycles for the semi-direct
products of groups G = D x N (especially, when D is an Engel group). These cocycles are described
by analytic formulas. This, in turn, permits us to describe in detail (see Section 6.4) the structure
of the corresponding classes of extensions e(\, U, &).

This detailed information is important for the study of J-unitary representations of groups on
Pontryagin spaces. To construct such a representation one needs to have a (A, U)-cocycle that
satisfies an additional condition of neutrality:

—£(h)E(g™H)" = AMh)v(g) — v(hg) +v(R)A(g)*, g.h € G,

for some map v: G — B(L) [11],[12]. To choose from the space of all (A, U)-cocycles the neutral
ones, we need to have a maximally transparent description of this space.
It is shown in Theorem 6.4 that, for A\, U satisfying (1.4), each cocycle is the sum of two cocycles:

& =&, + &3, where &,(dh) =n(d), £g(dh) = X(dh)B(wy (h)) for d € D, h € N.

Here w,: N — R! is the natural epimorphism (the number / € N depends on the structure of N)
and 3: R! — B($, L) is a linear map called a (), U)-cocyclic map. The map 7 is just a (AP, UP)-
cocycle on D and can be considered separately. In this paper we concentrate on the study of the
(A, U)-cocyclic maps . An explicit formula for the (), U)-cocyclic maps 3 is obtained in Section
6.3 for the case when D is Engel. In Section 6.4 we study the structure of the extensions e¢(\, U, )
for N-trivial representations A, U. We obtain their full description for nilpotent D.

In Section 7 we study (A, U)-cocyclic maps and cocycles on groups G = D x R", where D are
Engel subgroups of GL(n,R). We give their partial description when D is the nilpotent group T, of
all upper triangular matrices with 1 on the diagonal. The picture is complete when D is the group



D of all diagonal matrices with positive entries, and when G = SO(2) x R%. We also consider the
case when D is the solvable (but not Engel) group S,, of all upper triangular matrices with positive
diagonal entries.

Finally, in Section 8 we give a full description of (A, U)-cocyclic maps and cocycles on the group
S, considered as the semidirect product of its subgroups D and T,.

2 Spectrally disjoint representations and group cohomology

In this section we develop a spectral criterion of triviality of H(G, A, U) for a group G with a normal
subgroup N. In Theorem 2.13 we show that if A and U are sectionally spectrally disjoint at some
Engel elements of N then H(G,\,U) = 0. Set B($)) = B($,9) and B(L) = B(L,L).

2.1 Spectral disjointness of representations

We say that operators A € B(L) and B € B($)) are spectrally disjoint (see [13]) if
Sp(A)N Sp(B) = @.

Lemma 2.1 [Rosenblum (see, for example, Corollary 0.13 [24])] Let operators A and B be spectrally
disjoint. If AY =Y B forY € B(9,L), or YA= BY forY € B(L,$) thenY = 0.

We say that a map \: G — B(L) and a representation U: G — B($)) are spectrally disjoint at
h € G, if the operators U(h) and A(h) are spectrally disjoint.
Let h € N. As Sp(U(hg)) = Sp(U(h)) for g € G, Lemma 2.1 yields in this case that

1) Ah)Y =YU(hy) for Y € B($, L), implies Y = 0, where h, = ghg™';
2) YA(h)=U(hy)Y forY € B(L,$), implies Y = 0. (2.1)

Unless otherwise specified, the maps A and U will be representations of G on L and $.
We often need to consider the case that U (or ) has the upper triangular form. For example,

Ui Ui Uss
k 0 Uz U - S
H=D;_1 9, k< oo, and U = 0 0 Us - , Uiy =0for i > j,

where U; are representations of G on $;. In this case we write U = \U;]_,.
The result below was obtained in [16]. For convenience of the reader we give its proof here.

Proposition 2.2 Let U = \Ui]le, k < oo, let A be spectrally disjoint with each U; at some h* € N
and & be a (N, U)-cocycle. Let €N be the restrictions of € to the normal subgroup N.

If €N is a (AN, UN)-coboundary (£(h) = A(h)T —TU(h) for all h € N and some T € B($, L)),
then & is a (A, U)-coboundary with the same unique representing operator T':

€(g) =Ng)T —TU(g) for g € G.



Proof. Set n(g) =&(g9) — (M(g)T —TU(g)) for g € G. Then 7 is also a (A, U)-cocycle of G and
n(h) =0 for h € N. Hence, as h,-1 € N for all h € N, g € G, we have from (1.1)

n(ghg—1) = Mg)n(hg—) +n(g)U(hg—1) = n(g)U(hg—1) and
n(ghg—1) = 1(9g~ " hg) = n(hg) = A(h)n(g) +n(h)U(g) = A(h)n(g), so that
n(g)U(hg-1) = A(h)n(g) for g € G and h € N. (2.2)

We have that n = {n;}¥_,, where n; = n|,: G — B(%);, L). So, by (2.2), m (g)Ul(h;,l) = ARhYm(g)
for g € G. Since A and U are spectrally disjoint at k' € N, we get from (2.1) that n; = 0.

Hence we have from (2.2) that 72(g)Uz2(hg-1) = A(h)n2(g) for all g € G and h € N. Since A and
Us are spectrally disjoint at h? € N, it follows as above that 7,. Continuing this process, we get
n=0.S50&(g) =Ag)T —TU(g) for all g € G.

Let also £(g) = M(g)S — SU(g) for all g € G and some S € B($,L). Set R =T — S. Then

AMg)R = RU(g) for g € G. (2.3)

Let us show that R = 0. As $ = ®F_,9;, we have R = {R;}}_| where R; = R|s, € B($i,L). By
(2.3), A(hY)Ry = R Ui (hY). As A(RY) is spectrally disjoint with Uy (h'), Ry = 0 by Lemma 2.1. So
A(h?)Ry = RyUs(h?). By Lemma 2.1, Ry = 0. Continuing this process, we get R =0.So T = S. m

Using Proposition 2.2, we obtain the following results.

Theorem 2.3 Let U = \U;]%_,, k < 0o, and \ be spectrally disjoint with each U; at some h® € N.
(i) If H(N, AN, UN) =0 then H(G,\,U) = 0.
(ii) If H(N, ANV, UN) =0 for some i, then H(G,\,U;) = 0.
(iii) If k < oo and H(G,\,U;) =0 for all i < k, then H(G,\,U) = 0.
(iv) If k < 0o and H(N, AN, UN) =0 for all i < k, then H(G,\,U) = 0.

Proof. Part (i) follows from Proposition 2.2. Part (ii) follows from (i) for k = 1, and part (iii)
was proved in Lemma 2.3 [13].
(iv) By (ii), H(G, A\, U;) = 0 for all i < k. Hence H(G,\,U) = 0 by (iii). m

A continuous map x: G — C is a character if x(gh) = x(g)x(h) for g, h € G. We denote by G*
the group (under pointwise multiplication) of all characters on G. A character y is unitary, if

Ix(g)] =1 for g € G, i.e., x(¢g71) = x(g). (2.4)
Following [13], we call the spectral condition in Theorem 2.3 by sectional spectral disjointness.

Definition 2.4 We say that a representation A of G (respectively, a character x) is sectionally
spectrally disjoint with a representation U of G at some {g'}*_, in G, if U =\U;]%_;, k < 00, and
A (respectively, x) is spectrally disjoint with each diagonal U; at g':

Sp(A(g") N Sp(Ui(g")) = @ (respectively, x(g") ¢ Sp(Ui(g"))-
Let $ = @®52, 9, all H; be U-invariant and Py, be the projections on £);, so that

U = ®2,U;, where U; = Ulg,. (2.5)



Lemma 2.5 (i) A map & G — B($9, L) is a (A, U)-cocycle if and only if all maps & = E|g,: G —
B($;, L) are (A, U;)-cocycles.
(ii) Let H(G,\,U;) =0 for all i € N. Then a map & G — B($,L) is
1) a (\,U)-cocycle if and only if all & are (N, U;)-coboundaries, i.e.,

& = \T; — T,U; for some T; € B($;,L); (2.6)

2) a coboundary if and only if there are {T;}°, satisfying (2.6) and &°,T;Py, € B($,L);
3) if X is sectionally spectrally disjoint with all U;, then operators {T;}5°, are unique.

Proof. (i) As all Py, commute with U, it follows from (1.1) that all & are (A, U;)-cocycles.

Conversely, let all & be (A, U;)-cocycles. Set P, = @', Py,, m < oco. Then P,U = UP,
and ||z — Ppz|| — 0 for x € $, as m — oo. We have that £(g9)P = (£1(9),-.-,&m(9),0,...) are
(A, U)-cocycles. Hence € is a (A, U)-cocycle, since for x € ),

(g192)x = lim €(g1g2) Ppr = lim (M(g1)&(92) P + £(91)U (92) Prnr)
= Ag1)€(g2)x +&(91)U (g2) for g1, g2 € G.
(i) 1) follows from (1.2) and (i).
2) If ¢ is a (A, U)-coboundary, £ = \T' — TU for some T' € B($),L). So T; = TPy, satisfy (2.6)

and T = &%, T;P,.
Conversely, let T' = &2, T; Py, € B($, L) and all T; satisfy (2.6). Then for g € G,

§(9) P = (£1(9)s -+ &m(9),0,...) = Mg)T P = TPU(g) = (AM(g)T — TU(g)) Prn-
Hence ¢ is a (A, U)-coboundary, since for z € 9,

§(g)z = lim {(g)Ppr = lim (M(g)T —TU(g))Pnz = N(g)Tz —TU(g)z.

m—r0o0 m—o0

3) Let, for some i, there are S;, T; € B($;, L) such that
&i(g) = AMg)Si — SilUi(g) = Mg)Ti — TiUi(g) for g € G.

Set R; = T; — S;. Then A(g)R; = R;U;(g). As X is sectionally spectrally disjoint with each Uj,
repeating the argument in the proof of Proposition 2.2 that follows (2.3), we get R; = 0. So
T = Sz |

Corollary 2.6 Let U = ©;2,U;, let X be sectionally spectrally disjoint with each U; at some ele-
ments in N and let all H(N,\N,UN) = 0. Then

(i) H(G, A\, U;) =0 for all i € N.

(i1) A map & G — B(9,L) is a (A, U)-cocycle if and only if there are operators T; € B($;, L),
i € N, such that |, = (NI} — T;U;)|g,. The family of operators {T;} is defined uniquely.

The map & is a (A, U)-coboundary if and only if, in addition, the operator &32,T; Py, is bounded.



Proof. (i) follows from Theorem 2.3(ii), and (ii) follows from (i) and Lemma 2.5(ii). m

It follows from Corollary 2.6 that Theorem 2.3(iii) does not extend to the case k = occ.
Let dim L =1, i.e., L = Ce. Each operator T' € B($, L) has the form T'=y ® e:

(y®@e)x = (z,y),e for all z € H and some y € 5. (2.7)
If T € B($) and p € C then, for z,y € 9,

pree) =z ue=npree, (re)T =(T"2)Re,
(r@e)*=e®x e B(L,9H), (ze)(e®y) = (y,7),(e®e) € B(L). (2.8)
)

Each map & G — B($), L) has the form £(g) = r(g) ® e for some map r: G — $.
Denote by ¢ the trivial representation: ¢(g) = 1, for g € G. Then Corollary 2.6 yields

Corollary 2.7 Let U = ®2,U; and x € G*. Suppose that, for each i € N,
H(N, XNLN, UZ-N) =0 and there is h' € N such that X(hi) ¢ Sp(Ui(hi)).

Then
(i) H(G,xt,U;) =0 for alli e N.

(ii) A map &(g) = r(g) ® e is a (xt,U)-cocycle if and only if there are y; € $; such that

N 00 ||—— 2
r(g) = &2 (9 — Ui () € 9, e Y |@ws = Ui ()| <oc forge . (29)

(iii) & is a (x¢, U)-coboundary if and only if > ;2 yi =y € $, so that r(g) = x(9)y — U*(9)y.

If N has the property (T) (¢:V is isolated in the space N of all equivalence classes of irre-
ducible unitary representations of N), then H (N, (", V) = 0 for any unitary representation V of N
(Proposition I11.2.9 [6]). So Corollary 2.7 yields

Corollary 2.8 Let U = &°,U; be unitary and N have property (T). If 1 ¢ Sp(U;(h")) for all i
and some h' € N, then H(G,1,U;) = 0 for i € N, and (2.9) with x(g) = 1 describes (1, U)-cocycles.

2.2 Engel elements in groups and group cohomology

Recall that h € G is an Engel element if, for each g € G, there is ny € N such that adzg (9) = e,
where ady,(g) = hgh~'g~1. A group G is Engel if it consists of Engel elements. In particular, all
nilpotent groups are Engel.

We will show that the sectional spectral disjointedness of A and U at Engel elements of N is
sufficient for the triviality of H(G, A, U).

Lemma 2.9 FEach Engel element of a normal subgroup N is also an Engel element of G.

Proof. Let h be an Engel element of N. For g € G, ady(g) = ghg*th™! = hyh™! € N. Hence
ad 1 (g) = ad}(ady(g)) = ady(hyh™!) for all n. As h is an Engel element of N, ad}(h,h™!) = e
for some n. Hence ad}'"!(g) = e. Thus h is an Engel element of G. m

The following result proved in Corollary 2.9 [13] plays an important role below.



Theorem 2.10 If A and U are spectrally disjoint at an Engel element of G then H(G,\,U) = 0.
For convenience we include here a shorter and more transparent proof than the original one.

Lemma 2.11 Suppose that representations X\ and U are spectrally disjoint at h € G, and let n be
a (N, U)-cocycle with n(h) = 0. If n(hgh™'g~') =0 for some g € G, then n(g) = 0.

Proof. As 0=17(e) =n(gg~") = Mg)n(g~") +n(9)U(g"), we have
n(g™") = =Ag) 'n(g)U(g)~" for all g € G. (2.10)
Son(h™1) =0.
By our assumption,
1 1.1 _ _ _ _
0= n(hgh~"g~") ") A(hgh™")n(g™") + n(hgh U (g™

20 _Nhgh YA g In(9)U(g~) + (A(h)n(gh ™)
= —AR)Agh™ g (@)U (g™") + Alh
— AR (gh~ g Hn(g)U(

(

= A(h)(n(g)U(h™") = A

+ +
3
—~
>
~—
=
Q
>
L
=
S
—~
<
L

Thus
n(g)U(h™) = A(gh™ g )n(g) = A((h™")g)n(g). (2.11)
As Sp(U(h)N Sp(A(h)) = @ and

Sp(U(h™) ={"" z € Sp(U(h))} and Sp(A(h™1)) = {27 z € Sp(A(h))},
we have Sp(U(h~1))N Sp(A(h~1)) = @. Hence (g) = 0 by (2.11) and (2.1). =

Corollary 2.12 Let A\ and U be spectrally disjoint at an Engel element h € G. If a (A, U)-cocycle
n satisfies the condition n(h) = 0 then n = 0.

Proof. Since h is an Engel element then, for each g € G, there is n = ny such that in the chain
90 = g, g = adp(gr—1) the element g, = e. Thus n(g,) = 0. On the other hand, if 7(gx) = 0 then
1(gk—1) = 0 by Lemma 2.11. Thus n(g) =0. Son=0.m

The end of the proof of Theorem 2.10. Let A and U be spectrally disjoint at an Engel
element h € G, and let £ be a (A, U)-cocycle. Consider the operator R(X) = A(h)X — XU(h) for
X € B(9,L). By Rosenblum’s Theorem (Theorem 0.12 [24]),

Sp(R) = {a —B: a € Sp(A(h)), B € Sp(U(h))}.

As X and U are spectrally disjoint at h, Sp(A(h))N Sp(U(h)) = @. Thus 0 ¢ Sp(R), so that R is
invertible. Hence there is T' such that A\(h)T — TU(h) = £(h).

Set n(g) =&(9) —ANg)T+TU(g). It is a (A, U)-cocycle and n(h) = 0. Hence n = 0 by Corollary
2.12. Thus £(g) = AM(g)T —TU(g). So H(G, A\, U) = 0. The proof of Theorem 2.10 is complete. W

We have the following refinement of Theorem 2.3.



Theorem 2.13 Let \ be sectionally spectrally disjoint with U at Engel elements {h le of N.
Then H(G,\,U) = 0.

Proof. By the assumption, U = \Ui]i-“zl, k < oo, and A is spectrally disjoint with each diagonal
U; at h'. By Theorem 2.10, H(N, A\, UN) = 0 for all i. It suffices now to apply Theorem 2.3(iv). m

Making use of Theorem 2.13, we simplify conditions in Corollaries 2.6 and 2.7.

Corollary 2.14 Let U = ®:2,U; and let x be a character on G.

(i) If a representation X is sectionally spectrally disjoint with each U; at some Engel elements
of N, then the conclusions of Corollary 2.6 hold.

(ii) If x(h%) ¢ Sp(U;(h)) for all i € N and some Engel elements h' € N, then the conclusions
of Corollary 2.7 hold.

In (2.5) all subspaces $); are U-invariant. We now show that sometimes it suffices to assume
that they are UN-invariant.

Proposition 2.15 Let = ©52,9; and all $; be UN invariant, i.e., UN = @,?ilUZ-N. Suppose that
UN|g, = wilg,, i €N, for some distinct characters w; on N. Then

(i) All $; are U-invariant, so that U = ©32,U;.

(ii) If wi(h?) & Sp(A(hY)) for each i € N and some Engel elements h* € N, then H(G,\,U;) = 0
for all i € N. In other words, the results of Corollary 2.6(ii) hold.

Proof. (i) Let U = (Uj;) be the block-matrix form with respect to the decomposition $ =
®22,9;. As gh = hyg for h € N, g € G, we have U(g)U(h) = U(hg)U(g). As UY is block-diagonal,

Uij(9)Uj;(h) = Uii(hg)Uij(g) for i # j and all h € N, g € G. (2.12)

For g € G and a character w on N, set w9(h) = w(hy) for h € N. Then C,, = {g € G: w9 = w}
is a group. If C, contains an open subset of G, it contains a neighbourhood of e in G. As G is
connected, G = C,,. Thus either C, = G, or C,, contains no open subsets of G.

If i # 7 in (2.12) then

Uij(9)(w?(h) — w;(h)) =0 for g € G and h € N. (2.13)

If C,, = G then wf = w; for all g € G. As w; # wj, it follows from (2.13) that U;; = 0.

Suppose that C,,, contains no open subsets of G. Let U;;(r) # 0 for some r € G. Then w] = wj
by (2.13). If also Uy;(s) # 0 for some s # 7, then wf = w;. Hence w! = wf. Thus w! * = w;, s0
that r—!s € C,,. So s € rC,,. Hence Uij(g) =01if g ¢ rC,,. As rC,, contains no open subsets of G
and U;; is weakly continuous on G, we have U;; = 0. Thus all §; are U-invariant.

(ii) As Sp(A(RH)N Sp(U;(hY)) = Sp(A(RH)N {wi(h?)} = @, X is spectrally disjoint with each Uj,
i € N, at an Engel element h* € N. So H(G,\,U;) = 0 for all i € N, by Theorem 2.10. So the
results stated in Corollary 2.6(ii) hold. m



3 Invariant subspaces and elementary representations

Definition 3.1 A map u: N — B(L) is spectrally continuous at h € N if, for each neighbourhood
V' of Sp(u(h)) in C, there is a neighbourhood Wy of h in N with Sp(u(h')) CV for k' € Wy.

In other words, p is spectrally continuous if the multivalued map h +— Sp(u(h)) is upper
semicontinuous on N [18]. If x is norm-continuous, it is spectral continuous ([7], p 53).
Let 7 be a representation of G on a Hilbert space X and let 7V have an invariant subspace L:

X=L&H 7= <2 é) and ¥ = <)\(;V 5?:,), (3.1)

where AN and UV are representations of N, and $) = L*. The following sufficient conditions for L
to be also m-invariant were obtained in [16].

Theorem 3.2 ([16]) Let in (3.1) UN = \UN |, k < oo, let AN be spectrally disjoint with each UN
at some h* € N, and let AN be spectrally continuous at all h*. Then p = 0, so that L is m-invariant.

Corollary 3.3 Let conditions in Theorem 3.2 hold, so that p =0 in (3.1).
(1) If &N is a (AN, UN)-coboundary then € is a (A, U)-coboundary.
(ii) If N is an Engel group then £ is a (X, U)-coboundary.

Proof. (i) As p = 0, £ is a (A, U)-cocycle. If £V is a (AN, U™)-coboundary then, as AV is
sectionally spectrally disjoint with U, it follows from Proposition 2.2 that ¢ is a (), U)-coboundary.
(ii) If N is an Engel group then ¢ is a (A, U)-coboundary by Theorem 2.13. m
Suppose that A in (3.1) has an upper triangular form with respect to a decomposition
L=% L k<oo, ie, AN =\ANE . (3.2)

Let all )\fv be pairwise spectrally disjoint and let they be sectionally spectrally disjoint with U.

Corollary 3.4 (i) If all )\ZN are spectrally continuous at each h € N, then all subspaces @gzle‘,
7 < k, are w-invariant, so that

= <())\ 5) . and A = |, = \\]¥_, with respect to decomposition (3.2). (3.3)

If all L; in (3.2) are AN -invariant then all L; are also m-invariant:
A =@\ (3.4)

(ii) Let N be an Engel group. Then there exist m-invariant subspaces {L;}le and H and an
equivalent scalar product on X such that

L= L, X=L&H and 7 = & m & 7|y, where m; = ui7e (3.5)

If all L; in (3.2) are AN -invariant then they are also w-invariant and L = L;.
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Proof. (i) Set X1 = Lo @ ... & L @ $. With respect to the decomposition X = L; & X,

)\é\/ * * *

N (N .
o (M 51)’ N _ ()\1 §1N>7 where sV — | 0 o« &
p1 T 0 m 0 0 AN =

o o0 o UN

As A is spectrally disjoint with all /\fV , 2 < i <k, and is sectionally spectrally disjoint with U™V,
it is sectionally spectrally disjoint with W{V . As )\le is spectrally continuous on N, we get p; = 0 by
Theorem 3.2, so that L is w-invariant.

Consider now the representation 71 on X;. Repeating the above process, we get that Lo is
invariant for m1. So Ly @ Lg is w-invariant. Continuing this process, we conclude the proof of (3.3).

If some L; is AN-invariant, take it instead of L;. As above, it is m-invariant. This proves (3.4).

(ii) Let N be Engel. As each )\ZN is sectionally spectrally disjoint with U~ and with every )\§V ,
J # i, we have H(G, N\, \j) = H(G, \;,U) = 0 by Theorem 2.13. It was proved in Proposition 2.5
and Remark 2.6 [13] that in this case there are subspaces {L;}¥_, and H satisfying (3.5). m

Recall that N* is the group of all characters on N. The notions below were introduced in [13].

Definition 3.5 A representation pu of a group N on L is called
(i) a x-representation for some x € N*, if Sp(u(h)) = {x(h)} for all h € N.

(ii) elementary if, for some k < oo and some equivalent scalar product,
L=aF L, and p = \py,|F_; with respect to this decomposition, (3.6)
where each p, is a x;-representation of N on Ly, for some x; € N* (x; may repeat). Set
sign(p) = U xi, i.e., sign(u) consists of all characters from {x;}*_, taken once.

The set sign(u) does not depend on the choice of triangularization of L in (3.6) [13], and each
elementary representation p of a group N is spectrally continuous at all h € N [16].

The structure of elementary representations of connected Engel groups is simpler.

Proposition 3.6 [13, Corollary 2.18] Let u be a representation of a connected Engel group on L.

(i) If p is elementary then there is a scalar product on L such that
L = @y csign(u) Ly, where each Ly is p-invariant, so that pn = @, cgign(u) bty (3.7)

and piy = p|L, is a x-representation of the group.
(ii) If dim L < oo then p is elementary, so that (3.7) holds.

For non-Engel groups, decomposition (3.7) does not always exist (see Example 3.10).

Remark 3.7 A y-representation p of N is sectionally spectrally disjoint with UN if and only if x
is sectionally spectrally disjoint with UN. If x # w € N* then w is spectrally disjoint with p.

Corollary 3.4 and Remark 3.7 yield
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Corollary 3.8 Let the representation \N = V|1, in (3.1) be elementary:
L=0k L k<oo, and \N =\ V]|, (3.8)

where )\ZN are x;-representations of N on L;, x; € N*. Let {x; le be distinct and sectionally
spectrally disjoint with UN. Then

(i) L is m-invariant and \ = 7|, = \\i|¥_, with respect to decomposition (3.8).
(ii) If all L; are AN -invariant (AN = @k | AN), they are also A-invariant: \ = @F_ ;.

If N is a connected Engel group, Corollary 3.8 admits the following refinement.

Theorem 3.9 Let N be an Engel group.
(i) Let AN = 7N|p in (3.1) be elementary, so that, by Proposition 3.6,

L = &, cign(av) Ly, all Ly are M Zinvariant and \N = @XESign(/\N)/\XN

in some scalar product on L, where )\g = )\N|LX are x-representations of N.
If all x € sign(AN) are sectionally spectrally disjoint with U, then all L, are m-invariant and
there exist a m-invariant subspace H and an equivalent scalar product on X such that

X=L®Handn = <@X€Sign(AN))‘X> © 7|g, where Ay, = 7|, .

(ii) If dim L < oo then AN = 7|1, in (3.1) is elementary by Proposition 3.6. So (i) holds, if all
x € sign(AN) are sectionally spectrally disjoint with U™,

For each character x; in Corollary 3.8, x;(h) = Sp(Ai(h)) for h € N. As \; is a representation,
Xighg™) = Sp(Ni(ghg™)) = Sp(Ai(9)Ai(h)A7(9)) = Sp(Ni(h)) = xi(h) for g€ G. (3.9)

We illustrate Theorem 3.9 with the following example. Consider the connected groups

G = {g(a,b,x) = <g "Z> ca,beR,, x € R} and N = {g(a,a,x) € G}. (3.10)

Then G is a solvable and N is a normal commutative subgroup of G (N is Engel). For y € G*,
x(9) = x...(9(a,b,z)) = a®b" and Xifu (g(a,a,z)) = a®** for some z,u € C.

Let A be a representation of G on X, dimX = n. By the Lie theorem, X = @] ;X; and
A = \NiJ;, where dimX; = 1 and \; = x,1x,. Even if all {x,}!', are different, A does not
necessarily decompose in the sum of y,-representations, as G is not an Engel group.

Set s; = z; + u;. Then {§; = xV}";, are characters on N: §;(g(a,a,z)) = x™(g9(a,a,z)) = a
and sign(A\Y) consists of all distinct characters from the set {d;}"_;. By Theorem 3.9,

Si

X = Z X5, each X is M-invariant and AV |, is a d-representation of N. (3.11)
Jesign(AN)
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Example 3.10 (i) Let X = C2. The representation A(g) = g of G on X is elementary with
characters x, o, X,,- However, X does not decompose in the sum of A-invariant subspaces, since
sign(AV) = {6}, where 6 = IV = x. Thus X = X; in (3.11).

2 2 _p3
a® a

0 b
Xa.05 Xos- S0 sign(AY) = {61, 65}, where §; = xV, and

(ii) The representation \: g(a,b,x) — < > on C? = Ce; @ Cey is elementary with
C? = X5, + X;5,, where Xg, = Cey and X5, = C(—e; @ eg)

are AN-invariant subspaces: A\ |x; , ¢ =1,2, are d;-representations, since
3

M (g)er = a’e; = 61(g)er and NV (g)(—e1 @ e3) = a3(—e1 @ e3) = d2(g)(—e1 @ €2),

for g = g(a,a,x) € N. It is easy to see that Xs,, X5, are also A-invariant.

4 Cocycles on Engel and nilpotent groups

Let N be a connected locally compact group. The subgroup N1 is normal and N=N /N 1) is
connected, locally compact and commutative. Then ([20, Theorem 26]) N is isomorphic to the
direct product of a connected compact commutative subgroup K and R! for some [ := 1 ~ €N:

N ~R!x K and (x,k)(y, k1) = (x +y, kky) for z,y e R, k. k) € K. (4.1)

We identify N with R x K. Let pr N — N be the standard epimorphism and r: (x,k) — x be the
natural epimorphism of N onto R!. Set

w, =rop, sothat w, (k) = r(p(h)) =r(h) for h € N,h € N. (4.2)
Then wy: N — R! is a continuous epimorphism:
wy, (hhy) = r(h hy) = r(h) + r(h1) = wy (h) + wy (7). (4.3)
Proposition 4.1 (i) Let x,0 € N* and X\ be a x-representation of N on L, dim L < co. Set
ker & = Npen ker&(h) for a (A, 01g)-cocycle &. (4.4)

1) If 0 = x then dim($) © ker&) < ldim L.

2) If @ # x and N is Engel, then dim($) © ker §) < dim L.

(ii) A map 0 # & N — B($,L) is a (x1L, x1g)-cocycle if and only if there is a linear map B:
Rl — B($, L) such that £(h) = x(h)B(wy (h)) for h € N.

Moreover, | # 0, dim, (§(N)) <1 and & is not a coboundary.

Proof. (i) Part 1) was proved in Proposition 3.10 [13].

(i) 2). By Remark 3.7, ¢ is spectrally disjoint with A\. As N is Engel, £ is a (), ¢1g)-coboundary
by Theorem 2.10: £ = AT — ¢T, for some T' € B($,L). Let {e;}_; be a basis in L. Then Tz =
> (z,yi) € for all z € $ and some y; € $. Hence dim($)©ker T') < n. As ker(§(h)) = ker(A(h) —
¢(h)1)T D kerT for h € N, we have ker £ D ker T. So dim($ © ker ) < dim($H S ker T') < n.
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(ii) Let € be a (x1r, x1g)-cocycle. Clearly, £ is a coboundary if and only if £ = 0.
Let € # 0. Set a(h) = &(h)/x(h) for h € N. Then a # 0. As A = x1, U = x1g,

a(th) "2 () L BE(R) + EDU(R)) = a(h) + alt) for t,h € N. (4.5)

Let w, be the map defined in (4.2). As B($), L) is isomorphic to the Hilbert space $ ® L, it follows
from (4.5) and Corollary 2.2 [13] that there is a linear map 3: R! — B($, L) such that

a(h) = B(wy (h)) for h € N, [ # 0 and dim,(a(N)) <. (4.6)
The converse statement follows from (4.3). m

Let A, U be representations of an Engel group N on L, $. From now on we assume that
dim L < oo and U is unitary. By Proposition 3.6 and (3.7), A = @Byesign(n) My 1S elementary. Set

$9 :={x € H: U(h)r =0(h)x for all h € N} for § € N*,
© = {0 € sign(A\): H9 # {0}}, Ho = BocahH and Hy = H © He. (4.7)

Then $) = He ® Hy, all Hy are U-invariant, and Ulg, = 014,.
Let & be a (A, U)-cocycle. With respect to decompositions (3.7) of L and (4.7) of ),

5 = (E‘ﬁ(—)vf‘fm)v where §’~VJ(—) = (gxﬁ)xe sign(A), 6€©> (4'8)
&% are (\y, 015, )-cocycles, £|q, is a (A, Ulg,)-cocycle. We say that A and U are eigen-disjoint if
0 =0, ie., Ho = {0}. (4.9)

Theorem 2.13 and Proposition 4.1 yield

Corollary 4.2 (i) If x € sign(\) and x # 0 € O, then £X9 is a (A, 01y, )-coboundary.
(ii) If Ay = x1z, and x € ©, there is a linear map By: R — B($y, Ly) such that

§X(h) = x(h)Bx(wy (h)) for h € N.

(iii) A and Ulg, are eigen-disjoint.
(iv) If all x € sign(\) are sectionally spectrally disjoint with Ulg,, then £|g, is a (X, Ulgy)-
coboundary.

The structure of (A, x1g, )-cocycles £¥X on N when A, # x1, can be complicated.
If N is nilpotent, the (A, Ulg, )-cocycle £|g, can be described in a general setting.

Theorem 4.3 Let N be a nilpotent group and & be a (A, U)-cocycle. There is a decomposition
N = B 19, n < oo, such that all subspaces $); are U-invariant and all (X, Ulg,)-cocycles &|g,:
N — B($);,L) are coboundaries. If n < oo, &g, is a coboundary.

Proof. By Corollary 4.2, A and U, are eigen-disjoint. It follows from Proposition 3.3 [13] that
Hn= B 19i, n < 0o, where all §; are U-invariant and each x € sign(\) is spectrally disjoint with
all Ulg,. As N is an Engel group, all H(N, Ay, Ulg,) = 0 by Theorem 2.13. Thus each (A, Ulg,)-
cocycle is a coboundary. So all (X, Ulg,)-cocycles are coboundaries: All {|g, are coboundaries.

If n < oo then g, is a (A, Ulg, )-coboundary, as all £|s, are coboundaries. m

For A = x11, and an irreducible U, Theorem 4.3 was obtained in [5] (see p. 254 part (c)).
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5 Extensions of representations and their decompositions.

Let 7 be a representation of G on X and L be a m-invariant subspace. We say that L splits m, if it
has a m-invariant complement H, i.e.,

X =L+ H and n(g)H = H for all g € G.
We say that L approzimately splits m, if there are w-invariant subspaces (Y, Z;)?°, in X such that
X=Y,+Z, Yir ; Y, Z; ; Ziqq for all 4, and L C M = N;Y; with dlm(M/L) < 0. (51)

Let A, U be representations of G on L and $). For a (A, U)-cocycle £ on G, the representation

e(g) = ¢\ U, 6)(g) = (A(Og) f}&) of Gon X = L (5.2)

is called the extension of X\ by U performed by £&. We will assume that U is unitary and dim L < oo.
It is well known that L splits ¢ if and only if £ is a (A, U)-coboundary: £ = AT — TU for some
T e B(®,L),sothat H={x—Tx: x € H}.
Let in (5.2) = ¢5°,9; and all $; be U-invariant. So U = @&°,U;, where U; = U|g,. Then

€ ={&}i2g, where & =¢|g,: G — B(9;, L) are (X, U;)-cocycles.
Lemma 5.1 If dim$o < oo and {&;}5°, are (X, U;)-coboundaries, then L approzimately splits e.
Proof. As & = \T;, — T;U;, T, € B(9;,L), 1 <, all 5/3\@ ={-Tix + z: z € H;} are e-invariant:
e(9)(~Tix @ x) = (=A(9)Tix + &(9)) @ Uslg)x = ~T,Ui(g)x & Us(g)x € H;.

Thus Y; = L ® Ho (EBzO:iHY)i) and Z; = 22:152 are e-invariant subspaces and (5.1) holds for
M =L & $Hy. So L approximately splits e. ®

Theorem 5.2 Let G = N be nilpotent, let \,U be representations of N on L,$ and dim L < oo.
For any (\,U)-cocycle &, L approzimately splits e = e(X\, U, &).

Proof. We have from (3.7) that A = @, cggn(r)Ay is elementary. By (4.7) and (4.8), there is
© C sign(A) such that He = Bpcofy, where $y are U-invariant subspaces,

=90 @, &= (ElseElsy) and Elne = (€)xe sizn(r).oc0,
£x¥9: §9 — Ly are (\y, 01g,)-cocycles and &g, is a (A, Ulgy)-cocycle. For 6 € O, set (cf. (4.4))
ker €5, = Nyesign(n) ker £ C 9. (5.3)
Set also $1 = Bgeco ker |y, and Hy = He © H1. Then H = Hy ® H1 ® Hy and
9o = HNo © (Byeo keréls,) = Boco(Hy © ker {|g,). (5.4)

By Proposition 4.1, dim($)g © ker £X%) < co. Hence
: 5.3) ..
dim($g © ker€lg, ) 3 dim($H9 © (Nyesign(n) ker fx’g)) < 00. (5.5)
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As sign(\) is a finite set, it follows from (5.4), (5.5) that dim £ < oo.

By (4.7), A and Ulg, are eigen-disjoint representations (see (4.9)). If N is nilpotent then, by
Theorem 4.3, there is a decomposition Hx = ®°,9;, where all §; are U-invariant and (X, Ulg,)-
cocycles &|g,: N — B($;, L) are coboundaries. As g, =0, all {|g,, 1 <1i < 0o, are coboundaries.
As dim )y < oo, it follows from Lemma 5.1 that L approximately splits ¢. m

Let the normal subgroup N of G be an Engel group. By Proposition 3.6 and Theorem 3.9,
L = &, csgnov) Ly, all Ly are A-invariant, A = @, cign(av) Ay With Ay = A, (5.6)
and )\g are x-representations of N on L,. For I’ C sign(AY), set
Lr = @yerLy, A\r=@yer)y and F° = sign(A\V)\ F.
Suppose that $ = ®7L19;5, m < oo, where all $); are U-invariant. Set ® = Uit Fy, where
F; = {x € sign(A\"): y is not sectionally spectrally disjoint with UN|5].}. (5.7)
In [16] the following decomposition of the representation e(\, U, €) of G was obtained.
Theorem 5.3 Let F; N F, = @ for j # k. Then there are operators T; € B($;, LF],c) such that
X = Loc + X1 + ... + X, is the direct sum of e-invariant subspaces, (5.8)

where X; = L, +5j and 5%]- ={-Tjz+z:x € H;}.
The representations ¢|x; are similar to some extensions ¢(Ar;,Ulg,,&;) of Ar; by Ulg, -

Using Theorem 5.3, we will study the decomposition of ¢(A, U, &) in the sum of extensions with
N-monothetic .

Definition 5.4 We say that ¢(\, U, €) is N-primary, if \'V is a x-representation for some x € N*.

If dim$ < oo, extensions e(\, U, &) decompose in N-primary components by Proposition 3.6
and Theorem 3.9. In [13, Theorem 3.17] it was proved that if G = N is commutative, the same is
true when dim $) = co. Our next result is its generalization.

Recall that if M is a commutative group of unitary operators on ) then

H= / @ NwdP(w) and T = /w(T)dP(w) for T e M, (5.9)
M M
where M is the dual group of unitary characters on M and P(-) is a spectral measure on M.

Theorem 5.5 Let A and U be representations of G on L and $, let U be unitary, N be an Engel
group and dim L < oco. If U maps N in the center of U(G), then ¢ = ¢(\,U, &) decomposes in the
direct sum of N-primary components and a representation similar to unitary.
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Proof. Set X = L@ $. Let sign(A\Y) = {x;}",. It follows from Lemma 2.12 [13] that, for each
i € [1,n], there is h; € N such that x;(h;) ¢ {xx(hi): k € [1,n], k # i}. Let

1
g = imin{\xi(hi) —xx(hi)|: k€[l,n], k# i} and e = min{e;: i € [1,n]}.
Then
Ixi(hi) — xk(hi)| > € for all i # k in [1,n]. (5.10)
Let M = U(N). Since M is commutative, (5.9) holds. For all j € [1,n], we set
Qj ={we My |w(U(hi)) — xi(hi)| = €
forl1<:< j—1, and ]w(U(h])) — Xj(hj)| < 8}. (5.11)
Set also
Qo ={we M;: |w(U(hi)) — xi(hi)| > ¢ for all i € [1,n]}. (5.12)
Then Q; Ny, = @ for all j # k, and U7_Q; = M.
By (5.9), for all j € [0,n], the subspaces
;= / ® HwdP(w) are U-invariant (some $; may be {0}) and Z ®H; =9H.
O, =0

Set Uj = Ulg;. Let $; #0and 1 <i < j <n. As {ht}}_; C N, we have from (5.9) and (5.11)

Sp(Uj(hi)) = {w(U(hi)): w € Q} C{z € C: |2 = xi(hi)| > €}
Sp(Uj(h;)) = {w(U(h))): w € i} C{z € C: |z = x;(hy)| <e}.
So xi(hi) ¢ Sp(Uj(h;)) for i < j. Thus y; is spectrally disjoint with UJN at h;.
On the other hand, if 1 < j < i < n then, by (5.10), |x;(h;) — xi(h;)| > €. So xi(h;) ¢
Sp(Uj(hj)). Thus yx; is spectrally disjoint with UJN at hj for j <.
Finally, for i € [1,n], we have from (5.9) and (5.12) that

Sp(Uo(hZ)) = {W(U(hl)) w € Qo} - {Z e C: ‘Z — Xz(hz)| > 6}.

So xi(hi) ¢ Sp(Uo(h;)). Thus ; is spectrally disjoint with U} at h;. Hence each character y; €
sign(A") is spectrally disjoint with all representations U JN ,1# 7 €[0,n].

For j € [0,n], consider the subsets Fj of sign(A") defined in (5.7). Then Fy = @ and, for each
J € [1,n], either F; = @, or F; = {x;}. Thus F; N F}, = @ for all j # k in [0, n].

Set ®¢ = sign(AV)\, Uj_o F}j. By Theorem 5.3, X is the direct sum of e-invariant subspaces:

X=YL+Y X5;=> L+ Y X+ ) X, (5.13)
j=0

X€Pe XEP® j€lon],Fj={x;} j€l0,n],Fj=2

where X; = Ly, 4—5/’33 and 5%; ={-Tjz +x: = € §;} for some operators T; € B($;, Lre).
As it was mentioned after Definition 5.4, all representations e[, x € ®¢, are N-primary.

Ay, My . —~
If F; = {x;} then ¢|x; = < 6‘7 g_j > , where the representation U; on $); is similar to Uj;. So
J

¢|x; is N-primary, since )\i\; is a y;-representation. If I; = & then X; = %j and e|y; is similar to
Uj. Joining all such X, we complete the proof. m
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Corollary 5.6 Let N be an Engel group and let dim L < oo. Let ) = ©;2,9; and UN = D2 wilg,
for distinct unitary w; € N*. Then ¢(\, U, &) decomposes in the direct sum of N-primary components
and a representation similar to unitary.

Proof. By Proposition 2.15, all subspaces $); are U-invariant. So conditions (5.9) hold and the
proof follows from Theorem 5.5. m

Corollary 5.7 Let N be commutative and compact and let dim L < oo. Any representation e(\, U, §)
of G decomposes in the direct sum of N-primary components and a representation similar to uni-
tary.

Proof. As N is commutative and compact, all characters on N are unitary, so that N* = N
is a discrete group of unitary characters. Since dim L < oo, A is an elementary representation.

As N is compact, we can assume that UY is a unitary representation of N. Hence §) = P e Nw;
and UN =@ _ wil Ho, for some subset (2 of characters in IV;;. Applying Corollary 5.6, we complete
the proof. m

w; EQ

6 Cocycles for (N, x)-trivial representations of groups

Here we consider the simplest (and, in some sense, the base) class of (N, x)-trivial representations
that are not spectrally disjoint on N. Recall (see (1.4)) that A\, U are (N, x)-trivial if

A(h) = x(h)1p and U(h) = x(h)1s for h € N and some y € N*. (6.1)
Characters x € N* satisfying condition (6.1) are G-invariant:

X(hg) = x(h) for h € N, g € G, where hy = ghg™! € N, since (6.2)
_ _1 (6.1) _
X(hg)ly =U(ghg™") = U(q)U(MU(9)"" =" U(g)x(MU(9)~" = x(h)1s.
Condition (6.1) allows us to obtain a description of a wide range of non-trivial (A, U)-cocycles for
the semi-direct products of groups G = D x N (especially, if D is Engel) without turning it into a
trivial task. It also permits us to describe the structure of the corresponding extensions e(\, U, &).
Especially important for us are (IV, x.)-trivial representations. We call them N -trivial:

A(h) =11 and U(h) = 14 for h € N. (6.3)

6.1 Inner representations of groups and (NN, y)-trivial representations

As N is normal in G, the subgroup NI is normal in G, the quotient groups G:=0G /N (1) and
N:=N /N 1) are connected locally compact and N is a commutative normal subgroup of G. By
Theorem 26 [20], Nis isomorphic to the direct product R! x K of a connected compact commutative
subgroup K and R’ for some [ := ly €N

Let p: G — G be the standard epimorphism. Identify N with R! x K and with the commutative
normal subgroup p(N) of G. As in (4.2), let 7: (z, k) — x be the epimorphism of N onto R.

The subgroup K is normal in G. Indeed, let k € K. As K is compact, k" — a € K for some
powers n; — oo when i — 0o. For b € G, bkb~! € N and (bkb=1)" = bk™b~! — bab~! € N. Hence
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r((Bkb™1)™) — r(bab1) € RL, as n; — 0o, As r((bkb~1)™) ) nyr(bkb1), we have r(bkb) = 0.

So bkb~! € K and K is a normal subgroup of G.
Set g = p(g) for g € G. As in (4.2), let w,: N — R be the continuous epimorphism defined by

wy =7 o0p|N, sothat wy(h) =r(p(h)) =r(h) for h€ N, he N.
For each g € G, define the map 7, on R! = w, (N) by
roton () = wy (hg) = wy (ghg™) = r(@hg ") for h € N. (6.4)
It is well-defined. Indeed, if 2 = w, (h) = w, (f) € R for h, f € N, then r(ﬁ) = r(f). So f = hk

for some k € K, as K =kerr. As gkg~ ! € K,

6.4 A PRI P SN 6.4
rr =1y () rG Fa Y =r@h g ok ) =r@h g & rw, ().

Proposition 6.1 The map g — 74 is a continuous representation of G on R! and N C ker 7.

Proof. As wy is an epimorphism, we have that N C ker 7, since for each a € N,

4.3 .
Tawy (h) = wy (aha™") = wy(a) +wy(h) —wy(a) =wy(h), ie., 74 = 1.
Fix h € N. The map g — h, = ghg™! from G to N is continuous. Hence the map g — 7w, (h) =
wy (ghg™!) from G to R! is continuous.
Fix ¢ € G. The map d,: h — ghg™ on N is a continuous automorphism. So Tyw,(h) =

wy (3g(h)) for h € N. Let V be an open set in R". Then w_*(V) is open in N, so that 6, Hwit (V)
-1
N

1

is open in N. As w, is a quotient map, the set W := w, (6; (w71 (V))) is open in R! since the

quotient maps are open. Hence 7, is a continuous map, as !
To(W) = 7wy (051 (W 1 (V) = wy (85(8, H(wi ' (V) = V.
For all h, f € N, we have
Tg(wy (h) +wy () = wy(ghfg™") = wy(ghg™) +wy(9fg™") = To(wy () + mg(wy (f))-

Thus 74 is additive. So it is a Q-linear map. As 7, is continuous, it is a linear map on R,
For g, f € G,

To(Tpwy (1)) = Tg(wy (hf)) = wy ((hy)g) = wy (9fhf T g7") = Tgpw(h).
Thus 7 is a continuous representation of G on R!. m
In the usual way one defines the complexification 7, of the representation 7,4, g € G:
Tpz = Ty(x +iy) = Tyx +iTgy for z =z +iy € C, z,y € R (6.5)

The representation 7 of G on C! (the inner representation) plays a crucial part in what follows.
For a linear map F: R! — B($), L), define its complexification F: C' — B($, L) in the usual
way N N
F(2) = F(z +iy) = F(z) +iF(y) for z =z +iy € C', z,y € R

For representations A\, U of G on L and ), we define the representation «, , of G on B($), L) by
ko (9)T = Ng)TU(9)"' for g€ G, T € B($,L).

In the study of (A\,U)-cocycles an important role is played by operators intertwining 7 with Kyu-
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Definition 6.2 (i) A linear map F: R! — B($, L) is called (A, U)-cocyclic if its complezification
F satisfies

Mg)F(z) = ﬁ(?gz)U(g) forge G, z e Cl; or, equivalently, HAYU(g)FV = ﬁ?g. (6.6)
(ii) We say that a map ¢: N — B($, L) is (A, U)-covariant if
@(hg) = Ky, (9)w(h) = Mg)p(h)U(g)™" for h € N,g € G, where hy = ghg™". (6.7)
Proposition 6.3 Let \,U be (N, x)-trivial representations of G and | =1,,.

(i) Amap0#o0: N — B($,L) is a (A, U)-covariant (x1r,x1g)-cocycle if and only if there is
a (\, U)-cocyclic map B: R — B($), L) such that

a(h) = x(h)B(wy (R)), h € N, where wy: N — Rl is defined in (4.2). (6.8)
(ii) If € is a (N, U)-cocycle then &N is a (X, U)-covariant (x1r, x1g)-cocycle on N.

Proof. (i) If o is a (x11, x1g)-cocycle, we have from Proposition 4.1 that there is a linear map
B: Rl — B($), L) such that o(h) = x(h)B(w, (h)) for h € N. If ¢ is (A, U)-covariant,

o(hg) " Ag)a(h)U(9) ™" = AMg)x(h)B(wy (h)U(g)~" and

o(hg) = x(hg)Blwy (hg)) LY x(h)B(rywy () for g € G,

Thus B(ryx) = A(g)B(x)U(g9) "L, 2 € R Then 3 satisfies (6.6). So A is a (\, U)-cocyclic map on N.
Conversely, if 3 is a (A,U)-cocyclic map in (6.8), o is a (x1r, x1g)-cocycle by Proposition
4.1(ii). As j satisfies (6.6), we get, as above, that o satisfies (6.7). So o is (A, U)-covariant.

(ii) As € is a (A, U)-cocycle and A\, U are (N, x)-trivial, ¢V is a (x1p, x1g)-cocycle. Then
(1.1) (6.1)
E(gh) =" Mg)E(h) +&(g)U(R) =" A(g)E(h) + &(g)x(h), and

6.2 (1.1 6.1)(6.2)

é(gn) = €lhag) = Mh)E(9) + £hg)U(9) T x(WE9) + £(hg)U9)

for h € N,g € G. Hence £(hy) = A(g)é(h)U(g)~ L, so that &V is (A, U)-covariant. m

6.2 (A, U)-cocycles on groups G =D x N

From now on we assume that G = D x N is the semidirect product of connected subgroups D and
N and that [ =1, # 0. So N is normal and each g € G' can be uniquely written as g = dh for some
de D,he N. For f=ct,ce D,te N,

gf =dhf =dfhs-1 = dcthy, where hy1 = f~tht. (6.9)

Let A\,U be (N, x)-trivial representations and £: G — B($), L) be a (A, U)-cocycle. Define the
map r: G — N by r(g) =r(dh) = h for g € G, and set

N(g) = Xg)/x(r(9)), U'(g) =U(g)/x(r(g)) and &'(g) = £(g9)/x(r(g))-
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By (6.2) and (6.9),

r(gf) =r(f)f'r(g)f and x(r(gf)) = x(r(f))x(Fr(9)f) = x(r(9)x(r(f))-

Hence X and U’ are representations of G, £ is a (N, U’)-cocycle and, by (6.1),
N(g) = N(dh) = N(d) = \(d), U'(g) = U'(dh) = U'(d) = U(d) for d € D.

So N,U’ are N-trivial representations. Clearly, they are representations of the quotient group
G/N =~ D and there is a one-to-one correspondence between all (N, x)-trivial representations
and N-trivial representations. There is also a one-to-one correspondence between the respective
cocycles. So from now on we assume that A and U are N-trivial (see (6.3)):

A(dh) = \(d) and U(dh) = U(d), so that &(dh) = AN(d)é(h) + &(d) for d € D,h € N, (6.10)

By (6.6), a linear map 3: R! — B(§, L) is (), U)-cocyclic if its complexification B: C' - B(®,L)
satisfies B B
Md)B(2) = B(742)U(d) for d € D and z € C. (6.11)

Let & G — B($), L) be a weakly continuous map and £, ¢V be its restrictions to D and N.

Theorem 6.4 Consider the maps n = &P and &,(dh) = n(d) = &(d). The following are equivalent.
(i) The map & G — B($,L) is a (A, U)-cocycle;
(ii) n is a (AP, UP)-cocycle on D, &N is a (\,U)-covariant (1r,1g)-cocycle on N (so that
EN(h) = €(h) = B(wy (h)) for a (N, U)-cocyclic map B: R' — B(H, L)) and
£ =E&3+ &, where g(dh) = N(d)B(wy (h)) ford € D,h € N. (6.12)

(iii) The maps &g,&y: G — B($H, L) are (A, U)-cocycles and § = &g + &,.
Moreover, g # 0 is not a (X, U)-coboundary.

Proof. (i) = (ii). Let & be a (A, U)-cocycle. By Proposition 6.3, n = &P is a (AP, UP)-cocycle
and &V is a (A, U)-covariant (17, 1g)-cocycle. By (6.10), £ = &5 + &, and &g is given in (6.12).
(ii) = (iii). As n = ¢P is weakly continuous on D, &, is weakly continuous on G. Thus &, is a
(A, U)-cocycle since, for g = dh, f = ct,
(1.1) (6.10)

&(98) ) n(de) = A@m(e) + n@U () 2" M9)en(F) + &)U (f)-

Let us show that &g is a (A, U)-cocycle. Since f3, w, are continuous, ¢V is continuous on N. As
AP is weakly continuous on D, &5 is weakly continuous on G (see (6.12)). We also have

(6.12) (6.2)

e5(9) 2 eadethy 1) 2 A(de)Blwy (thy 1)) B MDA (Blwy (1)) + Blewy (hp1)))
GO 5\ (90 (£) + AN Blwy (hy1)). (6.13)
Since chy-1c™t = cf thfe ! = (cte ) thete
wy (chp-1c) (L3 —wy(cte™) Fwy (h) +wy (ete™) = wy (h). (6.14)
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As U(f) =U(ct) = U(c) and f is a (A, U)-cocyclic map, we have from (6.2) that

(6.11) (6.4

AOBwy (b)) 2 BFwy (hr-))U(e) % Blwy (chyrc U ()
LY 3wy (U ().

Substituting this in (6.13) and using (6.12), we get that £z is a (A, U)-cocycle.

(iii) = (i) is evident.

Finally, if &g is a (A, U)-coboundary then, for some T' € B($), L), {3(h) (L2 AR)T—-TU(h) =0,
as A(h) =17 and U(h) = 14 by (6.3). So {g =0 by (6.12). m

Proposition 6.3 and Theorem 6.4 yield

Corollary 6.5 (i) Each (A, U)-covariant (11, 1g)-cocycle o uniquely extends to a (X, U)-cocycle &
vanishing on D: £(dh) = A(d)o(h) for d € D,h € N.

So there is a linear bijection ® between the space of all (A, U)-cocyclic maps B and the space
Zn(G,\,U) of all (X, U)-cocycles vanishing on D: ®(8)(dh) = A(d)B(w, (h)).

(ii) There is a linear bijection U between the space of all (AP, UP)-cocycles n on D and the
space Zp(G,\,U) of all (A, U)-cocycles vanishing on N: V(n)(dh) = n(d).

The following result presents a convenient decomposition of the cohomology group H(G, \,U)
in the direct sum of two subspaces. For the representations we deal with it can be considered as a
concretization of the Lyndon-Serr-Hochschild cohomology sequence ([6, Section 1.8], [8]).

Corollary 6.6 (i) The set of all (\,U)-cocycles Z(G,\,U) = Zp(G,\,U) + Zn(G, )\, U).

(ii) H(G,\,U) = E 4 F, where the subspace E is naturally isomorphic to H(D,\P,UP), while
F is naturally isomorphic to the space M of all (X, U)-cocyclic maps on N.

Proof. (i) Clearly, Zp(G,\,U) N Zn(G,\,U) = {0}. The rest follows from Theorem 6.4.
(ii) If € is a (A, U)-boundary, £ = &3 + &, by Theorem 6.4, where £g and &, are boundaries. So,
by Theorem 6.4, 5 = 0 and € is a (AP, UP)-boundary. Thus B(G, \,U) = B(D,\P,UP) and
H(G,\U) = Z(G,\U)/B(G,A\U) ~ Z(D,XP,UP)/B(D, X", U") + Zn(G,\, U)
~H(D, NP UP) + M

which completes the proof. m

In the next section we describe (), U)-cocyclic maps when D is Engel. The (AP, UP)-cocycles
n can be studied separately, since they only involve the group D. For a nilpotent D, they are
described in Theorem 4.3. If L = Ce and AP = i, their description is a classical problem (see [6]).
In particular, for compact D, all (1, U”)-cocycles are coboundaries (Corollary I11.2.1 [6]).
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6.3 (), U)-cocyclic maps when D is an Engel group.

From now on A, U are N-trivial and D is an Engel group. We also assume that UP is unitary and
dim L < oo. So, by (6.10), Proposition 3.6 and Corollary 2.18 [13],

Adh) = X(d), U(dh) = U(d) and U(d™') = U(d)*, (6.15)
L= @(SEsign(AD)Lt; and )\D = @6€sign(AD))‘57 where
={zcL: H (di)1z)z = 0 for all {d;}*, in D} (6.16)

are A-invariant subspaces, A\; = AP|L, ; are é-representations of D and ns = dim L.
By R; we denote the projection on Ls, and by Py, ¢ € D*, the projection on

Np ={z € H: U(d)x = ¢(d)z, d € D}, so that PyU(d) = U(d)Pp = ¢(d)Pp. (6.17)
Lemma 6.7 If a linear manifold M 1is dense in ﬁé, then the linear manifold
M' = span {U(d)x — ¢(d)x: = € M, d € D}
18 dense in .62;.
Proof. Let M’ # S’Jj). As .63; is U-invariant, thereis 0 # y € ﬁj; such that 0 = (U(d)z—¢(d)z,y)
for all d € D, x € M. Then z L (U(d~ ')y — ¢(d)y). So U(d )y — ¢(d)y € $H4, as M is dense in 5’J¢

On the other hand, as ﬁé is U-invariant, U(d~')y—¢(d)y € ﬁ¢. So U(d~1)y = ¢(d)y for d € D.
As ¢ is unitary, U(d)y = ¢(d~!)y = ¢(d)y. Thus y € £, a contradiction. So M’ is dense in ﬁé. [ ]

Let B: R — B($, L) be a (\, U)-cocyclic map. Then 3 = (B5)sesign(AP), Where

Bs = Rsf are (\s, U)-cocyclic maps and Ag(d)gg(u) (611 gg(?du)U(d), uwe Ch (6.18)

By Proposition 6.1, N C ker 7. So we write 7 instead of 7. As D is Engel, it follows from [13,
Corollary 2.18] that there is a finite set sign(7) of characters on D such that

Cl = Z Z,, each Z, is T-invariant, 7|z, is a v-representations, where
vEsign(T)
Z, = {u e Ch Héyl(%\:di —v(d;)1c)u = 0 for all sets {d;};; in D} (6.19)
1=

and n, < dim Z,. Denote by @, the projection on the subspace Z, along »_
For § € sign(\P), set

Qs = {v € sign(7): N5, # {0}} and L} ={z € L: N(d)z = 6(d)x, d € D}. (6.20)

V' esign(T), v/ #v Zy.

Theorem 6.8 A linear map B = (55)scsign(AP): R! — B($, L) is (A, U)-cocyclic if and only if
Bs(u) = Zyegébg(Qyu)Pg/,, foru e Cl, (6.21)
where b, v € Q5, can be any linear map from Z, to B(ﬁg/y, Ls) satisfying
As()bD(2) = 6(d)bS(742)/v(d) for z € Z, and d € D. (6.22)
If 7|z, = vlg, then b) in (6.21) can be any linear map from Z, to B($5/y, Lg)-
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_ Proof. Let 3 be (A, U)-cocyclic. Fix ¢ € sign(A\P). For v € sign(7), set ¢ = & /v. We will write
B, A, by, n instead of fs, As, b0, ns.
Let us prove that ﬂ(z)|ﬁ$ =0,z€ Z,.Set F,(d) =74—v(d)1ct, d € D, and consider the spaces

Z%={0}and Z¥ ={u e C: F,(due Z" ' forde D}, k=1,....n,. (6.23)

By (6.19), 20 C Z) S ... S Z" = Z, and F,(d)Z} C ZE~! for d € D. All Z} are T-invariant since,
for x € ZF, Ty = F,(d)x + v(d)x € Z*. As 3 is linear, we have for u € C!,

B(F,(dyw)U(d) = BFau — v(dyw)U(d) =" MNd)B(u) — v(d)B(w)U(d). (6.24)

If z € Z} then F,(d)z =0, d € D, by (6.23). So 3(F,(d)z) = 0. Thus, by (6.24),

Md)B(2) = v(d)B(2)U(d), so that (A(d) — 6(d)1L)B(2) = v(d)B(2)(U(d) — ¢(d)1s)
for d € D. Hence

0 (I, () = 8(d10) A(e) = Bo) ([T, vld) U ) - o(di)1s) )

i=1

n

for each set {d;}?, in D. Hence B(z) (H (U(d;) — ¢(di)1ﬁ)) —0. As

i=1

span { (Hn (U(d;) — d)(di)lﬁ)) rx € Y)j;, {d;}i=; in D} is dense in ﬁj;

i=1
by Lemma 6.7, E(z)|ﬁ$ =0 for all z € Z}.
Let z € Z2. Then F,(d)z € Z! for d € D by (6.23). So g(Fy(d)z)Bé = 0 by the above

argument. Hence, by (6.24), ANd)B(z) = v(d)B(z)U(d) for d € D. Repeating the above proof, we
get ,B(z)|ﬁ$ = 0 for all z € Z2. Continuing this process, we get that ﬁ(z)hﬁj5 = 0 for each £k > 1

and all z € Z¥. As Z, = Z" for n,, < dim Z,,, we have that E(z)|ﬁ$ =0 for z € Z,. Thus

B(z) = g(z)P(j, for z € Z,, so that 3(Q,u) = g(Qyu)P¢ for u € C'. (6.25)

If v ¢ Q5 then $y = {0}, so that

8(2) (6.25) E(Z)qu =0for z € Z,. (6.26)
Let v € Q5. Then Py # 0. As gz € Z,, for z € Z, and d € D,
~ 6.18) ~, _ 6.17 ~
Nd)B(2)Py = BFa2)U(@) Py =" $(d)B(7az) Py, (6.27)

For v € (s, define the linear map b, from Z, into B($s/,, L) by

b, (2) = B(2)ls, for 2 € Z,, so that B(2) 2 B(2) P, = b, () Py, (6.28)

Then (6.22) holds, since for z € Z, and d € D,

Md)by(2) = Md)B()s, 2" 6(d)BFiz)ls, = 5(d)b, (Faz) /v(d).



¥ (6.19), u = 3= ciian(r) Quu for u € C'. Hence (6.21) holds, since

B = o PQu) 23 B@Qu) 2N b(QuuPs.

Conversely, let linear maps {b,: Z, — B(9s,,, L)}veq, satisfy (6.22) and 3 be given in (6.21).

Then
05w "2 A @uiry, Y OGP (620

As each Z, is T-invariant, 79Q,u = Q,Tqu. By (6.17), ~ o(d %P(;/V = P5,,U(d). Hence

@B 2 bQuia Py U(@) 2 B )

for u € C' and d € D. Thus (6.18) holds. Since it holds for all §, 3 is (A, U)-cocyclic.
Let 7|z, = v1g, for some v € Q5. Then (6.22) is equivalent to A;(d)bS(2) = 6(d)b3 () for z € Z,,,
d € D. So bS can be any map from Z, to B(S’.)(;/V,L%). [ |

Let {e,},_; be a basis in R’. Suppose that, for dy € sign(A\P) and all v € Qj,,
Z,=Cf, for f, € C!, so that Q,e, = any fy for an, € C, and all n =1, ..., 1. (6.30)
If b: Z, — B(95/y, Ls) is a linear map, b(Quen) = anyb(fy,). So, for u = (u1,...,uw;) € C,

! !
b(Quu) = unb(Quen) = py(w)b(f,), where py(u) = unan, € C. (6.31)
Corollary 6.9 If condition (6.30) hold, the linear map Bs,: R — B($, Ls,) in (6.21) has form

géo (u) = ZVGQa Nu(u)bV<fu)P60/u foru € Cla

where p, are defined in (6.31) and b,(f,) can be any operator in B($s,/y, Lz150>'
If A5, = do1r, then Ls, = L%O and each b,(f,), v € Qs,, can be any operator in B($;,,, Ls,)-
6.4 (A U)-cocycles and extensions of N-trivial representations.

In this section we study the extensions e(\, U, &) when A\, U are N-trivial and D is Engel. Taking
into account decompositions (6.16) and (6.19) of L and C', set

5 ,
® = Usesign(n0) 05, P ={¢=—": v €Qs}, ©={d ¢ sign(AP): 95 # {0}},
AR =9HO Nyue, Where N, ,6 = B cp009¢: S0 that H = H, o O Hx. (6.32)

Then &5 = {¢ = 2: v C sign(7), H, # {0}} and Ulg, = ¢1s,.
Denote by Rs, Py the projections on Lg, $4. Let £ be a (A, U)-cocycle. By Theorem 6.4,

£ =E&3+ &, where {g(dh) = A(d)B(wy (h)), & (dh) =n(d) are (A, U)-cocycles. (6.33)
Hence, with respect to decompositions (6.16) of L, (6.19) of C! and (6.32) of £,
&= (§lﬁ¢ue,§|m), where |5, is a (X, Ulg, )-cocycle,

€5y = (€7 scsign(r0) gepue, Where €27 are (A5, ¢1g,)-cocycles and Ay = A|L,
£99(dh) = As(d)B>%(wy (R)) +1%?(d), where 8¢ = R;8P, and 1°® = RsnPy. (6.34)
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Corollary 6.10 (i) If ¢ ¢ ®; then %% = 0. If
¢ € B then BO9(t) = b3(Qut)Py, fort € R, where v =3/¢ and (6.35)

w: 7, — B($5/,, Ls) can be any linear map satisfying (6.22).
If 7|z, = vlg, then b can be any linear map from Z, to B($5/y, Lg).
(ii) If ¢ # 0 then n>? is a (As, #1g,,)-coboundary:
n°%(d) = X\s(d)T — ¢(d)T for all d € D and some T € B(H4, Ls). (6.36)

Let, as in (4.1), D/DM =~ RI> x K. If ¢ = § and \s = 61y, then, as in (4.2), there is a continuous
epimorphism w,,: D — R'Y and a linear map Bs: R'o — B($s, Ls) such that

n"°(d) = 6 (d) B5(wp, () for d € D. (6.37)

(iii) The representations AP, UP|g, are eigen-disjoint (see (4.9)) and £(dh)|s, = 1(d)|s,, where
N, is @ (AP, UP|g,)-cocycle.

(iv) Let D be nilpotent. Then n|g, is either a coboundary, or Hx = B2, 9;, where all subspaces
9; are U-invariant and all maps n|g,: D — B($;, L) are (\P,UP|g,)-coboundaries.

Proof. (i) follows from Theorem 6.8 since, for t € R,

5.0 () = (6:21) _ 5 (6.32) 5
B8 = Raf(Py =" Bs(t)Ps =D, b(Qut)PopPo =" > 05 1o(Qut) PyPy.

(ii) By (6.17), (6.32), U(dh)|s, = ¢(d)1s, for ¢ € & UO. So (ii) follows from Corollary 4.2.
(iii) Clearly, n|s, is a (AP, UP g, )-cocycle. By (4.9) and (6.32), AP and UP |, are eigen-disjoint.
We have from (6.21) that 5|g, = 0. Hence, by (6.33), {g(dh)|g, = 0 and

g(dh”fﬁn = fﬂ(dh)‘-‘ﬁrz + Sﬂ(dh”f)& = fn(dh)‘fm = n(d)|f)&'
(iv) Let N be nilpotent. As AP, UP|s, are eigen-disjoint, Theorem 4.3 yields the proof. m

If \s # 01z, in part (ii), the (A5, d1g;)-cocycle n%° may have a complicated structure.
For § € sign(A\P) and ¢ € ® U O, set ker 3% = M, g1 ker 3%(¢), ker n®? = Ngep ker n?(d),

ker £7¢ = ker %% Nker n?, ker€|s, = Nse sign(rp) ker €77, (6.38)
Theorem 6.11 Let \,U be N-trivial representations of G = D x N and £ be a (\,U)-cocycle. Let

X=Len ande=1e(\UE) = <g\ 5) Then

(1) dim(Heue © H1) < 0o, where H1 = Byeauo ker &g, = ker &5y -
(ii) If D is nilpotent then L approximately splits e.

Proof. (i) Set $H9) = Haue © H1. Let us show that dim Hy < co. We have

6.32
0 = Haue O Ny ) Dopeauo (Hy O kerélg, ). (6.39)

26



As D is Engel and %9 is a (s, ¢1g,)-cocycle on D, Proposition 4.1 implies dim($), O ker n%%) < oco.
Let ¢ € &5 and {ej}ézl be a basis in R!. As %% is a linear map from R! to B(£4, Ls),

ker B‘W = Myepe ker B6’¢(t) = ﬁézl ker 65’¢(ej) and Bé’¢(ej) € B($4, Ls).

As dim Lg < oo, dim($),4 © ker 3%¢(e;)) < oo for each j. Therefore
dim($), © ker f59) = dim($H4 & (m§:1 ker 55@(6]-))) < .

If ¢ ¢ @5 then, by (6.35), 3%¢ = 0, so that ker 3%¢ = §),, and dim($),, © ker 3%¢) = 0.
Let 6 € sign(AP) and ¢ € ® U©O. By (6.38), ker £%¢ = ker %% N ker n%¢. Hence, by the above,
dim($), © ker £29) < oo. Therefore, as sign(A\”) is a finite set, for each ¢ € @ U O,

. 6.38) .
dim($4 © ker g, ) 639 dim($g © (Nse sign(rr) ker f‘w)) < 0.

Hence, as ® U © is a finite set, it follows from (6.39) that dim £y < oo.

(ii) By (6.32), AP and UP|4, are eigen-disjoint representations (see (4.9)). If D is nilpotent
then, by Theorem 4.3, there is a decomposition iy = ©°,9;, where all §; are U D_invariant
and (AP, UP|g,)-cocycles n|g,: D — B($);, L) are coboundaries. As &(dh)|s, = 1(d)|ay, all &g,
2 < i < o0, are coboundaries. We also have {|s, = 0, so that it is a coboundary. Then

X=Lon "2 Lo, oom=Lo5 o5 o5 =Lo Mo (B2,5),

and, as dim )y < oo, we have from Lemma 5.1 that L approximately splits ¢. m
Remark 6.12 Note that

X =L&H D H1O Ny, where Ho = Bgeave(Hy © kerly,), dimHo < oo and |, = 0.

The subspaces $1 and X & $H1 = L & Ho B N are e-invariant and ¢|g, = Ulg,. So, without loss of
generality, we may assume that all ker |5, = {0} and H4, ¢ € U O, are finite-dimensional.

6.5 (), U)-cocyclic maps and cocycles on groups G = D x N when dim L = 1.
We consider now the classical case: dim L =1, L = Ce, A = p¢ for p € G*, and

sign(AP) = {6g := pP}, A(dh) = do(d)t, U(dh) = U(d) and U is unitary. (6.40)
Consider the conjugation antilinear operator I on C! = R! 4 iR!: for v = z + iy € C',

(6.5)

Tu=I(z+iy) =z —iy, z,y € R so that Tpu = ilu, I? =1q, I71 T. (6.41)

Theorem 6.13 Let G = D x N and (6.40) hold. Let B: R! — B($),Ce) be a linear map.
(i) B is (pt, U)-cocyclic if and only if, for u € C' and some operator A € B(C!, §),

B(u) = ATu® e and A7y = 6o(d)U(d)A for d € D. (6.42)

(i) If UP has no finite-dimensional invariant subspaces, then only B =0 is (pt, U)-cocyclic.
(iii) Let the representation T of D on C! be similar to unitary.
1) If the character 6o on D is not unitary then =0 is the only (pt, U)-cocyclic map.
2) If 0 is unitary and T irreducible, then 3 is (pt, U)-cocyclic if and only if g(u) =tVIu®e
and 5o(d)U(d)V = V7 for all u € C!, d € D, and some isometry V: C' — § and t > 0.
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Proof. (i) Each operator in B($),Ce) has form x ® e for some = € § (see (2.7)). Let B be the
complexification of 8. Then B(u) = f(u) ® e for a map f: u € C' — §. As 3 is linear then, by
(2.8), flpuy +uz) = f(u1) + f(ug) for p € C, uy,us € C.. So f(u) = AIu for A € B(C!,$). Thus

B(u) = ATu® e, so that B(u)z @8 (z, Alu) e for z € 9, (6.43)

Ad)B(w) 2 so(dy(ATu® €) 2 (o) Alu) @ e,

B (@) e

By (6.11), 3 is (pt, U)-cocyclic if and only if 5o(d)Al = U*(d)AI74, d € D. As UP is unitary,

(AITgu ® e)U(d) (U*(d)AlTqu) ® e.

So()U(d)A = U(d)(U*(d) AT7) T = ATral “2Y A%, for d € D. (6.44)

Part (ii) follows from (6.42) as 7 is finite-dimensional.

(iii) Let S' = {2 € C: |z| = 1}. Then Sp(U(d)) and Sp(7y) lie in S* for d € D.

1) If §o is not unitary, |6o(d1)| # 1 for some d; € D, by (2.4). Hence Sp(do(d1)U(dy)) N
Sp(T4,) = @. So A =0 in (6.42) by Lemma 2.1. Thus all (p¢, U)-cocyclic maps are zero.

2) Let dg be unitary, 7 be irreducible and A = VT be the polar form of A, 0 < T' € B(C'). Then

do()U()VT (622 VT7,. As 7 is irreducible, ker T = {0}. So V is an isometry from C' to §). Set

R(d) = V*6o(d)U(d)V for d € D. Then R is a unitary representation of D on C! and R(d)T = T7,.
So

T3TT7; = TR(d)*R(d)T = T? for d € D.
Thus 74T7% = T?7,. As 7T is irreducible, T? = t?1. As T > 0, T =t1 for some t > 0. m

Let D be an Engel group. By Theorem 6.8, a map 3: Rl — B($), Ce) is (pt, U)-cocyclic if and
only if there are linear maps b,: Z, — B(9;,,,,Ce), v € {25,, such that

Blu) = ZVGQ50 by (Quu) Py, 1, and v(d)b,(2) = by(742), (6.45)

foru € C, 2 € Z,,d € D. For v € D*, set v(d) = v(d) for d € D. By (6.41), v — 7 is an
isomorphism of sign(7), IZ, = Zy and 1Q, = QvI.

Corollary 6.14 Let D be Engel. A linear map 3: Rt — B($),Ce) is (pu, U)-cocyclic if and only if

B(u) = ZueQ R,Qulu® e foru e C, (6.46)

where the operators R, € B(Zz, $9s,/,) satisfy R,7¢Qv = V(d)R,Qy for d € D.
If 7|z, = v1g, for some v € Qs,, then Ry, can be any operator in B(Zy, 95, /.)-

Proof. Let b,: Z, — B(95,/,,Ce) be a linear map. Since 17, = Z, we have, as in (6.43), that
by(z) = Rylz®e for all z € Z, and some R, € B(Zz,95,/,)- As P, ), Ry = R, and 1Q, = Qzl,

bu(Quu) = (RuIQuu® e)Py, 5, 2 (

P(;O/VR,,IQVU) ®e=(R,Qvlu) e,
v(d)b, (Q,u) = <MRVIQVU) ® e and

(6.41)

by (TaQuu) = (R, ITqQuu) ® e (R,741Q,u) ® e for u € C.
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So (6.45) implies that § has form as in (6.46). If the second condition in (6.45) holds then
R,71Q, =D(d)R,IQ,. As IQ, = QzI and I? = 1, this implies that R,7;Q7 = 7(d) R, Q5.
If 7|z, = v1z,, condition R,74Qv = 7(d)R,Qp holds automatically. Indeed, as 1Q, = QzI,

71Q0 = 7l QuI 2V 17,0,1 = ()@, 1 *2Y V(@) 1Q,1 = v d)Qy.

So R, can be any operator in B(Zy, 95,/,). ®
As sign(AP) = {0y}, we have from (6.32) that ® = &5, = {¢ = o/v: v € sign(7), Hy # {0}},
0= {50} if jﬁ50 7& {0}7 or © =g, f)cbu(—) = ®¢e¢u®ﬁ¢ and §) = ﬁ@u(—) @ Hx.

If £ = (€lo, o &lon) is a (p, U)-cocycle, then {lg = (£909) 4cau0 and (see (6.34)) there are a
(pt, U)-cocyclic map 3: R! — B($),Ce) and a (dgt”, UP)-cocycle 1 such that

£%09(dh) = £(dh) Py = \(d) 5% (w (h)) +1°?(d), where %? = 8P, n°¢ = 1Py,
Let ¢o = do /1 for vp € Qs,. As Ry, € B(Z5, 95,/1)5 Py Ry = Ry and Py R, = 0 if v # 1. So

B0t = B(t) Py 2 Y PhRQut®e = RyQupt@e for t € RL (6.47)

U€Q5O

If © = {dp} then (see (6.37)) there are a continuous epimorphism w,: D — R!? and a linear map
Bsy: Rlp — B($5,, Ce) such that n%0:%(d) = n(d)Ps, = 5o (d) Bs,(w, (d)) for d € D. As s, is linear,
Bs,(r) = Ar ® e for some A € B(R!p, $;,) and all » € Rlp. So

90 (d) = b (d) B, (w0, () = b (d) (Aw,y () @ €) for d € D. (6.48)
Combining (6.47), (6.48) and Corollary 6.10 yield
Corollary 6.15 (i) If 6o ¢ ® then B%% = 0. If ¢ € O then
B50’¢(t) = R,Qut®e,t € R, where v = do/¢

and Ry, € B(Zz,$9s,/,) s an arbitrary operator satisfying R,74Qv = V(d)R,Qy for d € D.
If 7|z, = v1g, then Ry is an arbitrary operator in B(Zz, H5,/,)-

(i) Let p € DUO. If ¢ # 0y then n® is a (6oL, ¢1s,)-coboundary. If ¢ = do then
7% (d) = 6o (d) (Aw, (d) ® €), d € D, and A is an arbitrary operator in B(R'p, $5,).

(1) £(dR) oy, = 1(d) s where nlsy is @ (50i”, Uy )-cocyele.
(iv) If D is nilpotent, n|g, is either a coboundary, or Hx = &5°,9;, where all $; are U-invariant
and all maps n|g,: D — B($H;, L) are (6012, UP|,)-coboundaries. So n|g, has form given in (1.5).

Remark 6.16 (i) Let dp and UP be spectrally disjoint (for example, §y be non-unitary). Then
each (8ot”, UP)-cocycle n is a coboundary by Theorem 2.13: 7(d) = 8o(d)T — TU(d) for some
T € B(9,Ce). Since T' =y ® e for some y € $, we get from (2.8) and (6.40) that

n(d) = (do(d)y — U*(d)y) @ e and &,(dh) = n(d) = (p(9)y — U™ (9)y) @ e. (6.49)

(ii) If D is compact then dp is unitary. By Corollary I11.2.1 [6], 7 is a coboundary.
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7 (M, U)-cocycles on subgroups of GL(n,R) x R"

Let A\,U be N-trivial representations of G on L and $, and £ be a (A, U)-cocycle. By (6.32),
5= Haue ® i, 50 that £ = (€ls, . Eli,)- By (6:33) and (6.34),
£ =&p + &, where £5(dh) = Md)B(wy (h)), & (dh) = n(d) are (A, U)-cocycles,
f‘ﬁqw@ = (567¢)5€sign()\D),¢€¢U@v where 56’¢(dh’) = /\J(d)ﬁ(iqj(wzv(h)) + 7767¢(d)'

We will consider various groups G = D X N, where N = R", n > 2, and D is a connected Engel
subgroup of the group GL(n,R). For these groups we describe the component £ of ¢| L
Let {e;}!" ; be a basis in R" and denote by d - h, d € D, h € R", the action of d on R". Then

G=DxR"={(d,h): d€ D, h € R"} with (d,h)(c, f) = (de,d - f + h).

The group G is also the semidirect product of its subgroups D and R*: G = D x @‘, where
D ={d=(d,0): d€ D} and R* = {h = (e,h): h € R"}. For d € D and h € R",

~

(d,h) =d (d~1-h) = (d,0)(e,d” " -h) = hd, dh=(d,d-h),

dhd Y =d-heRr, (dh) =Y, —d'h), dhd*h'=d-h—heRn (7.1)
Then w, (h) = h € R, I, = n (see (4.1)). So 74h (€4 wN(c/l\Ec/l\*l) = wN(ﬂ) =d - h. Thus
TqU €5 Tgr +itqy =d-x+id-y=d-uforu=x+1iy € C", x,y € R". (7.2)

7.1 D is a subgroup of the group of all positive diagonal matrices.

Denote by D = {d = (d;j) € GL(n,R): d;; = 0 if i # j, and d;; > 0} the commutative, connected
group of all positive diagonal matrices. Let Dy = {d = (d;j) € D: di1 = ... = dpg}, 1 <k < n, be
subgroups of D and D = Dy, for some k. Then G = D x R" is solvable. It follows from (7.2) that
sign(7) = {v1, Vk41, ..., Vn}, where v;(d) = d;; are real characters on D = Dy,
Zy,, =Ce1 & ... Ce and Z,, = Ce;, i > k+ 1, where {e;};-; is a basis in R". (7.3)
As all v € sign(7) are real characters, (6.20) and (6.32) imply that, for each § € sign(\P), either
Qs =05 =, or Q5 = {v;} and &5 = {0/v;} for some v; € sign(7). In this case ¢ is non-unitary
and there is not more than one v; € sign(7) such that 6/v; is unitary.
Let d € sign(\P), ¢ € ®UO in (6.32) and t = (t;)_, € R". By Corollary 6.10 and (7.3),
B¢ =0 if either @5 = @, or if &5 = {3/v;} and ¢ # 6/v;,
BOL(H) = (t1buy (e1) + . + tbuy (e)) Py, i @5 = {8/},
B (t) = t;by, (ej) P50, if Bs = {6/v;} and j > k+1, (7.4)
where by, (¢;) can be any operators from B($,,,, L§) and b, (e;) any operators from B(Y)(;/l,j,Lé).

If ¢ # 6 then %% is a (), ¢1s,)-coboundary and has form given in (6.36).
Let ¢ =6 € ©. If \s # 01z, then 7% is a (\s, 01g,)-cocycle. As D is commutative,

1% (cd) = As(c)n>(d) + 6(d)n°(c) = n*°(de) = As(d)n>*(c) + 5(c)n™(d),
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so that 7%9: D — B($)s, Ls) can be any map satisfying the condition
(As(c) = 6(c) L)% (d) = (Ns(d) — 8(d)1p,)n*%(c) for ¢,d € D. (7.5)

If \s = 61, then D/DW ~ D), ~ R**+1 and the epimorphism w,: D — R**+1 is given by

w,(d) = (Indy) f1 + Zfﬂ (Ind;+x—1) fi in a basis {fj}?:_f“‘l in RP-k+L
By (6.37), n°(d) = & (d) Bs(w, (d)) for a linear map B5: R**1 — B($s, Ls). So

n"*(d) = 6(d)[(ndy) B5(f1) + (k1) Bo(f2) + oo+ () Bs(fotr1)), (7:6)
and all B5(f;) can be any operators from B($)s, Ls). This gives a description of all £59.
7.2 D = S50(n)— the group of all orthogonal matrices in GL(n,R).
Let D be the compact group SO(n), n > 2. Then G,, = D x R" is the Euclidean motion group.
Lemma 7.1 The representation 7 (see (7.2)) of D on C" = R" 4+ iR", n > 3, is irreducible.

Proof. Let L be a T-invariant C-subspace in C". Let R" N L = {0} and z = x + iy € L. Then
0#£y¢Re. Soy=tedufort e Rand 0#u L x. Asn > 3, there is dy € D such that dy -z ==
and do - u # u. Hence 0 # i(z — doz) = dou — u € LNR", a contradiction. So R" N L # {0}.
Therefore, as SO(n) acts transitively on the sphere S*~! in R*, R® C L. Thus L = C". m

Combining Lemma 7.1, Theorems 6.4 and 6.13 and Remark 6.16 yield

Corollary 7.2 Let U be a unitary N -trivial representation of G = D x R", n > 3, on $.
A linear map B: R' — B($),Ce) is (1,U)-cocyclic if and only if for some t > 0,

g(u) =tVIiu®e, uecC", for some isometry V: C" — § satisfying U(d)V = Vd.
Aswy(h) =h, a map & G — B($H,Ce) is a (,U)-cocycle if and only if

€ =&, +&s, where E5(d h) = B(h) for h € R, and

E,,(cjh) = n(c?) =(y— U*((i)y) ®e for alld € D and some y € $ (cf. (6.49)).

The cohomology group H(G,t,U) was considered in [4, Example 2] without the assumption
U(dh) =U(d).

The group D = SO(2) = {d = < .
—sins coss
is solvable. All characters on D are unitary. Let e; = (1,0), e3 = (0,1) be a basis in R?. By (7.2),

cos § s1ns> s €0, 27r)} is commutative and G = D x R?

sign(7) = {v_,v4+}, where vi(d) = exp(=+is) are unitary characters on D,

C*=2, @7, , where Z,, = Cfy and fi = (e1 £ie)/V2.

Denote by @, the projections on Z, . Then Q,, e; = fi/\@ and Q. ex = :l:fi/iﬂ.
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As D is compact, each § € sign(A\”) is unitary and the representation \s is similar to unitary.
So A\s =91z, and L}; = Ls. The set Qs can be any subset of {v_,v;}. So

either &5 = @, or &5 = {J/vy}, or &5 ={d/v_}, or &5 ={0/v4,0/v_}.
By Corollary 6.10, if ¢ = §/v € ®s then £%/¥(t) = b‘g(Q,,t)P(b, t € R2, where v°: Z, —
B9/ L}) can be any linear map. Otherwise, 3%® = 0. Thus, for t = tieq + taes € R2,
B(t) = by, (Qu )Py = 2712ty — ita)by, (£+) Py, if & = 8/vy € By,
BOO(t) = b)_(Qu_t)Py =272 (ty +ita)b)_(f-) Py, if ¢ = 3/v_ € ¥,
where bii(fi) can be any operators from B(Y)d/yi,L};).

If ¢ # & then %% is a (\s, $1g,)-coboundary. By (6.36), n%¢ = (§—@)T for some T € B($Hy, Ls).
If ¢ =6 then %9 is a (01, 61g,)-cocycle. As D is compact, we get from (6.37) that 7% = 0.

7.3 D is the group of all upper triangular matrices with 1 on the diagonal
In this section D is the nilpotent group of all upper triangular n x n matrices with 1 on the diagonal
D =T, ={d=(dij) € GL(n,R): di1 = ... =dpn =1, d;j = 01if i > j}.
Since Tgu = d - u for d € T;,, u € C", we have sign(7) = {x.} and Z,, = C". Thus (see (6.32))
0 ==1{0c sign(\P): H5# {0}} and &; = {6} if 6 € ©, O5 =@ if § ¢ O.

If ¢ # 6 then n%? is a (), ¢15,)-coboundary and has form given in (6.36).

Let ¢ =3 € ©. If \s # 61, n°0 is a (\s, 01g,)-cocycle (it may have complicated structure).
Let A\s = d1z,. As D/Dm ~ R""1 the epimorphism w,: D — R""! defined as in (4.2) has
form -
w,(d) = 2‘71 d; i+19; for d = (d;j) € T, in some basis {g; ;‘:_11 in R L,
We have from (6.37) that 7°(d) = 6 (d) Bs(w, (d)) for a linear map fs: R*~! — B($)s, Ls). So

n—1

7% (d) = 5(d)z._1 dii+185(9i), where B5(g;) can be any operators from B($)s, Ls).

Consider now 3 = (65’¢)5€sign(>\p)7¢e@. Let {e;}?; be a basis in R"™. As before, for § € sign(\"),
let
9 ={z € H: U(d)z = 6(d)z for d € T,,} and Ps be the projection on $} . (7.7)

Let ¢ € ®,t € R", uw € C" and d € T,,. From (6.22) and (6.35) it follows that
B =0if 6 ¢ ®, orif ¢ # 9 € &; and
B3(t) = b (t)Ps if 6§ € ®, where A\;(d)b®(u) = 0(d)b°(d - u) and
b C" — B(9Y, L) is a linear map. Set )\f(e = A\s/0. Then )\ie is a ye-representation and
A ()b’ (u) =b°(d-u), de D, ueC" (7.8)
We will describe the map b? satisfying (7.8) in two particular cases.

Proposition 7.3 (i) If )\f(e =1z, in (7.8) then b (u) = up,b°(e,), for u =1  ue; € C*, where
v (en) can be any operator in B(HYL, Ls).
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(ii) Let sign(\P) = {6}, L = Ls ~ C" and, in some basis {f;}7, in L,
X (dv=d-v, deT,, veL. (7.9)
Then a linear map b%: C" — B(.%T, L) satisfies (7.8) if and only if, for some (any) x,y € .65T,
We)=x® fi fori=1,..,n—1, and b’ (e,) =y @ fi +x @ fn. (7.10)
Proof. (i) If /\‘;(e = 17, then b (u) 8 V(d-u),d e T,,uecC" Sob®((d—1cn)-u) = 0. Choose
{dj};-‘:_ll such that (d; — 1cn) - ej11 = e;. Thus ¥%(ej) = 0 for j = 1,...,n — 1, and b’(e,) can be any
operator in B($], Ls).
(ii) Each operator A € B(H1, L) has form (see (2.8))

A= ijlyi ® f; for some y; € 555T, and RA = RZLIM ® fi @8) ijlyi R Rf; (7.11)
for R € B(L). Since ¥(e;) € B(HT, L), we have from (7.11) that
V(e;) = j1 @ fi + .. + Tjn @ fy for some zj; € HY . (7.12)
Set A = )\f(e and b = b°. Then

7.11)

() = 108 (e5) = (A@) = 1) 3" wz@ fi =S i (Ad) - 11)
= Zn:l‘ji ®(d—1L) fi.

=1

Thus (7.8) is equivalent to the condition
ijlxji ®(d—1p)- fi =00((d—1cn)-¢;) ford€ T, and j =1,...,n. (7.13)
Let Ekm = (d;;) be such that dj,, = 1 and all other d;; = 0. Then (7.13) is equivalent to
Z;xﬁ ® dpm - f; = 0 (djm - €;) for j=1,...,nand 1 <k <m < n. (7.14)

As ka - fi = O0mifr and ka - €; = dmie, where 6,y = 0 if m # 4 and = 1, we have

n (7.14) (7.12) n
Zi:lx‘ji & (5msz =Tjm ® fk = b5(5mjek) = (5mjzi:1$ki &® fz (715)
Hence
Tjm =01if j #m form=2,...,n. (7.16)
If 2 <j=m <n then
7.15 n 7.16
Lmm ® f]- ( = ) Zi:lxli ® f?, ( = ) 11 ® fl, so that T11 = T22 = ... = Tpn,

7.15 n 7.16
$mm®fk(=)zi:1$ki®fi(Z)mk1®f1+a:kk®fk for 1 <k <m <n.

Thus xp; =0 for k =2,...,n — 1. Set © = 11 and y = ;. Then (7.10) follows from (7.12). =
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7.4 D is the group of all upper triangular matrices with positive diagonal entries

In this section D is the solvable connected group of upper triangular matrices
D=8, ={s=(si5): sij €R, 555 =01if i > j, and s > 0} =D x T}, (7.17)

where D is the group of all diagonal matrices with positive diagonal entries. The group Gg = S, xR"
is connected and solvable.

As D is not nilpotent, Corollary 6.10(iv) cannot be applied, so we have no information about
(AP, UP)-cocycles n. Thus we only consider the structure of the (A, U)-cocyclic maps §: R —
B($,L).

Let representations A\, U of Gg on L and § satisfy (6.15). As S, is solvable, matrices A(s),
s € Sy, are upper triangular in a basis in L with characters {J;} on the diagonal: \;;(s) = d;(s).
They can be also treated as characters on the subgroup D. Some of them may coincide. Let

sign(A\P) = sign(\%) = {01, ...,6,} be the set of all distinct diagonal characters.
Recall that a map : R™ — B($), L) is (A, U)-cocyclic if 3 satisfies (6.11):
Ad)B(u) = B(Fqu)U(d) for d € D and u € C". (7.18)
Clearly, (7.18) holds if and only if it holds for D and T5,. Let P be the projection on $7_ (see (7.7)).
Lemma 7.4 A linear map 5: R™ — B($9, L) is (\,U)-cocyclic on Gg if and only if
B(u) = b(u)P, (7.19)
where b: C™* — B(f);";i,L) is a linear map that satisfies the following conditions:
At)b(u) = b(t - u) fort € T,, and u € C", (7.20)
AMd)b(u)lgr = b(d-w)U(d)|gr forde D, ueC" (7.21)

Proof. As T, = S, all matrices A(t), t € Ty, have 1 on the diagonal. So sign(AT) = {x.}
and sign(77) = {x.}. It follows from Theorem 6.8 that (7.18) holds for ¢ € T, if and only if
B(u) = b(u)P, u € C", where b: C" — B(.V)z;e, L) is a linear map that satisfies (7.20).

As T, is a normal subgroup of .S,,, Y)i@ is U-invariant. Thus U and P commute. So, for d € D,

M) "= A(@db(u) P and BEw)U D]y = bGau)U @) P ) bd - u)U(d)P.

Hence (7.18) holds for D if and only if (7.21) holds which completes the proof. m
By Lemma 7.4, without loss of generality, we can assume that § = '6325' As 0|y, =1for § € S,
9P = {x € $H: U(d)x =0(d)x for d € D} = {x € $: U(s)x = 0(s)x for s € S,,}. (7.22)
Let PP be the projection on $2. As D is Engel, it follows from (6.16) that

L= @(SESign(XD)LtS and AP = 69(SESign(AD)/\éD’
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where Ls are AP-invariant subspaces, AP = A\P| s are d-representations of D. Then
b= (b")scsign(ary and As(d)b (u) = b (Fqu)U(d) for u € C', d € D, (7.23)
where b°: C" — B($, Ls) are (AP, UP)-cocyclic maps. As in (7.3) for k = 1,
sign(77) = {v;},, where v;(d) = dj;, are real characters and Z,, = Ce; for all i. (7.24)
Thus (see (6.20)), for § € sign(AP), either Q5 = @, or Q5 = {v;;} for some 1 < i5 < n. Set
A= {5 ¢ sign(\P): Q5 = {v;,}}, i.e., f)g)/wa +{0}. (7.25)
Using Corollary 6.9 and Lemma 7.4, we obtain th following description of (X, U)-cocyclic maps.
Theorem 7.5 A linear map 5: R™ — B($), L) is (\,U)-cocyclic on Gg if and only if
B(u) = b(w)P and b(u) = (5 (u))scaign(sp) for u = (u;)iy € C", where
W=0ifd¢ A, andb®(u) = uiéb,‘iié (eié)Pgwé if 6 € A,
ngié are the projections on f)?/% and b,‘iié (eis) are operators in B(ﬁ(sp/wé,[%) such that
A(t)b(u) = b(t - u) fort € T,.
In other words, for v = (u;)?_, € C" and d € T,
B(u) = b(u)P = Zmuiéb;a (eié)Pg% and \(d)b(u) = b(d - u). (7.26)
As in Proposition 7.3, we will find the map E in a particular case when L ~ C™ and
As)v=s-vforve L and s € S, in some basis {f;}i; in L. (7.27)

Proposition 7.6 Let (7.27) hold. If ﬁ?ﬁ = {0} then =0 is the only (A, U)-cocyclic map.
Let 2 #{0}. A linear map B: R™ — B($), L) is (A, U)-cocyclic if and only if

Blu) =2z ® Z?Zluifi for an arbitrary x € .656 and all u = (u;)?; € CL. (7.28)

Proof. As A(d)v =d-v for v € L, d € D, we have sign(\P) = {4;}"_, where &;(d) = d;;, and
L =&}, Ls,, with L, = L(%Z. = Cf; for all 1.

If §P = {0}, it follows from (7.24) and (7.25) that A = @. So 3 =0 by (7.26).

Let 5’)56 # {0} and P)Z be the projection on ﬁge. It follows from (7.24) and (7.25) that

A = sign(\P) and Q5, = {v; = 6;} for all 1 < i < n, as &;/v; = xe and .6;36 #{0}.
Let u= )" ju;e; € C". By (7.26), a map S is (A, U)-cocyclic if and only if it has form
Blu) = Zizluib% (e)PL),, = Zizluib%(ei)Pﬁ, (7.29)
where bl (e;) are operators in B(Y)Qg, L%i) such that A(¢)b(u) = b(t - u) for t € T,,.
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As Lj = Cf; for all i, b3 (e;) PY = 2; ® f; for some z; € HT by (7.11). By (7.11), (7.27),

Bu) 29 ut (21 ® f1) + oo+ Un (T @ fn), s0 that Ble;) = 2; ® fi, (7.30)
and A(t)3(en) 727) t(xn @ fn) 7Ly Tp @t fr, for t € T),.

Let t;,, € T}, be a matrix with (i, n)-th and all diagonal entries 1, and all other are 0. Then

/\(ti,n)g(en) =, ® ti,n : fn =, ® fz +x,® fn
(7.26) (7.30)

g(ti,n'en)zg(ei)‘i‘g(en) ="2;Q fi + xp ® fn.

Hence z; = z,, for 1 <1i <n — 1. Combining this with (7.30), we complete the proof. m

8 Cocyclic maps on the group S, =D x T,.

The group S, = D x Ty, in (7.17) is the semidirect product of D =D and N = T),. It is solvable and
not Engel. Each h € N has form h = (ho,hl,. ,hn 1), where ho = (1,...,1) is the main diagonal
and h = (h11+i, hoo+i, - ,hn in), 1 <i<mn—1,is the i-th upper diagonal of h.
Then N = {h € N: hy =0} and N/NW ~ R"1. So I =1, =n —1 (see (4.1)) and
wN(h) = /}{1 = (hm, ey hn—l,n) = hige1 + ... + hn—l,nen—l e R™! (8.1)
is the epimorphism from N to R"™!. Let d = (d11, ..., dnn) € D. Set d; = dy;. By (6.4),

8.1
rawy () = wy (ha) & ()1 = ()12, s vno1 (D) hn_1.0) , Where v;(d) = di /dis1

for 1 <1i <n —1, are distinct real characters on D. Hence, for § € sign(/\D ),

sign(7) = {1/1}Z L C =g Z,,, where all Z,, = Ce;, and
either Q5 = &5 = &, or Qs = {v;} and &5 = {J/v;} for some v; € sign(7), (8.2)

The results in this case are similar to the results for D; x R™ in Section 7.1.
Let ¢ € ®UO and t = (;)7-' € R"! (see (6.32)). From Corollary 6.10 and (8.2) we have

3% = 0 if either &5 = @, or if 5 = {6/1;} and ¢ # & /v;;
BO2(t) = tjby;(€;)Ps),;, if @5 ={d/v;} and ¢ = J/v; for some j > 1,

where b, (ej) can be any operators from B(555/Vj,L(1;).

If ¢ # & then n%? is a (s, ¢15,)-coboundary and has form given in (6.36).

Let ¢ =6 € ©. If \s # 011, then 7’9 is a (\s, 01g,)-cocycle. As D is commutative, we have, as
in (7.5), that n»%: D — B($5, Ls) can be any map satisfying the condition

(As(e) = (e)1,)n™(d) = (As(d) — 6(d)1r,)n™(c) for ¢,d € D.

Let \s = 51L5 The map w,: D — R" defined by w,(d) =", (Ind;)e; is an epimorphism.
By (6.37), n%°(d) = 6 (d) Bs(w ( )) for some linear map f5: R™ — B(9s, Ls). So

n*(d) = (5(d)211 (Ind;) Bs(e;) and Bs(e;) can be any operators in B($)s, Ls).
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