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Abstract

Let λ,U be representations of a group G with a normal subgroup N . The paper studies
the first cohomology group H1(G,λ, U) under various spectral type conditions imposed on the
restrictions of λ,U to N . We assume often that N is an Engel group and examine various de-
compositions of the extension e(λ,U, ξ) of λ by U associated with non-trivial (λ,U)-cocycles ξ.

Aiming at applications to double extensions and the theory of J-unitary group representa-
tions on indefinite metric spaces, we describe (λ,U)-cocycles when G = DnN is the semidirect
product, D is an Engel group and the restrictions of λ,U to N are χ1 for some character χ
on N (such pairs of representations form in a sense a base class in the variety of all pairs of
representations). Our description is complete if G = D n Rn, where D is the group of all diag-
onal matrices with positive entries, or G = D n T is the group of all upper triangular matrices
d = (dij) with dii > 0 and T is its subgroup of all matrices with dii = 1, or G = SO(2)nR2.
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1 Introduction and preliminaries

The paper is devoted to the study of spatial extensions of non-unitary representations of certain
groups. A representation π of a group G on a Hilbert space X is a spatial extension of a repre-
sentation λ of G by a representation U of G, if X contains a π-invariant subspace L such that the
restriction π|L is equivalent to λ, while the representation that π induces on X ⊖L is equivalent to
U . A natural instrument for the study of spatial extensions is the technique of (λ,U)-cohomologies.

The case when U is unitary is especially important for the study of representations that are
unitary with respect to an indefinite scalar product - the J-unitary representations in indefinite
metric spaces (the Krein spaces). Assuming additionally that λ is finite-dimensional, one comes
to representations on the Pontryagin Πk-spaces. Seminal results in this area were obtained by
M.A.Naimark and R.S.Ismagilov (see [23] and references therein). They outlined a wide range
of further studies and raised many important questions. The subject was further developed by
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Araki [1], Ismagilov [9, 10, 11], Kissin and Shulman [12], Naimark [21, 22], Sakai [25] and others
(additional references and detailed information can be found in [15]). J-unitary representations were
also considered in relation to the study of various problems in the quantum theory [3, 19, 27, 28]
and the theory of derivations of C*-algebras implemented by symmetric unbounded operators [17].

This paper is a continuation of papers [13] and [16], where we studied extensions of represen-
tations of nilpotent groups, and found some triviality conditions for cohomologies of groups with
normal Engel subgroups. Here we refine and extend many of these results and apply them to obtain
various types of decomposition for extensions of representations. We also describe some important
classes of cohomologies of semidirect product of groups: G = D n N , where D is an Engel group
(this class of groups contains, in particular, many solvable groups). In turn, this allows us to
analyse the structure of the extensions of the representations λ by U for these groups.

As in the case of nilpotent groups, where the results on (λ,U)-cocycles and extensions obtained
in [13] were crucial in establishing and classifying in [14] various types of decomposition of their
J-unitary representations on Πk-spaces, the results of the present paper are essential for the study
of J-unitary representations of semidirect products of groups on Πk-spaces.

Throughout the paper G is a connected locally compact group with a connected closed normal
subgroup N, and λ,U are weakly continuous representations of G on Hilbert spaces L and H. By
B(H, L) we denote the space of all bounded operators from H to L. Let K(G,N) be the minimal
closed subgroup of G containing all commutators ghg−1h−1, g ∈ G, h ∈ N. Set G[1] = K(G,G),
G[2] = K(G,G[1]), ..., G[n] = K(G,G[n−1]). A group G is nilpotent if G[n] = {e} for some n. Each
h ∈ G defines a map adh on G: adh(g) = ghg−1h−1 for g ∈ G. An element h of G is Engel if, for
each g ∈ G, there is ng ∈ N such that ad

ng

h (g) = e. A group G is an Engel group, if it consists of
Engel elements. Nilpotent groups are Engel groups, while solvable ones are not always Engel.

For any map µ of G, we denote by µN its restriction to N.
As we only study 1-cohomology, we write for brevity cohomology, cocycles, coboundaries instead

of 1-cohomology, 1-cocycles, 1-coboundaries. A weakly continuous map ξ: G → B(H, L) is

a (λ,U)-cocycle if ξ(gh) = λ(g)ξ(h) + ξ(g)U(h) for g, h ∈ G; (1.1)

a (λ,U)-coboundary if ξ(g) = λ(g)T − TU(g) for g ∈ G and some T ∈ B(H, L). (1.2)

Let Z(G,λ, U) be the set of all (λ,U)-cocycles and B(G,λ, U) the set of all (λ,U)-coboundaries.
Then H(G,λ, U) = Z(G,λ, U)/B(G,λ, U) is the 1-cohomology group of G related to λ,U . If
dimL = 1 and ι = 1L thenH(G, ι, U) is the 1-cohomology group of U in classical sense ([2],[4],[5],[6]).

In Section 2 we develop a spectral criterion of triviality of the group H(G,λ, U) for pairs (G,N)
(for nilpotent G it was established in [13]). In Theorem 2.13 we show that if λ and U are sectionally
spectrally disjoint (Definition 2.4) at some Engel elements of N then H(G,λ, U) = 0.

The importance of the notion of the sectional spectral disjointness is also demonstrated in
Theorem 3.9. It states that if a finite-dimensional subspace L is invariant for the restriction πN

of a representation π of G to an Engel subgroup N and the representation πN |L is sectionally
spectrally disjoint with the representation that πN induces on X ⊖ L, then L is also π-invariant.

The main motivation for the study of (λ,U)-cocycles of G is that every such cocycle ξ defines
an extension e(λ,U, ξ) of λ by U on X = L⊕ H by the formula

e(g) = e(λ,U, ξ)(g) =

(
λ(g) ξ(g)
0 U(g)

)
, g ∈ G. (1.3)

It is well known that L has an e-invariant complement H, if and only if ξ is a (λ,U)-coboundary.
Moreover, two extensions are similar if and only if the corresponding cocycles are cohomological.
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Section 4 deals with the structure of e = e(λ,U, ξ) when N is an Engel group. In Theorem 5.2
we show that if G = N is nilpotent, then L always approximately splits e, i.e., there are e-invariant
subspaces (Yi, Zi)

∞
i=1 in X such that X = YiuZi, Yi+1 $ Yi, Zi $ Zi+1 for all i, and L ⊆ M = ∩iYi

with dim(M/L) < ∞.
A representation µ of N is monothetic if the spectrum of each operator µ(h), h ∈ N, is a

singleton. In this case there is a character χ of N (a continuous multiplicative map from N to
C \ {0}) such that Sp(µ(h)) = χ(h) for all h ∈ N . If N is an Engel group, then (see [13, Theorem
3.17]) each finite-dimensional representation of N decomposes in the direct sum of monothetic ones.
Moreover, in our setting, where N is a normal subgroup of G, each finite-dimensional representation
λ of G decomposes in the direct sum of representations whose restrictions to N are monothetic [16]
(we call such representations of G N -monothetic). So the following question arises naturally:

Under what conditions all extensions e(λ,U, ξ) of a pair (λ,U) (with finite-dimensional λ) de-
compose in the direct sum of extensions e(λi, Ui, ξi) with N -monothetic λi?

For commutative G, the positive answer to this question was given in [13]. However, the result
does not extend to all nilpotent groups; the corresponding representation of the Heisenberg group
was constructed in [13]. We show in Theorem 5.5 that the needed decomposition exists if U(N) is
contained in the center of U(G)

In Sections 6–8 we consider a comparatively simple (but, in some sense, the base) class of pairs
of representations (λ,U) that are not spectrally disjoint on N : N -trivial representations, i.e.,

λ(h) = 1L and U(h) = 1H for h ∈ N. (1.4)

Such a condition allows us to present a wide range of non-trivial (λ,U)-cocycles for the semi-direct
products of groups G = DnN (especially, when D is an Engel group). These cocycles are described
by analytic formulas. This, in turn, permits us to describe in detail (see Section 6.4) the structure
of the corresponding classes of extensions e(λ,U, ξ).

This detailed information is important for the study of J-unitary representations of groups on
Pontryagin spaces. To construct such a representation one needs to have a (λ,U)-cocycle that
satisfies an additional condition of neutrality :

−ξ(h)ξ(g−1)∗ = λ(h)γ(g)− γ(hg) + γ(h)λ(g−1)∗, g, h ∈ G,

for some map γ: G → B(L) [11],[12]. To choose from the space of all (λ,U)-cocycles the neutral
ones, we need to have a maximally transparent description of this space.

It is shown in Theorem 6.4 that, for λ,U satisfying (1.4), each cocycle is the sum of two cocycles:

ξ = ξη + ξβ, where ξη(dh) = η(d), ξβ(dh) = λ(dh)β(ωN (h)) for d ∈ D, h ∈ N.

Here ωN : N → Rl is the natural epimorphism (the number l ∈ N depends on the structure of N)
and β: Rl → B(H, L) is a linear map called a (λ,U)-cocyclic map. The map η is just a (λD, UD)-
cocycle on D and can be considered separately. In this paper we concentrate on the study of the
(λ,U)-cocyclic maps β. An explicit formula for the (λ,U)-cocyclic maps β is obtained in Section
6.3 for the case when D is Engel. In Section 6.4 we study the structure of the extensions e(λ,U, ξ)
for N -trivial representations λ,U. We obtain their full description for nilpotent D.

In Section 7 we study (λ,U)-cocyclic maps and cocycles on groups G = D n Rn, where D are
Engel subgroups of GL(n,R). We give their partial description when D is the nilpotent group Tn of
all upper triangular matrices with 1 on the diagonal. The picture is complete when D is the group
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D of all diagonal matrices with positive entries, and when G = SO(2)n R2. We also consider the
case when D is the solvable (but not Engel) group Sn of all upper triangular matrices with positive
diagonal entries.

Finally, in Section 8 we give a full description of (λ,U)-cocyclic maps and cocycles on the group
Sn considered as the semidirect product of its subgroups D and Tn.

2 Spectrally disjoint representations and group cohomology

In this section we develop a spectral criterion of triviality of H(G,λ, U) for a group G with a normal
subgroup N . In Theorem 2.13 we show that if λ and U are sectionally spectrally disjoint at some
Engel elements of N then H(G,λ, U) = 0. Set B(H) = B(H,H) and B(L) = B(L,L).

2.1 Spectral disjointness of representations

We say that operators A ∈ B(L) and B ∈ B(H) are spectrally disjoint (see [13]) if

Sp(A) ∩ Sp(B) = ∅.

Lemma 2.1 [Rosenblum (see, for example, Corollary 0.13 [24])] Let operators A and B be spectrally
disjoint. If AY = Y B for Y ∈ B(H, L), or Y A = BY for Y ∈ B(L,H) then Y = 0.

We say that a map λ: G → B(L) and a representation U : G → B(H) are spectrally disjoint at
h ∈ G, if the operators U(h) and λ(h) are spectrally disjoint.

Let h ∈ N. As Sp(U(hg)) = Sp(U(h)) for g ∈ G, Lemma 2.1 yields in this case that

1) λ(h)Y = Y U(hg) for Y ∈ B(H, L), implies Y = 0, where hg = ghg−1;

2) Y λ(h) = U(hg)Y for Y ∈ B(L,H), implies Y = 0. (2.1)

Unless otherwise specified, the maps λ and U will be representations of G on L and H.
We often need to consider the case that U (or λ) has the upper triangular form. For example,

H =⊕k
i=1 Hi, k ≤ ∞, and U =


U1 U12 U13 · · ·
0 U2 U23 · · ·
0 0 U3 · · ·
...

...
...

. . .

 , Uij = 0 for i > j,

where Ui are representations of G on Hi. In this case we write U = \Ui]
k
i=1.

The result below was obtained in [16]. For convenience of the reader we give its proof here.

Proposition 2.2 Let U = \Ui]
k
i=1, k ≤ ∞, let λ be spectrally disjoint with each Ui at some hi ∈ N

and ξ be a (λ,U)-cocycle. Let ξN be the restrictions of ξ to the normal subgroup N.
If ξN is a (λN , UN )-coboundary (ξ(h) = λ(h)T − TU(h) for all h ∈ N and some T ∈ B(H, L)),

then ξ is a (λ,U)-coboundary with the same unique representing operator T :

ξ(g) = λ(g)T − TU(g) for g ∈ G.
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Proof. Set η(g) = ξ(g)− (λ(g)T − TU(g)) for g ∈ G. Then η is also a (λ,U)-cocycle of G and
η(h) = 0 for h ∈ N. Hence, as hg−1 ∈ N for all h ∈ N, g ∈ G, we have from (1.1)

η(ghg−1) = λ(g)η(hg−1) + η(g)U(hg−1) = η(g)U(hg−1) and

η(ghg−1) = η(gg−1hg) = η(hg) = λ(h)η(g) + η(h)U(g) = λ(h)η(g), so that

η(g)U(hg−1) = λ(h)η(g) for g ∈ G and h ∈ N. (2.2)

We have that η = {ηi}ki=1, where ηi = η|Hi : G → B(Hi, L). So, by (2.2), η1(g)U1(h
1
g−1) = λ(h1)η1(g)

for g ∈ G. Since λ and U1 are spectrally disjoint at h1 ∈ N, we get from (2.1) that η1 = 0.
Hence we have from (2.2) that η2(g)U2(hg−1) = λ(h)η2(g) for all g ∈ G and h ∈ N. Since λ and

U2 are spectrally disjoint at h2 ∈ N, it follows as above that η2. Continuing this process, we get
η = 0. So ξ(g) = λ(g)T − TU(g) for all g ∈ G.

Let also ξ(g) = λ(g)S − SU(g) for all g ∈ G and some S ∈ B(H, L). Set R = T − S. Then

λ(g)R = RU(g) for g ∈ G. (2.3)

Let us show that R = 0. As H = ⊕k
i=1Hi, we have R = {Ri}ki=1 where Ri = R|Hi ∈ B(Hi, L). By

(2.3), λ(h1)R1 = R1U1(h
1). As λ(h1) is spectrally disjoint with U1(h

1), R1 = 0 by Lemma 2.1. So
λ(h2)R2 = R2U2(h

2). By Lemma 2.1, R2 = 0. Continuing this process, we get R = 0. So T = S.

Using Proposition 2.2, we obtain the following results.

Theorem 2.3 Let U = \Ui]
k
i=1, k ≤ ∞, and λ be spectrally disjoint with each Ui at some hi ∈ N.

(i) If H(N,λN , UN ) = 0 then H(G,λ, U) = 0.

(ii) If H(N,λN , UN
i ) = 0 for some i, then H(G,λ, Ui) = 0.

(iii) If k < ∞ and H(G,λ, Ui) = 0 for all i ≤ k, then H(G,λ, U) = 0.

(iv) If k < ∞ and H(N,λN , UN
i ) = 0 for all i ≤ k, then H(G,λ, U) = 0.

Proof. Part (i) follows from Proposition 2.2. Part (ii) follows from (i) for k = 1, and part (iii)
was proved in Lemma 2.3 [13].

(iv) By (ii), H(G,λ, Ui) = 0 for all i ≤ k. Hence H(G,λ, U) = 0 by (iii).

A continuous map χ: G → C is a character if χ(gh) = χ(g)χ(h) for g, h ∈ G. We denote by G∗

the group (under pointwise multiplication) of all characters on G. A character χ is unitary, if

|χ(g)| = 1 for g ∈ G, i.e., χ(g−1) = χ(g). (2.4)

Following [13], we call the spectral condition in Theorem 2.3 by sectional spectral disjointness.

Definition 2.4 We say that a representation λ of G (respectively, a character χ) is sectionally
spectrally disjoint with a representation U of G at some {gi}ki=1 in G, if U = \Ui]

k
i=1, k < ∞, and

λ (respectively, χ) is spectrally disjoint with each diagonal Ui at g
i:

Sp(λ(gi)) ∩ Sp(Ui(g
i)) = ∅ (respectively, χ(gi) /∈ Sp(Ui(g

i)).

Let H =⊕∞
i=1 Hi, all Hi be U -invariant and PHi be the projections on Hi, so that

U = ⊕∞
i=1Ui, where Ui = U |Hi . (2.5)
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Lemma 2.5 (i) A map ξ: G → B(H, L) is a (λ,U)-cocycle if and only if all maps ξi = ξ|Hi : G →
B(Hi, L) are (λ,Ui)-cocycles.

(ii) Let H(G,λ, Ui) = 0 for all i ∈ N. Then a map ξ: G → B(H, L) is

1) a (λ,U)-cocycle if and only if all ξi are (λ,Ui)-coboundaries, i.e.,

ξi = λTi − TiUi for some Ti ∈ B(Hi, L); (2.6)

2) a coboundary if and only if there are {Ti}∞i=1 satisfying (2.6) and ⊕∞
i=1TiPHi ∈ B(H, L);

3) if λ is sectionally spectrally disjoint with all Ui, then operators {Ti}∞i=1 are unique.

Proof. (i) As all PHi commute with U, it follows from (1.1) that all ξi are (λ,Ui)-cocycles.
Conversely, let all ξi be (λ,Ui)-cocycles. Set Pm = ⊕m

i=1PHi , m < ∞. Then PmU = UPm

and ∥x− Pmx∥ → 0 for x ∈ H, as m → ∞. We have that ξ(g)Pm = (ξ1(g), ..., ξm(g), 0, ...) are
(λ,U)-cocycles. Hence ξ is a (λ,U)-cocycle, since for x ∈ H,

ξ(g1g2)x = lim
m→∞

ξ(g1g2)Pmx = lim
m→∞

(λ(g1)ξ(g2)Pmx+ ξ(g1)U(g2)Pmx)

= λ(g1)ξ(g2)x+ ξ(g1)U(g2)x for g1, g2 ∈ G.

(ii) 1) follows from (1.2) and (i).
2) If ξ is a (λ,U)-coboundary, ξ = λT − TU for some T ∈ B(H, L). So Ti = TPHi satisfy (2.6)

and T = ⊕∞
i=1TiPHi .

Conversely, let T = ⊕∞
i=1TiPHi ∈ B(H, L) and all Ti satisfy (2.6). Then for g ∈ G,

ξ(g)Pm = (ξ1(g), ..., ξm(g), 0, ...) = λ(g)TPm − TPmU(g) = (λ(g)T − TU(g))Pm.

Hence ξ is a (λ,U)-coboundary, since for x ∈ H,

ξ(g)x = lim
m→∞

ξ(g)Pmx = lim
m→∞

(λ(g)T − TU(g))Pmx = λ(g)Tx− TU(g)x.

3) Let, for some i, there are Si, Ti ∈ B(Hi, L) such that

ξi(g) = λ(g)Si − SiUi(g) = λ(g)Ti − TiUi(g) for g ∈ G.

Set Ri = Ti − Si. Then λ(g)Ri = RiUi(g). As λ is sectionally spectrally disjoint with each Ui,
repeating the argument in the proof of Proposition 2.2 that follows (2.3), we get Ri = 0. So
Ti = Si.

Corollary 2.6 Let U = ⊕∞
i=1Ui, let λ be sectionally spectrally disjoint with each Ui at some ele-

ments in N and let all H(N,λN , UN
i ) = 0. Then

(i) H(G,λ, Ui) = 0 for all i ∈ N.
(ii) A map ξ: G → B(H, L) is a (λ,U)-cocycle if and only if there are operators Ti ∈ B(Hi, L),

i ∈ N, such that ξ|Hi = (λTi − TiUi)|Hi. The family of operators {Ti} is defined uniquely.
The map ξ is a (λ,U)-coboundary if and only if, in addition, the operator ⊕∞

i=1TiPHi is bounded.
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Proof. (i) follows from Theorem 2.3(ii), and (ii) follows from (i) and Lemma 2.5(ii).

It follows from Corollary 2.6 that Theorem 2.3(iii) does not extend to the case k = ∞.
Let dimL = 1, i.e., L = Ce. Each operator T ∈ B(H, L) has the form T = y ⊗ e:

(y ⊗ e)x = (x, y)
H
e for all x ∈ H and some y ∈ H. (2.7)

If T ∈ B(H) and µ ∈ C then, for x, y ∈ H,

µ(x⊗ e) = x⊗ µe = µx⊗ e, (x⊗ e)T = (T ∗x)⊗ e,

(x⊗ e)∗ = e⊗ x ∈ B(L,H), (x⊗ e)(e⊗ y) = (y, x)
H
(e⊗ e) ∈ B(L). (2.8)

Each map ξ: G → B(H, L) has the form ξ(g) = r(g)⊗ e for some map r: G → H.
Denote by ι the trivial representation: ι(g) = 1L for g ∈ G. Then Corollary 2.6 yields

Corollary 2.7 Let U = ⊕∞
i=1Ui and χ ∈ G∗. Suppose that, for each i ∈ N,

H(N,χN ιN , UN
i ) = 0 and there is hi ∈ N such that χ(hi) /∈ Sp(Ui(h

i)).

Then
(i) H(G,χι, Ui) = 0 for all i ∈ N.
(ii) A map ξ(g) = r(g)⊗ e is a (χι, U)-cocycle if and only if there are yi ∈ Hi such that

r(g) = ⊕∞
i=1(χ(g)yi − U∗

i (g)yi) ∈ H, i.e.,
∑∞

i=1

∥∥∥χ(g)yi − U∗
i (g)yi

∥∥∥2 < ∞ for g ∈ G. (2.9)

(iii) ξ is a (χι, U)-coboundary if and only if
∑∞

i=1 yi = y ∈ H, so that r(g) = χ(g)y − U∗(g)y.

If N has the property (T ) (ιN is isolated in the space N̂ of all equivalence classes of irre-
ducible unitary representations of N), then H(N, ιN , V ) = 0 for any unitary representation V of N
(Proposition III.2.9 [6]). So Corollary 2.7 yields

Corollary 2.8 Let U = ⊕∞
i=1Ui be unitary and N have property (T ). If 1 /∈ Sp(Ui(h

i)) for all i
and some hi ∈ N , then H(G, ι, Ui) = 0 for i ∈ N, and (2.9) with χ(g) ≡ 1 describes (ι, U)-cocycles.

2.2 Engel elements in groups and group cohomology

Recall that h ∈ G is an Engel element if, for each g ∈ G, there is ng ∈ N such that ad
ng

h (g) = e,
where adh(g) = hgh−1g−1. A group G is Engel if it consists of Engel elements. In particular, all
nilpotent groups are Engel.

We will show that the sectional spectral disjointedness of λ and U at Engel elements of N is
sufficient for the triviality of H(G,λ, U).

Lemma 2.9 Each Engel element of a normal subgroup N is also an Engel element of G.

Proof. Let h be an Engel element of N. For g ∈ G, adh(g) = ghg−1h−1 = hgh
−1 ∈ N. Hence

adn+1
h (g) = adnh(adh(g)) = adnh(hgh

−1) for all n. As h is an Engel element of N , adnh(hgh
−1) = e

for some n. Hence adn+1
h (g) = e. Thus h is an Engel element of G.

The following result proved in Corollary 2.9 [13] plays an important role below.
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Theorem 2.10 If λ and U are spectrally disjoint at an Engel element of G then H(G,λ, U) = 0.

For convenience we include here a shorter and more transparent proof than the original one.

Lemma 2.11 Suppose that representations λ and U are spectrally disjoint at h ∈ G, and let η be
a (λ,U)-cocycle with η(h) = 0. If η(hgh−1g−1) = 0 for some g ∈ G, then η(g) = 0.

Proof. As 0 = η(e) = η(gg−1) = λ(g)η(g−1) + η(g)U(g−1), we have

η(g−1) = −λ(g)−1η(g)U(g)−1 for all g ∈ G. (2.10)

So η(h−1) = 0.
By our assumption,

0 = η(hgh−1g−1)
(1.1)
= λ(hgh−1)η(g−1) + η(hgh−1)U(g−1)

(2.10)
= −λ(hgh−1)λ(g−1)η(g)U(g−1) + (λ(h)η(gh−1) + η(h)U(gh−1))U(g−1)

= −λ(h)λ(gh−1g−1)η(g)U(g−1) + λ(h)(λ(g)η(h−1) + η(g)U(h−1))U(g−1)

= −λ(h)λ(gh−1g−1)η(g)U(g−1) + λ(h)η(g)U(h−1))U(g−1)

= λ(h)(η(g)U(h−1)− λ(gh−1g−1)η(g))U(g−1).

Thus
η(g)U(h−1) = λ(gh−1g−1)η(g) = λ((h−1)g)η(g). (2.11)

As Sp(U(h))∩ Sp(λ(h)) = ∅ and

Sp(U(h−1)) = {z−1: z ∈ Sp(U(h))} and Sp(λ(h−1)) = {z−1: z ∈ Sp(λ(h))},

we have Sp(U(h−1))∩ Sp(λ(h−1)) = ∅. Hence η(g) = 0 by (2.11) and (2.1).

Corollary 2.12 Let λ and U be spectrally disjoint at an Engel element h ∈ G. If a (λ,U)-cocycle
η satisfies the condition η(h) = 0 then η = 0.

Proof. Since h is an Engel element then, for each g ∈ G, there is n = ng such that in the chain
g0 = g, gk = adh(gk−1) the element gn = e. Thus η(gn) = 0. On the other hand, if η(gk) = 0 then
η(gk−1) = 0 by Lemma 2.11. Thus η(g) = 0. So η = 0.

The end of the proof of Theorem 2.10. Let λ and U be spectrally disjoint at an Engel
element h ∈ G, and let ξ be a (λ,U)-cocycle. Consider the operator R(X) = λ(h)X −XU(h) for
X ∈ B(H,L). By Rosenblum’s Theorem (Theorem 0.12 [24]),

Sp(R) = {α− β: α ∈ Sp(λ(h)), β ∈ Sp(U(h))}.

As λ and U are spectrally disjoint at h, Sp(λ(h))∩ Sp(U(h)) = ∅. Thus 0 /∈ Sp(R), so that R is
invertible. Hence there is T such that λ(h)T − TU(h) = ξ(h).

Set η(g) = ξ(g)−λ(g)T +TU(g). It is a (λ,U)-cocycle and η(h) = 0. Hence η = 0 by Corollary
2.12. Thus ξ(g) = λ(g)T − TU(g). So H(G,λ, U) = 0. The proof of Theorem 2.10 is complete. �

We have the following refinement of Theorem 2.3.
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Theorem 2.13 Let λ be sectionally spectrally disjoint with U at Engel elements {hi}ki=1 of N .
Then H(G,λ, U) = 0.

Proof. By the assumption, U = \Ui]
k
i=1, k < ∞, and λ is spectrally disjoint with each diagonal

Ui at h
i. By Theorem 2.10, H(N,λN , UN

i ) = 0 for all i. It suffices now to apply Theorem 2.3(iv).

Making use of Theorem 2.13, we simplify conditions in Corollaries 2.6 and 2.7.

Corollary 2.14 Let U = ⊕∞
i=1Ui and let χ be a character on G.

(i) If a representation λ is sectionally spectrally disjoint with each Ui at some Engel elements
of N, then the conclusions of Corollary 2.6 hold.

(ii) If χ(hi) /∈ Sp(Ui(h
i)) for all i ∈ N and some Engel elements hi ∈ N, then the conclusions

of Corollary 2.7 hold.

In (2.5) all subspaces Hi are U -invariant. We now show that sometimes it suffices to assume
that they are UN -invariant.

Proposition 2.15 Let H = ⊕∞
i=1Hi and all Hi be UN -invariant, i.e., UN = ⊕∞

i=1U
N
i . Suppose that

UN |Hi = ωi1Hi , i ∈ N, for some distinct characters ωi on N. Then

(i) All Hi are U -invariant, so that U = ⊕∞
i=1Ui.

(ii) If ωi(h
i) /∈ Sp(λ(hi)) for each i ∈ N and some Engel elements hi ∈ N, then H(G,λ, Ui) = 0

for all i ∈ N. In other words, the results of Corollary 2.6(ii) hold.

Proof. (i) Let U = (Uij) be the block-matrix form with respect to the decomposition H =
⊕∞

i=1Hi. As gh = hgg for h ∈ N, g ∈ G, we have U(g)U(h) = U(hg)U(g). As UN is block-diagonal,

Uij(g)Ujj(h) = Uii(hg)Uij(g) for i ̸= j and all h ∈ N, g ∈ G. (2.12)

For g ∈ G and a character ω on N, set ωg(h) = ω(hg) for h ∈ N. Then Cω = {g ∈ G: ωg = ω}
is a group. If Cω contains an open subset of G, it contains a neighbourhood of e in G. As G is
connected, G = Cω. Thus either Cω = G, or Cω contains no open subsets of G.

If i ̸= j in (2.12) then

Uij(g)(ω
g
i (h)− ωj(h)) = 0 for g ∈ G and h ∈ N. (2.13)

If Cωi = G then ωg
i = ωi for all g ∈ G. As ωi ̸= ωj , it follows from (2.13) that Uij = 0.

Suppose that Cωi contains no open subsets of G. Let Uij(r) ̸= 0 for some r ∈ G. Then ωr
i = ωj

by (2.13). If also Uij(s) ̸= 0 for some s ̸= r, then ωs
i = ωj . Hence ωr

i = ωs
i . Thus ωr−1s

i = ωi, so
that r−1s ∈ Cωi . So s ∈ rCωi . Hence Uij(g) = 0 if g /∈ rCωi . As rCωi contains no open subsets of G
and Uij is weakly continuous on G, we have Uij = 0. Thus all Hi are U -invariant.

(ii) As Sp(λ(hi)∩ Sp(Ui(h
i)) = Sp(λ(hi)∩ {ωi(h

i)} = ∅, λ is spectrally disjoint with each Ui,
i ∈ N, at an Engel element hi ∈ N. So H(G,λ, Ui) = 0 for all i ∈ N, by Theorem 2.10. So the
results stated in Corollary 2.6(ii) hold.
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3 Invariant subspaces and elementary representations

Definition 3.1 A map µ: N → B(L) is spectrally continuous at h ∈ N if, for each neighbourhood
V of Sp(µ(h)) in C, there is a neighbourhood WV of h in N with Sp(µ(h′)) ⊆ V for h′ ∈ WV .

In other words, µ is spectrally continuous if the multivalued map h 7→ Sp(µ(h)) is upper
semicontinuous on N [18]. If µ is norm-continuous, it is spectral continuous ([7], p 53).

Let π be a representation of G on a Hilbert space X and let πN have an invariant subspace L:

X = L⊕ H, π =

(
λ ξ
ρ U

)
and πN =

(
λN ξN

0 UN

)
, (3.1)

where λN and UN are representations of N, and H = L⊥. The following sufficient conditions for L
to be also π-invariant were obtained in [16].

Theorem 3.2 ([16]) Let in (3.1) UN = \UN
i ]ki=1, k < ∞, let λN be spectrally disjoint with each UN

i

at some hi ∈ N, and let λN be spectrally continuous at all hi. Then ρ = 0, so that L is π-invariant.

Corollary 3.3 Let conditions in Theorem 3.2 hold, so that ρ = 0 in (3.1).

(i) If ξN is a (λN , UN )-coboundary then ξ is a (λ,U)-coboundary.

(ii) If N is an Engel group then ξ is a (λ,U)-coboundary.

Proof. (i) As ρ = 0, ξ is a (λ,U)-cocycle. If ξN is a (λN , UN )-coboundary then, as λN is
sectionally spectrally disjoint with UN , it follows from Proposition 2.2 that ξ is a (λ,U)-coboundary.

(ii) If N is an Engel group then ξ is a (λ,U)-coboundary by Theorem 2.13.

Suppose that λN in (3.1) has an upper triangular form with respect to a decomposition

L = ⊕k
i=1Li, k < ∞, i.e., λN = \λN

i ]ki=1. (3.2)

Let all λN
i be pairwise spectrally disjoint and let they be sectionally spectrally disjoint with UN .

Corollary 3.4 (i) If all λN
i are spectrally continuous at each h ∈ N, then all subspaces ⊕j

i=1Li,
j ≤ k, are π-invariant, so that

π =

(
λ ξ
0 U

)
, and λ = π|L = \λi]

k
i=1 with respect to decomposition (3.2). (3.3)

If all Li in (3.2) are λN -invariant then all Li are also π-invariant :

λ = ⊕k
i=1λi. (3.4)

(ii) Let N be an Engel group. Then there exist π-invariant subspaces {L′
i}ki=1 and H and an

equivalent scalar product on X such that

L = ⊕k
i=1L

′
i, X = L⊕H and π = ⊕k

i=1πi ⊕ π|H , where πi = π|L′
i
. (3.5)

If all Li in (3.2) are λN -invariant then they are also π-invariant and L′
i = Li.
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Proof. (i) Set X1 = L2 ⊕ ...⊕ Lk ⊕ H. With respect to the decomposition X = L1 ⊕X1,

π =

(
λ1 ξ1
ρ1 π1

)
, πN =

(
λN
1 ξN1
0 πN

1

)
, where πN

1 =


λN
2 ∗ ∗ ∗

0
. . . ∗ ∗

0 0 λN
k ∗

0 0 0 UN

 .

As λN
1 is spectrally disjoint with all λN

i , 2 ≤ i ≤ k, and is sectionally spectrally disjoint with UN ,
it is sectionally spectrally disjoint with πN

1 . As λN
1 is spectrally continuous on N , we get ρ1 = 0 by

Theorem 3.2, so that L1 is π-invariant.
Consider now the representation π1 on X1. Repeating the above process, we get that L2 is

invariant for π1. So L1 ⊕L2 is π-invariant. Continuing this process, we conclude the proof of (3.3).
If some Li is λ

N -invariant, take it instead of L1. As above, it is π-invariant. This proves (3.4).
(ii) Let N be Engel. As each λN

i is sectionally spectrally disjoint with UN and with every λN
j ,

j ̸= i, we have H(G,λi, λj) = H(G,λi, U) = 0 by Theorem 2.13. It was proved in Proposition 2.5
and Remark 2.6 [13] that in this case there are subspaces {L′

i}ki=1 and H satisfying (3.5).

Recall that N∗ is the group of all characters on N. The notions below were introduced in [13].

Definition 3.5 A representation µ of a group N on L is called

(i) a χ-representation for some χ ∈ N∗, if Sp(µ(h)) = {χ(h)} for all h ∈ N.

(ii) elementary if, for some k < ∞ and some equivalent scalar product,

L = ⊕k
i=1Lχi and µ = \µχi ]

k
i=1 with respect to this decomposition, (3.6)

where each µχi is a χi-representation of N on Lχi for some χi ∈ N∗ (χi may repeat). Set

sign(µ) = ∪k
i=1χi, i.e., sign(µ) consists of all characters from {χi}ki=1 taken once.

The set sign(µ) does not depend on the choice of triangularization of L in (3.6) [13], and each
elementary representation µ of a group N is spectrally continuous at all h ∈ N [16].

The structure of elementary representations of connected Engel groups is simpler.

Proposition 3.6 [13, Corollary 2.18] Let µ be a representation of a connected Engel group on L.

(i) If µ is elementary then there is a scalar product on L such that

L = ⊕χ∈sign(µ)Lχ, where each Lχ is µ-invariant, so that µ = ⊕χ∈sign(µ)µχ (3.7)

and µχ = µ|Lχ is a χ-representation of the group.

(ii) If dimL < ∞ then µ is elementary, so that (3.7) holds.

For non-Engel groups, decomposition (3.7) does not always exist (see Example 3.10).

Remark 3.7 A χ-representation µ of N is sectionally spectrally disjoint with UN if and only if χ
is sectionally spectrally disjoint with UN . If χ ̸= ω ∈ N∗ then ω is spectrally disjoint with µ.

Corollary 3.4 and Remark 3.7 yield
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Corollary 3.8 Let the representation λN = πN |L in (3.1) be elementary:

L = ⊕k
i=1Li, k < ∞, and λN = \λN

i ]ki=1, (3.8)

where λN
i are χi-representations of N on Li, χi ∈ N∗. Let {χi}ki=1 be distinct and sectionally

spectrally disjoint with UN . Then

(i) L is π-invariant and λ := π|L = \λi]
k
i=1 with respect to decomposition (3.8).

(ii) If all Li are λN -invariant (λN = ⊕k
i=1λ

N
i ), they are also λ-invariant : λ = ⊕k

i=1λi.

If N is a connected Engel group, Corollary 3.8 admits the following refinement.

Theorem 3.9 Let N be an Engel group.

(i) Let λN = πN |L in (3.1) be elementary, so that, by Proposition 3.6,

L = ⊕χ∈sign(λN )Lχ, all Lχ are λN -invariant and λN = ⊕χ∈sign(λN )λ
N
χ

in some scalar product on L, where λN
χ = λN |Lχ are χ-representations of N .

If all χ ∈ sign(λN ) are sectionally spectrally disjoint with UN , then all Lχ are π-invariant and
there exist a π-invariant subspace H and an equivalent scalar product on X such that

X = L⊕H and π =
(
⊕χ∈sign(λN )λχ

)
⊕ π|H , where λχ = π|Lχ .

(ii) If dimL < ∞ then λN = πN |L in (3.1) is elementary by Proposition 3.6. So (i) holds, if all
χ ∈ sign(λN ) are sectionally spectrally disjoint with UN .

For each character χi in Corollary 3.8, χi(h) = Sp(λi(h)) for h ∈ N. As λi is a representation,

χi(ghg
−1) = Sp(λi(ghg

−1)) = Sp(λi(g)λi(h)λ
−1
i (g)) = Sp(λi(h)) = χi(h) for g ∈ G. (3.9)

We illustrate Theorem 3.9 with the following example. Consider the connected groups

G =

{
g(a, b, x) =

(
a x
0 b

)
: a, b ∈ R+, x ∈ R

}
and N = {g(a, a, x) ∈ G} . (3.10)

Then G is a solvable and N is a normal commutative subgroup of G (N is Engel). For χ ∈ G∗,

χ(g) = χz,u(g(a, b, x)) = azbu and χN
z,u

(g(a, a, x)) = az+u for some z, u ∈ C.

Let λ be a representation of G on X, dimX = n. By the Lie theorem, X = ⊕n
i=1Xi and

λ = \λi]
n
i=1, where dimXi = 1 and λi = χi1Xi . Even if all {χi}ni=1 are different, λ does not

necessarily decompose in the sum of χi-representations, as G is not an Engel group.
Set si = zi + ui. Then {δi = χN

i
}ni=1, are characters on N : δi(g(a, a, x)) = χN

i
(g(a, a, x)) = asi

and sign(λN ) consists of all distinct characters from the set {δi}ni=1. By Theorem 3.9,

X =
∑

δ∈sign(λN )

Xδ, each Xδ is λ-invariant and λN |Xδ
is a δ-representation of N. (3.11)
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Example 3.10 (i) Let X = C2. The representation λ(g) = g of G on X is elementary with
characters χ1,0 , χ0,1 . However, X does not decompose in the sum of λ-invariant subspaces, since
sign(λN ) = {δ}, where δ = χN

1 = χN
2 . Thus X = Xδ in (3.11).

(ii) The representation λ: g(a, b, x) →
(
a2 a2 − b3

0 b3

)
on C2 = Ce1 ⊕ Ce2 is elementary with

χ2,0 , χ0,3 . So sign(λN ) = {δ1, δ2}, where δi = χN
i
, and

C2 = Xδ1 uXδ2 , where Xδ1 = Ce1 and Xδ2 = C(−e1 ⊕ e2)

are λN -invariant subspaces: λN |Xδi
, i = 1, 2, are δi-representations, since

λN (g)e1 = a2e1 = δ1(g)e1 and λN (g)(−e1 ⊕ e2) = a3(−e1 ⊕ e2) = δ2(g)(−e1 ⊕ e2),

for g = g(a, a, x) ∈ N. It is easy to see that Xδ1 , Xδ2 are also λ-invariant.

4 Cocycles on Engel and nilpotent groups

Let N be a connected locally compact group. The subgroup N [1] is normal and N̂ = N/N [1] is
connected, locally compact and commutative. Then ([20, Theorem 26]) N̂ is isomorphic to the
direct product of a connected compact commutative subgroup K and Rl for some l := lN ∈ N:

N̂ ≈ Rl ×K and (x, k)(y, k1) = (x+ y, kk1) for x, y ∈ Rl, k, k1 ∈ K. (4.1)

We identify N̂ with Rl ×K. Let p: N → N̂ be the standard epimorphism and r: (x, k) 7→ x be the
natural epimorphism of N̂ onto Rl. Set

ωN = r ◦ p, so that ωN (h) = r(p(h)) = r(ĥ) for h ∈ N, ĥ ∈ N̂ . (4.2)

Then ωN : N → Rl is a continuous epimorphism:

ωN (hh1) = r(ĥ ĥ1) = r(ĥ) + r(ĥ1) = ωN (h) + ωN (h1). (4.3)

Proposition 4.1 (i) Let χ, θ ∈ N∗ and λ be a χ-representation of N on L, dimL < ∞. Set

ker ξ = ∩h∈N ker ξ(h) for a (λ, θ1H)-cocycle ξ. (4.4)

1) If θ = χ then dim(H⊖ ker ξ) ≤ l dimL.

2) If θ ̸= χ and N is Engel, then dim(H⊖ ker ξ) < dimL.

(ii) A map 0 ̸= ξ: N → B(H, L) is a (χ1L, χ1H)-cocycle if and only if there is a linear map β:
Rl → B(H, L) such that ξ(h) = χ(h)β(ωN (h)) for h ∈ N.

Moreover, l ̸= 0, dimR(ξ(N)) ≤ l and ξ is not a coboundary.

Proof. (i) Part 1) was proved in Proposition 3.10 [13].
(i) 2). By Remark 3.7, ϕ is spectrally disjoint with λ. As N is Engel, ξ is a (λ, ϕ1H)-coboundary

by Theorem 2.10: ξ = λT − ϕT, for some T ∈ B(H, L). Let {ei}ni=1 be a basis in L. Then Tx =∑n
i=1(x, yi)Hei for all x ∈ H and some yi ∈ H. Hence dim(H⊖kerT ) ≤ n. As ker(ξ(h)) = ker(λ(h)−

ϕ(h)1L)T ⊇ kerT for h ∈ N, we have ker ξ ⊇ kerT. So dim(H⊖ ker ξ) ≤ dim(H⊖ kerT ) ≤ n.
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(ii) Let ξ be a (χ1L, χ1H)-cocycle. Clearly, ξ is a coboundary if and only if ξ = 0.
Let ξ ̸= 0. Set α(h) = ξ(h)/χ(h) for h ∈ N. Then α ̸= 0. As λ = χ1L, U = χ1H,

α(th)
(1.1)
= χ(th)−1(λ(t)ξ(h) + ξ(t)U(h)) = α(h) + α(t) for t, h ∈ N. (4.5)

Let ωN be the map defined in (4.2). As B(H, L) is isomorphic to the Hilbert space H⊗L, it follows
from (4.5) and Corollary 2.2 [13] that there is a linear map β: Rl → B(H, L) such that

α(h) = β(ωN (h)) for h ∈ N, l ̸= 0 and dimR(α(N)) ≤ l. (4.6)

The converse statement follows from (4.3).

Let λ, U be representations of an Engel group N on L, H. From now on we assume that
dimL < ∞ and U is unitary. By Proposition 3.6 and (3.7), λ = ⊕χ∈sign(λ)λχ is elementary. Set

Hθ := {x ∈ H: U(h)x = θ(h)x for all h ∈ N} for θ ∈ N∗,

Θ = {θ ∈ sign(λ): Hθ ̸= {0}}, HΘ = ⊕θ∈ΘHθ and Hℵ = H⊖ HΘ. (4.7)

Then H = HΘ ⊕ Hℵ, all Hθ are U -invariant, and U |Hθ
= θ1Hθ

.
Let ξ be a (λ,U)-cocycle. With respect to decompositions (3.7) of L and (4.7) of H,

ξ = (ξ|HΘ
, ξ|Hℵ), where ξ|HΘ

= (ξχ,θ)χ∈ sign(λ), θ∈Θ, (4.8)

ξχ,θ are (λχ, θ1Hθ
)-cocycles, ξ|Hℵ is a (λ,U |Hℵ)-cocycle. We say that λ and U are eigen-disjoint if

Θ = ∅, i.e., HΘ = {0}. (4.9)

Theorem 2.13 and Proposition 4.1 yield

Corollary 4.2 (i) If χ ∈ sign(λ) and χ ̸= θ ∈ Θ, then ξχ,θ is a (λχ, θ1Hθ
)-coboundary.

(ii) If λχ = χ1Lχ and χ ∈ Θ, there is a linear map βχ: Rl → B(Hχ, Lχ) such that

ξχ,χ(h) = χ(h)βχ(ωN (h)) for h ∈ N.

(iii) λ and U |Hℵ are eigen-disjoint.

(iv) If all χ ∈ sign(λ) are sectionally spectrally disjoint with U |Hℵ , then ξ|Hℵ is a (λ,U |Hℵ)-
coboundary.

The structure of (λχ, χ1Hχ)-cocycles ξ
χ,χ on N when λχ ̸= χ1Lχ can be complicated.

If N is nilpotent, the (λ,U |Hℵ)-cocycle ξ|Hℵ can be described in a general setting.

Theorem 4.3 Let N be a nilpotent group and ξ be a (λ,U)-cocycle. There is a decomposition
Hℵ = ⊕n

i=1Hi, n ≤ ∞, such that all subspaces Hi are U -invariant and all (λ,U |Hi)-cocycles ξ|Hi :
N → B(Hi, L) are coboundaries. If n < ∞, ξ|Hℵ is a coboundary.

Proof. By Corollary 4.2, λ and U |Hℵ are eigen-disjoint. It follows from Proposition 3.3 [13] that
Hℵ= ⊕n

i=1Hi, n ≤ ∞, where all Hi are U -invariant and each χ ∈ sign(λ) is spectrally disjoint with
all U |Hi . As N is an Engel group, all H(N,λχ, U |Hi) = 0 by Theorem 2.13. Thus each (λχ, U |Hi)-
cocycle is a coboundary. So all (λ,U |Hi)-cocycles are coboundaries: All ξ|Hi are coboundaries.

If n < ∞ then ξ|Hℵ is a (λ,U |Hℵ)-coboundary, as all ξ|Hi are coboundaries.

For λ = χ1L and an irreducible U , Theorem 4.3 was obtained in [5] (see p. 254 part (c)).
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5 Extensions of representations and their decompositions.

Let π be a representation of G on X and L be a π-invariant subspace. We say that L splits π, if it
has a π-invariant complement H, i.e.,

X = LuH and π(g)H = H for all g ∈ G.

We say that L approximately splits π, if there are π-invariant subspaces (Yi, Zi)
∞
i=1 in X such that

X = Yi u Zi, Yi+1 $ Yi, Zi $ Zi+1 for all i, and L ⊆ M = ∩iYi with dim(M/L) < ∞. (5.1)

Let λ, U be representations of G on L and H. For a (λ,U)-cocycle ξ on G, the representation

e(g) = e(λ,U, ξ)(g) =

(
λ(g) ξ(g)
0 U(g)

)
of G on X = L⊕ H (5.2)

is called the extension of λ by U performed by ξ. We will assume that U is unitary and dimL < ∞.
It is well known that L splits e if and only if ξ is a (λ,U)-coboundary: ξ = λT − TU for some

T ∈ B(H, L), so that H = {x− Tx: x ∈ H}.
Let in (5.2) H = ⊕∞

i=0Hi and all Hi be U -invariant. So U = ⊕∞
i=0Ui, where Ui = U |Hi . Then

ξ = {ξi}∞i=0, where ξi = ξ|Hi : G → B(Hi, L) are (λ,Ui)-cocycles.

Lemma 5.1 If dimH0 < ∞ and {ξi}∞i=1 are (λ,Ui)-coboundaries, then L approximately splits e.

Proof. As ξi = λTi − TiUi, Ti ∈ B(Hi, L), 1 ≤ i, all Ĥi = {−Tix+ x: x ∈ Hi} are e-invariant:

e(g)(−Tix⊕ x) = (−λ(g)Tix+ ξi(g)x)⊕ Ui(g)x = −TiUi(g)x⊕ Ui(g)x ∈ Ĥi.

Thus Yi = L ⊕ H0 ⊕
(
⊕∞

k=i+1Hi

)
and Zi =

∑i
k=1 Ĥk are e-invariant subspaces and (5.1) holds for

M = L⊕ H0. So L approximately splits e.

Theorem 5.2 Let G = N be nilpotent, let λ,U be representations of N on L,H and dimL < ∞.
For any (λ,U)-cocycle ξ, L approximately splits e = e(λ,U, ξ).

Proof. We have from (3.7) that λ = ⊕χ∈sign(λ)λχ is elementary. By (4.7) and (4.8), there is
Θ ⊆ sign(λ) such that HΘ = ⊕θ∈ΘHθ, where Hθ are U -invariant subspaces,

H = HΘ ⊕ Hℵ, ξ = (ξ|HΘ
, ξ|Hℵ) and ξ|HΘ

= (ξχ,θ)χ∈ sign(λ),θ∈Θ,

ξχ,θ: Hθ → Lχ are (λχ, θ1Hθ
)-cocycles and ξ|Hℵ is a (λ,U |Hℵ)-cocycle. For θ ∈ Θ, set (cf. (4.4))

ker ξ|Hθ
= ∩χ∈sign(λ) ker ξ

χ,θ ⊆ Hθ. (5.3)

Set also H1 = ⊕θ∈Θ ker ξ|Hθ
and H0 = HΘ ⊖ H1. Then H = H0 ⊕ H1 ⊕ Hℵ and

H0 = HΘ ⊖ (⊕θ∈Θ ker ξ|Hθ
) = ⊕θ∈Θ(Hθ ⊖ ker ξ|Hθ

). (5.4)

By Proposition 4.1, dim(Hθ ⊖ ker ξχ,θ) < ∞. Hence

dim(Hθ ⊖ ker ξ|Hθ
)
(5.3)
= dim(Hθ ⊖ (∩χ∈sign(λ) ker ξ

χ,θ)) < ∞. (5.5)
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As sign(λ) is a finite set, it follows from (5.4), (5.5) that dimH0 < ∞.
By (4.7), λ and U |H0 are eigen-disjoint representations (see (4.9)). If N is nilpotent then, by

Theorem 4.3, there is a decomposition Hℵ = ⊕∞
i=2Hi, where all Hi are U -invariant and (λ,U |Hi)-

cocycles ξ|Hi : N → B(Hi, L) are coboundaries. As ξ|H1 = 0, all ξ|Hi , 1 ≤ i < ∞, are coboundaries.
As dimH0 < ∞, it follows from Lemma 5.1 that L approximately splits e.

Let the normal subgroup N of G be an Engel group. By Proposition 3.6 and Theorem 3.9,

L = ⊕χ∈sign(λN )Lχ, all Lχ are λ-invariant, λ = ⊕χ∈sign(λN )λχ with λχ = λ|Lχ , (5.6)

and λN
χ are χ-representations of N on Lχ. For F ⊆ sign(λN ), set

LF = ⊕χ∈FLχ, λF = ⊕χ∈Fλχ and F c = sign(λN )�F.

Suppose that H = ⊕m
j=1Hj , m < ∞, where all Hj are U -invariant. Set Φ = ∪m

j=1Fj , where

Fj = {χ ∈ sign(λN ): χ is not sectionally spectrally disjoint with UN |Hj}. (5.7)

In [16] the following decomposition of the representation e(λ,U, ξ) of G was obtained.

Theorem 5.3 Let Fj ∩ Fk = ∅ for j ̸= k. Then there are operators Tj ∈ B(Hj , LF c
j
) such that

X = LΦc uX1 u ...uXm is the direct sum of e-invariant subspaces, (5.8)

where Xj = LFj u Ĥj and Ĥj = {−Tjx+ x: x ∈ Hj}.
The representations e|Xj are similar to some extensions e(λFj , U |Hj , ξj) of λFj by U |Hj .

Using Theorem 5.3, we will study the decomposition of e(λ,U, ξ) in the sum of extensions with
N -monothetic λ.

Definition 5.4 We say that e(λ,U, ξ) is N -primary, if λN is a χ-representation for some χ ∈ N∗.

If dimH < ∞, extensions e(λ,U, ξ) decompose in N -primary components by Proposition 3.6
and Theorem 3.9. In [13, Theorem 3.17] it was proved that if G = N is commutative, the same is
true when dimH = ∞. Our next result is its generalization.

Recall that if M is a commutative group of unitary operators on H then

H =

∫
M∗

u

⊕ HωdP (ω) and T =

∫
M∗

u

ω(T )dP (ω) for T ∈ M, (5.9)

where M∗
u is the dual group of unitary characters on M and P (·) is a spectral measure on M∗

u .

Theorem 5.5 Let λ and U be representations of G on L and H, let U be unitary, N be an Engel
group and dimL < ∞. If U maps N in the center of U(G), then e = e(λ,U, ξ) decomposes in the
direct sum of N -primary components and a representation similar to unitary.
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Proof. Set X = L⊕H. Let sign(λN ) = {χi}ni=1. It follows from Lemma 2.12 [13] that, for each
i ∈ [1, n], there is hi ∈ N such that χi(hi) /∈ {χk(hi): k ∈ [1, n], k ̸= i}. Let

εi =
1

2
min{|χi(hi)− χk(hi)| : k ∈ [1, n], k ̸= i} and ε = min{εi: i ∈ [1, n]}.

Then
|χi(hi)− χk(hi)| > ε for all i ̸= k in [1, n]. (5.10)

Let M = U(N). Since M is commutative, (5.9) holds. For all j ∈ [1, n], we set

Ωj = {ω ∈ M∗
u : |ω(U(hi))− χi(hi)| ≥ ε

for 1 ≤ i ≤ j − 1, and |ω(U(hj))− χj(hj)| < ε}. (5.11)

Set also
Ω0 = {ω ∈ M∗

u : |ω(U(hi))− χi(hi)| ≥ ε for all i ∈ [1, n]}. (5.12)

Then Ωj ∩ Ωk = ∅ for all j ̸= k, and ∪n
j=0Ωj = M∗

u .
By (5.9), for all j ∈ [0, n], the subspaces

Hj :=

∫
Ωj

⊕ HωdP (ω) are U -invariant (some Hj may be {0}) and
n∑

j=0

⊕ Hj = H.

Set Uj = U |Hj . Let Hj ̸= 0 and 1 ≤ i < j ≤ n. As {hk}nk=1 ⊂ N, we have from (5.9) and (5.11)

Sp(Uj(hi)) = {ω(U(hi)): ω ∈ Ωj} ⊆ {z ∈ C: |z − χi(hi)| > ε}
Sp(Uj(hj)) = {ω(U(hj)): ω ∈ Ωj} ⊆ {z ∈ C: |z − χj(hj)| < ε}.

So χi(hi) /∈ Sp(Uj(hi)) for i < j. Thus χi is spectrally disjoint with UN
j at hi.

On the other hand, if 1 ≤ j < i ≤ n then, by (5.10), |χj(hj)− χi(hj)| > ε. So χi(hj) /∈
Sp(Uj(hj)). Thus χi is spectrally disjoint with UN

j at hj for j < i.
Finally, for i ∈ [1, n], we have from (5.9) and (5.12) that

Sp(U0(hi)) = {ω(U(hi)): ω ∈ Ω0} ⊆ {z ∈ C: |z − χi(hi)| > ε}.

So χi(hi) /∈ Sp(U0(hi)). Thus χi is spectrally disjoint with UN
0 at hi. Hence each character χi ∈

sign(λN ) is spectrally disjoint with all representations UN
j , i ̸= j ∈ [0, n].

For j ∈ [0, n], consider the subsets Fj of sign(λN ) defined in (5.7). Then F0 = ∅ and, for each
j ∈ [1, n], either Fj = ∅, or Fj = {χj}. Thus Fj ∩ Fk = ∅ for all j ̸= k in [0, n].

Set Φc = sign(λN )� ∪n
j=0 Fj . By Theorem 5.3, X is the direct sum of e-invariant subspaces:

X =
∑
χ∈Φc

Lχ u
n∑

j=0

Xj =
∑
χ∈Φc

Lχ u
∑

j∈[0,n],Fj={χj}

Xj u
∑

j∈[0,n],Fj=∅

Xj , (5.13)

where Xj = LFj u Ĥj and Ĥj = {−Tjx+ x: x ∈ Hj} for some operators Tj ∈ B(Hj , LF c
j
).

As it was mentioned after Definition 5.4, all representations e|Lχ , χ ∈ Φc, are N -primary.

If Fj = {χj} then e|Xj =

(
λχj ηj
0 Ûj

)
, where the representation Ûj on Ĥj is similar to Uj . So

e|Xj is N -primary, since λN
χj

is a χi-representation. If Fj = ∅ then Xj = Ĥj and e|Xj is similar to
Uj . Joining all such Xj , we complete the proof.
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Corollary 5.6 Let N be an Engel group and let dimL < ∞. Let H = ⊕∞
i=1Hi and UN = ⊕∞

i=1ωi1Hi

for distinct unitary ωi ∈ N∗. Then e(λ,U, ξ) decomposes in the direct sum of N -primary components
and a representation similar to unitary.

Proof. By Proposition 2.15, all subspaces Hi are U -invariant. So conditions (5.9) hold and the
proof follows from Theorem 5.5.

Corollary 5.7 Let N be commutative and compact and let dimL < ∞. Any representation e(λ,U, ξ)
of G decomposes in the direct sum of N -primary components and a representation similar to uni-
tary.

Proof. As N is commutative and compact, all characters on N are unitary, so that N∗ = N∗
u

is a discrete group of unitary characters. Since dimL < ∞, λN is an elementary representation.
As N is compact, we can assume that UN is a unitary representation of N. Hence H = ⊕ωi∈ΩHωi

and UN = ⊕ωi∈Ωωi1Hωi
for some subset Ω of characters in N∗

u . Applying Corollary 5.6, we complete
the proof.

6 Cocycles for (N,χ)-trivial representations of groups

Here we consider the simplest (and, in some sense, the base) class of (N,χ)-trivial representations
that are not spectrally disjoint on N. Recall (see (1.4)) that λ,U are (N,χ)-trivial if

λ(h) = χ(h)1L and U(h) = χ(h)1H for h ∈ N and some χ ∈ N∗. (6.1)

Characters χ ∈ N∗ satisfying condition (6.1) are G-invariant:

χ(hg) = χ(h) for h ∈ N, g ∈ G, where hg = ghg−1 ∈ N, since (6.2)

χ(hg)1H = U(ghg−1) = U(g)U(h)U(g)−1 (6.1)
= U(g)χ(h)U(g)−1 = χ(h)1H.

Condition (6.1) allows us to obtain a description of a wide range of non-trivial (λ,U)-cocycles for
the semi-direct products of groups G = D nN (especially, if D is Engel) without turning it into a
trivial task. It also permits us to describe the structure of the corresponding extensions e(λ,U, ξ).

Especially important for us are (N,χe)-trivial representations. We call them N -trivial :

λ(h) = 1L and U(h) = 1H for h ∈ N. (6.3)

6.1 Inner representations of groups and (N,χ)-trivial representations

As N is normal in G, the subgroup N [1] is normal in G, the quotient groups Ĝ := G/N [1] and
N̂ := N/N [1] are connected locally compact and N̂ is a commutative normal subgroup of Ĝ. By
Theorem 26 [20], N̂ is isomorphic to the direct product Rl×K of a connected compact commutative
subgroup K and Rl for some l := lN ∈ N.

Let p: G → Ĝ be the standard epimorphism. Identify N̂ with Rl×K and with the commutative
normal subgroup p(N) of Ĝ. As in (4.2), let r: (x, k) 7→ x be the epimorphism of N̂ onto Rl.

The subgroup K is normal in Ĝ. Indeed, let k ∈ K. As K is compact, kni → a ∈ K for some
powers ni → ∞ when i → ∞. For b ∈ Ĝ, bkb−1 ∈ N̂ and (bkb−1)ni = bknib−1 → bab−1 ∈ N̂ . Hence
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r((bkb−1)ni) → r(bab−1) ∈ Rl, as ni → ∞. As r((bkb−1)ni)
(4.1)
= nir(bkb

−1), we have r(bkb−1) = 0.
So bkb−1 ∈ K and K is a normal subgroup of Ĝ.

Set ĝ = p(g) for g ∈ G. As in (4.2), let ωN : N → Rl be the continuous epimorphism defined by

ωN = r ◦ p|N , so that ωN (h) = r(p(h)) = r(ĥ) for h ∈ N, ĥ ∈ N̂ .

For each g ∈ G, define the map τg on Rl = ωN (N) by

τgωN (h) = ωN (hg) = ωN (ghg
−1) = r(ĝĥĝ−1) for h ∈ N. (6.4)

It is well-defined. Indeed, if x = ωN (h) = ωN (f) ∈ Rl for h, f ∈ N, then r(ĥ)
(4.2)
= r(f̂). So f̂ = ĥk

for some k ∈ K, as K = ker r. As ĝkĝ−1 ∈ K,

τgx = τgωN (f)
(6.4)
= r(ĝ f̂ ĝ−1) = r(ĝ ĥ ĝ−1ĝkĝ−1) = r(ĝ ĥ ĝ−1)

(6.4)
= τgωN (h).

Proposition 6.1 The map g → τg is a continuous representation of G on Rl and N ⊆ ker τ.

Proof. As ωN is an epimorphism, we have that N ⊆ ker τ, since for each a ∈ N,

τaωN (h) = ωN (aha
−1)

(4.3)
= ωN (a) + ωN (h)− ωN (a) = ωN (h), i.e., τa = 1Rl .

Fix h ∈ N. The map g 7→ hg = ghg−1 from G to N is continuous. Hence the map g 7→ τgωN (h) =
ωN (ghg

−1) from G to Rl is continuous.
Fix g ∈ G. The map δg: h → ghg−1 on N is a continuous automorphism. So τgωN (h) =

ωN (δg(h)) for h ∈ N. Let V be an open set in Rl. Then ω−1
N

(V ) is open in N, so that δ−1
g (ω−1

N
(V ))

is open in N. As ωN is a quotient map, the set W := ωN (δ
−1
g (ω−1

N
(V ))) is open in Rl since the

quotient maps are open. Hence τg is a continuous map, as

τg(W ) = τg(ωN (δ
−1
g (ω−1

N
(V )))) = ωN (δg(δ

−1
g (ω−1

N
(V ))) = V.

For all h, f ∈ N, we have

τg(ωN (h) + ωN (f)) = ωN (ghfg
−1) = ωN (ghg

−1) + ωN (gfg
−1) = τg(ωN (h)) + τg(ωN (f)).

Thus τg is additive. So it is a Q-linear map. As τg is continuous, it is a linear map on Rl.
For g, f ∈ G,

τg(τfωN (h))) = τg(ωN (hf )) = ωN ((hf )g) = ωN (gfhf
−1g−1) = τgfω(h).

Thus τ is a continuous representation of G on Rl.

In the usual way one defines the complexification τ̃g of the representation τg, g ∈ G:

τ̃gz = τ̃g(x+ iy) = τgx+ iτgy for z = x+ iy ∈ Cl, x, y ∈ Rl. (6.5)

The representation τ̃ of G on Cl (the inner representation) plays a crucial part in what follows.
For a linear map F : Rl → B(H, L), define its complexification F̃ : Cl → B(H, L) in the usual

way
F̃ (z) = F̃ (x+ iy) = F (x) + iF (y) for z = x+ iy ∈ Cl, x, y ∈ Rl.

For representations λ, U of G on L and H, we define the representation κ
λ,U

of G on B(H, L) by

κ
λ,U

(g)T = λ(g)TU(g)−1 for g ∈ G, T ∈ B(H, L).

In the study of (λ,U)-cocycles an important role is played by operators intertwining τ̃ with κ
λ,U

.
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Definition 6.2 (i) A linear map F : Rl → B(H, L) is called (λ,U)-cocyclic if its complexification
F̃ satisfies

λ(g)F̃ (z) = F̃ (τ̃gz)U(g) for g ∈ G, z ∈ Cl; or, equivalently, κ
λ,U

(g)F̃ = F̃ τ̃g. (6.6)

(ii) We say that a map φ: N → B(H, L) is (λ,U)-covariant if

φ(hg) = κ
λ,U

(g)φ(h) = λ(g)φ(h)U(g)−1 for h ∈ N, g ∈ G, where hg = ghg−1. (6.7)

Proposition 6.3 Let λ,U be (N,χ)-trivial representations of G and l = lN .

(i) A map 0 ̸= σ: N → B(H, L) is a (λ,U)-covariant (χ1L, χ1H)-cocycle if and only if there is
a (λ,U)-cocyclic map β: Rl → B(H, L) such that

σ(h) = χ(h)β(ωN (h)), h ∈ N, where ωN : N → Rl is defined in (4.2). (6.8)

(ii) If ξ is a (λ,U)-cocycle then ξN is a (λ,U)-covariant (χ1L, χ1H)-cocycle on N .

Proof. (i) If σ is a (χ1L, χ1H)-cocycle, we have from Proposition 4.1 that there is a linear map
β: Rl → B(H, L) such that σ(h) = χ(h)β(ωN (h)) for h ∈ N. If σ is (λ,U)-covariant,

σ(hg)
(6.7)
= λ(g)σ(h)U(g)−1 = λ(g)χ(h)β(ωN (h))U(g)−1 and

σ(hg) = χ(hg)β(ωN (hg))
(6.2)(6.4)

= χ(h)β(τgωN (h)) for g ∈ G.

Thus β(τgx) = λ(g)β(x)U(g)−1, x ∈ Rl. Then β̃ satisfies (6.6). So β is a (λ,U)-cocyclic map on N .
Conversely, if β is a (λ,U)-cocyclic map in (6.8), σ is a (χ1L, χ1H)-cocycle by Proposition

4.1(ii). As β̃ satisfies (6.6), we get, as above, that σ satisfies (6.7). So σ is (λ,U)-covariant.
(ii) As ξ is a (λ,U)-cocycle and λ,U are (N,χ)-trivial, ξN is a (χ1L, χ1H)-cocycle. Then

ξ(gh)
(1.1)
= λ(g)ξ(h) + ξ(g)U(h)

(6.1)
= λ(g)ξ(h) + ξ(g)χ(h), and

ξ(gh)
(6.2)
= ξ(hgg)

(1.1)
= λ(hg)ξ(g) + ξ(hg)U(g)

(6.1)(6.2)
= χ(h)ξ(g) + ξ(hg)U(g)

for h ∈ N, g ∈ G. Hence ξ(hg) = λ(g)ξ(h)U(g)−1, so that ξN is (λ,U)-covariant.

6.2 (λ, U)-cocycles on groups G = D nN

From now on we assume that G = DnN is the semidirect product of connected subgroups D and
N and that l = lN ̸= 0. So N is normal and each g ∈ G can be uniquely written as g = dh for some
d ∈ D,h ∈ N. For f = ct, c ∈ D, t ∈ N,

gf = dhf = dfhf−1 = dcthf−1 , where hf−1 = f−1hf. (6.9)

Let λ,U be (N,χ)-trivial representations and ξ: G → B(H, L) be a (λ,U)-cocycle. Define the
map r: G → N by r(g) = r(dh) = h for g ∈ G, and set

λ′(g) = λ(g)/χ(r(g)), U ′(g) = U(g)/χ(r(g)) and ξ′(g) = ξ(g)/χ(r(g)).
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By (6.2) and (6.9),

r(gf) = r(f)f−1r(g)f and χ(r(gf)) = χ(r(f))χ(f−1r(g)f) = χ(r(g))χ(r(f)).

Hence λ′ and U ′ are representations of G, ξ′ is a (λ′, U ′)-cocycle and, by (6.1),

λ′(g) = λ′(dh) = λ′(d) = λ(d), U ′(g) = U ′(dh) = U ′(d) = U(d) for d ∈ D.

So λ′, U ′ are N -trivial representations. Clearly, they are representations of the quotient group
G/N ≈ D and there is a one-to-one correspondence between all (N,χ)-trivial representations
and N -trivial representations. There is also a one-to-one correspondence between the respective
cocycles. So from now on we assume that λ and U are N -trivial (see (6.3)):

λ(dh) = λ(d) and U(dh) = U(d), so that ξ(dh) = λ(d)ξ(h) + ξ(d) for d ∈ D,h ∈ N. (6.10)

By (6.6), a linear map β: Rl → B(H, L) is (λ,U)-cocyclic if its complexification β̃: Cl → B(H, L)
satisfies

λ(d)β̃(z) = β̃(τ̃dz)U(d) for d ∈ D and z ∈ Cl. (6.11)

Let ξ: G → B(H, L) be a weakly continuous map and ξD, ξN be its restrictions to D and N .

Theorem 6.4 Consider the maps η = ξD and ξη(dh) = η(d) = ξ(d). The following are equivalent.

(i) The map ξ: G → B(H, L) is a (λ,U)-cocycle;

(ii) η is a (λD, UD)-cocycle on D, ξN is a (λ,U)-covariant (1L,1H)-cocycle on N (so that
ξN (h) = ξ(h) = β(ωN (h)) for a (λ,U)-cocyclic map β: Rl → B(H, L)) and

ξ = ξβ + ξη, where ξβ(dh) = λ(d)β(ωN (h)) for d ∈ D,h ∈ N. (6.12)

(iii) The maps ξβ, ξη: G → B(H, L) are (λ,U)-cocycles and ξ = ξβ + ξη.

Moreover, ξβ ̸= 0 is not a (λ,U)-coboundary.

Proof. (i) ⇒ (ii). Let ξ be a (λ,U)-cocycle. By Proposition 6.3, η = ξD is a (λD, UD)-cocycle
and ξN is a (λ,U)-covariant (1L,1H)-cocycle. By (6.10), ξ = ξβ + ξη and ξβ is given in (6.12).

(ii) ⇒ (iii). As η = ξD is weakly continuous on D, ξη is weakly continuous on G. Thus ξη is a
(λ,U)-cocycle since, for g = dh, f = ct,

ξη(gf)
(6.9)
= η(dc)

(1.1)
= λ(d)η(c) + η(d)U(c)

(6.10)
= λ(g)ξη(f) + ξη(g)U(f).

Let us show that ξβ is a (λ,U)-cocycle. Since β, ωN are continuous, ξN is continuous on N . As
λD is weakly continuous on D, ξβ is weakly continuous on G (see (6.12)). We also have

ξβ(gf)
(6.9)
= ξβ(dcthf−1)

(6.12)
= λ(dc)β(ωN (thf−1))

(6.2)
= λ(d)λ(c)(β(ωN (t)) + β(ωN (hf−1)))

(6.10),(6.12)
= λ(g)ξβ(f) + λ(g)λ(c)β(ωN (hf−1)). (6.13)

Since chf−1c−1 = cf−1hfc−1 = (ctc−1)−1hctc−1,

ωN (chf−1c−1)
(4.3)
= −ωN (ctc

−1) + ωN (h) + ωN (ctc
−1) = ωN (h). (6.14)
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As U(f) = U(ct) = U(c) and β is a (λ,U)-cocyclic map, we have from (6.2) that

λ(c)β(ωN (hf−1))
(6.11)
= β(τ̃cωN (hf−1))U(c)

(6.4)
= β(ωN (chf−1c−1))U(f)

(6.14)
= β(ωN (h))U(f).

Substituting this in (6.13) and using (6.12), we get that ξβ is a (λ,U)-cocycle.
(iii) ⇒ (i) is evident.

Finally, if ξβ is a (λ,U)-coboundary then, for some T ∈ B(H, L), ξβ(h)
(1.2)
= λ(h)T −TU(h) = 0,

as λ(h) = 1L and U(h) = 1H by (6.3). So ξβ = 0 by (6.12).

Proposition 6.3 and Theorem 6.4 yield

Corollary 6.5 (i) Each (λ,U)-covariant (1L,1H)-cocycle σ uniquely extends to a (λ,U)-cocycle ξ
vanishing on D: ξ(dh) = λ(d)σ(h) for d ∈ D,h ∈ N.

So there is a linear bijection Φ between the space of all (λ,U)-cocyclic maps β and the space
ZN (G,λ, U) of all (λ,U)-cocycles vanishing on D: Φ(β)(dh) = λ(d)β(ωN (h)).

(ii) There is a linear bijection Ψ between the space of all (λD, UD)-cocycles η on D and the
space ZD(G,λ, U) of all (λ,U)-cocycles vanishing on N : Ψ(η)(dh) = η(d).

The following result presents a convenient decomposition of the cohomology group H(G,λ, U)
in the direct sum of two subspaces. For the representations we deal with it can be considered as a
concretization of the Lyndon-Serr-Hochschild cohomology sequence ([6, Section I.8], [8]).

Corollary 6.6 (i) The set of all (λ,U)-cocycles Z(G,λ, U) = ZD(G,λ, U)u ZN (G,λ, U).

(ii) H(G,λ, U) = E u F, where the subspace E is naturally isomorphic to H(D,λD, UD), while
F is naturally isomorphic to the space M of all (λ,U)-cocyclic maps on N .

Proof. (i) Clearly, ZD(G,λ, U) ∩ ZN (G,λ, U) = {0}. The rest follows from Theorem 6.4.
(ii) If ξ is a (λ,U)-boundary, ξ = ξβ + ξη by Theorem 6.4, where ξβ and ξη are boundaries. So,

by Theorem 6.4, ξβ = 0 and ξ is a (λD, UD)-boundary. Thus B(G,λ, U) = B(D,λD, UD) and

H(G,λ, U) = Z(G,λ, U)/B(G,λ, U) ∼ Z(D,λD, UD)/B(D,λD, UD)u ZN (G,λ, U)

∼ H(D,λD, UD)uM

which completes the proof.

In the next section we describe (λ,U)-cocyclic maps when D is Engel. The (λD, UD)-cocycles
η can be studied separately, since they only involve the group D. For a nilpotent D, they are
described in Theorem 4.3. If L = Ce and λD = ι, their description is a classical problem (see [6]).
In particular, for compact D, all (ι, UD)-cocycles are coboundaries (Corollary III.2.1 [6]).
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6.3 (λ, U)-cocyclic maps when D is an Engel group.

From now on λ,U are N -trivial and D is an Engel group. We also assume that UD is unitary and
dimL < ∞. So, by (6.10), Proposition 3.6 and Corollary 2.18 [13],

λ(dh) = λ(d), U(dh) = U(d) and U(d−1) = U(d)∗, (6.15)

L = ⊕δ∈sign(λD)Lδ and λD = ⊕δ∈sign(λD)λδ, where

Lδ = {x ∈ L:
∏nδ

i=1
(λ(di)− δ(di)1L)x = 0 for all {di}nδ

i=1 in D} (6.16)

are λ-invariant subspaces, λδ = λD|Lδ
are δ-representations of D and nδ = dimLδ.

By Rδ we denote the projection on Lδ, and by Pϕ, ϕ ∈ D∗, the projection on

Hϕ = {x ∈ H: U(d)x = ϕ(d)x, d ∈ D}, so that PϕU(d) = U(d)Pϕ = ϕ(d)Pϕ. (6.17)

Lemma 6.7 If a linear manifold M is dense in H⊥
ϕ , then the linear manifold

M ′ = span {U(d)x− ϕ(d)x: x ∈ M, d ∈ D}

is dense in H⊥
ϕ .

Proof. LetM ′ ̸= H⊥
ϕ . As H

⊥
ϕ is U -invariant, there is 0 ̸= y ∈ H⊥

ϕ such that 0 = (U(d)x−ϕ(d)x, y)

for all d ∈ D, x ∈ M. Then x⊥(U(d−1)y − ϕ(d)y). So U(d−1)y − ϕ(d)y ∈ Hϕ, as M is dense in H⊥
ϕ .

On the other hand, as H⊥
ϕ is U -invariant, U(d−1)y−ϕ(d)y ∈ H⊥

ϕ . So U(d−1)y = ϕ(d)y for d ∈ D.

As ϕ is unitary, U(d)y = ϕ(d−1)y = ϕ(d)y. Thus y ∈ Hϕ, a contradiction. So M ′ is dense in H⊥
ϕ .

Let β: Rl → B(H, L) be a (λ,U)-cocyclic map. Then β = (βδ)δ∈sign(λD), where

βδ = Rδβ are (λδ, U)-cocyclic maps and λδ(d)β̃δ(u)
(6.11)
= β̃δ(τ̃du)U(d), u ∈ Cl. (6.18)

By Proposition 6.1, N ⊆ ker τ. So we write τ̃ instead of τ̃D. As D is Engel, it follows from [13,
Corollary 2.18] that there is a finite set sign(τ̃) of characters on D such that

Cl =
∑

ν∈sign(τ̃)

Zν , each Zν is τ̃ -invariant, τ̃ |Zν is a ν-representations, where

Zν =
{
u ∈ Cl:

∏nν

i=1
(τ̃di − ν(di)1Cl)u = 0 for all sets {di}nν

i=1 in D
}

(6.19)

and nν ≤ dimZν . Denote by Qν the projection on the subspace Zν along
∑

ν′∈sign(τ̃),ν′ ̸=ν Zν′ .

For δ ∈ sign(λD), set

Ωδ = {ν ∈ sign(τ̃): Hδ/ν ̸= {0}} and L1
δ = {x ∈ L: λ(d)x = δ(d)x, d ∈ D}. (6.20)

Theorem 6.8 A linear map β = (βδ)δ∈sign(λD): Rl → B(H, L) is (λ,U)-cocyclic if and only if

β̃δ(u) =
∑

ν∈Ωδ

bδν(Qνu)Pδ/ν for u ∈ Cl, (6.21)

where bδν , ν ∈ Ωδ, can be any linear map from Zν to B(Hδ/ν , Lδ) satisfying

λδ(d)b
δ
ν(z) = δ(d)bδν(τ̃dz)/ν(d) for z ∈ Zν and d ∈ D. (6.22)

If τ̃ |Zν = ν1Zν then bδν in (6.21) can be any linear map from Zν to B(Hδ/ν , L
1
δ).
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Proof. Let β be (λ,U)-cocyclic. Fix δ ∈ sign(λD). For ν ∈ sign(τ̃), set ϕ = δ/ν. We will write
β̃, λ, bν , n instead of β̃δ, λδ, b

δ
ν , nδ.

Let us prove that β̃(z)|H⊥
ϕ
= 0, z ∈ Zν . Set Fν(d) = τ̃d−ν(d)1Cl , d ∈ D, and consider the spaces

Z0
ν = {0} and Zk

ν = {u ∈ Cl: Fν(d)u ∈ Zk−1
ν for d ∈ D}, k = 1, ..., nν . (6.23)

By (6.19), Z0
ν $ Z1

ν $ ... $ Znν
ν = Zν and Fν(d)Z

k
ν ⊆ Zk−1

ν for d ∈ D. All Zk
ν are τ̃ -invariant since,

for x ∈ Zk
ν , τ̃dx = Fν(d)x+ ν(d)x ∈ Zk

ν . As β̃ is linear, we have for u ∈ Cl,

β̃(Fν(d)u)U(d) = β̃(τ̃du− ν(d)u)U(d)
(6.18)
= λ(d)β̃(u)− ν(d)β̃(u)U(d). (6.24)

If z ∈ Z1
ν then Fν(d)z = 0, d ∈ D, by (6.23). So β̃(Fν(d)z) = 0. Thus, by (6.24),

λ(d)β̃(z) = ν(d)β̃(z)U(d), so that (λ(d)− δ(d)1L)β̃(z) = ν(d)β̃(z)(U(d)− ϕ(d)1H)

for d ∈ D. Hence

0
(6.16)
=

(∏n

i=1
(λ(di)− δ(di)1L)

)
β̃(z) = β̃(z)

(∏n

i=1
ν(di)(U(di)− ϕ(di)1H)

)
for each set {di}ni=1 in D. Hence β̃(z)

(∏n

i=1
(U(di)− ϕ(di)1H)

)
= 0. As

span
{(∏n

i=1
(U(di)− ϕ(di)1H)

)
x: x ∈ H⊥

ϕ , {di}ni=1 in D
}

is dense in H⊥
ϕ

by Lemma 6.7, β̃(z)|H⊥
ϕ
= 0 for all z ∈ Z1

ν .

Let z ∈ Z2
ν . Then Fν(d)z ∈ Z1

ν for d ∈ D by (6.23). So β̃(Fν(d)z)|H⊥
ϕ

= 0 by the above

argument. Hence, by (6.24), λ(d)β̃(z) = ν(d)β̃(z)U(d) for d ∈ D. Repeating the above proof, we
get β̃(z)|H⊥

ϕ
= 0 for all z ∈ Z2

ν . Continuing this process, we get that β̃(z)|H⊥
ϕ
= 0 for each k ≥ 1

and all z ∈ Zk
ν . As Zν = Znν

ν for nν ≤ dimZν , we have that β̃(z)|H⊥
ϕ
= 0 for z ∈ Zν . Thus

β̃(z) = β̃(z)Pϕ for z ∈ Zν , so that β̃(Qνu) = β̃(Qνu)Pϕ for u ∈ Cl. (6.25)

If ν /∈ Ωδ then Hϕ = {0}, so that

β̃(z)
(6.25)
= β̃(z)Pϕ = 0 for z ∈ Zν . (6.26)

Let ν ∈ Ωδ. Then Pϕ ̸= 0. As τ̃dz ∈ Zν for z ∈ Zν and d ∈ D,

λ(d)β̃(z)Pϕ
(6.18)
= β̃(τ̃dz)U(d)Pϕ

(6.17)
= ϕ(d)β̃(τ̃dz)Pϕ. (6.27)

For ν ∈ Ωδ, define the linear map bν from Zν into B(Hδ/ν , L) by

bν(z) = β̃(z)|Hϕ
for z ∈ Zν , so that β̃(z)

(6.25)
= β̃(z)Pϕ = bν(z)Pϕ. (6.28)

Then (6.22) holds, since for z ∈ Zν and d ∈ D,

λ(d)bν(z) = λ(d)β̃(z)|Hϕ

(6.27)
= ϕ(d)β̃(τ̃dz)|Hϕ

= δ(d)bν(τ̃dz)/ν(d).
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By (6.19), u =
∑

ν∈sign(τ̃)Qνu for u ∈ Cl. Hence (6.21) holds, since

β̃(u) =
∑

ν∈sign(τ̃)
β̃(Qνu)

(6.26)
=

∑
ν∈Ωδ

β̃(Qνu)
(6.28)
=

∑
ν∈Ωδ

bν(Qνu)Pδ/ν .

Conversely, let linear maps {bν : Zν → B(Hδ/ν , L)}ν∈Ωδ
satisfy (6.22) and β̃ be given in (6.21).

Then

λ(d)β̃(u)
(6.21)
=

∑
ν∈Ωδ

λ(d)bν(Qνu)Pδ/ν
(6.22)
=

∑
ν∈Ωδ

δ(d)

ν(d)
bν(τ̃dQνu)Pδ/ν . (6.29)

As each Zν is τ̃ -invariant, τ̃dQνu = Qν τ̃du. By (6.17), δ(d)
ν(d)Pδ/ν = Pδ/νU(d). Hence

λ(d)β̃(u)
(6.29)
=

∑
ν∈Ωδ

bν(Qν τ̃du)Pδ/νU(d)
(6.21)
= β̃(τ̃du)U(d)

for u ∈ Cl and d ∈ D. Thus (6.18) holds. Since it holds for all δ, β is (λ,U)-cocyclic.
Let τ̃ |Zν = ν1Zν for some ν ∈ Ωδ. Then (6.22) is equivalent to λδ(d)b

δ
ν(z) = δ(d)bδν(z) for z ∈ Zν ,

d ∈ D. So bδν can be any map from Zν to B(Hδ/ν , L
1
δ).

Let {en}ln=1 be a basis in Rl. Suppose that, for δ0 ∈ sign(λD) and all ν ∈ Ωδ0 ,

Zν = Cfν for fν ∈ Cl, so that Qνen = anνfν for anν ∈ C, and all n = 1, ..., l. (6.30)

If b: Zν → B(Hδ/ν , Lδ) is a linear map, b(Qνen) = anνb(fν). So, for u = (u1, ..., ul) ∈ Cl,

b(Qνu) =
∑l

n=1
unb(Qνen) = µν(u)b(fν), where µν(u) =

∑l

n=1
unanν ∈ C. (6.31)

Corollary 6.9 If condition (6.30) hold, the linear map βδ0 : Rl → B(H, Lδ0) in (6.21) has form

β̃δ0(u) =
∑

ν∈Ωδ0

µν(u)bν(fν)Pδ0/ν for u ∈ Cl,

where µν are defined in (6.31) and bν(fν) can be any operator in B(Hδ0/ν , L
1
δ0
).

If λδ0 = δ01L then Lδ0 = L1
δ0

and each bν(fν), ν ∈ Ωδ0 , can be any operator in B(Hδ/ν , Lδ0).

6.4 (λ, U)-cocycles and extensions of N-trivial representations.

In this section we study the extensions e(λ,U, ξ) when λ,U are N -trivial and D is Engel. Taking
into account decompositions (6.16) and (6.19) of L and Cl, set

Φ = ∪δ∈sign(λD)Φδ, Φδ = {ϕ =
δ

ν
: ν ∈ Ωδ}, Θ = {δ ∈ sign(λD): Hδ ̸= {0}},

Hℵ = H⊖ HΦ∪Θ , where HΦ∪Θ = ⊕
ϕ∈Φ∪Θ

Hϕ, so that H = HΦ∪Θ ⊕ Hℵ. (6.32)

Then Φδ = {ϕ = δ
ν : ν ⊆ sign(τ̃), Hϕ ̸= {0}} and U |Hϕ

= ϕ1Hϕ
.

Denote by Rδ, Pϕ the projections on Lδ,Hϕ. Let ξ be a (λ,U)-cocycle. By Theorem 6.4,

ξ = ξβ + ξη, where ξβ(dh) = λ(d)β(ωN (h)), ξη(dh) = η(d) are (λ,U)-cocycles. (6.33)

Hence, with respect to decompositions (6.16) of L, (6.19) of Cl and (6.32) of H,

ξ = (ξ|H
Φ∪Θ

, ξ|Hℵ), where ξ|Hℵ is a (λ,U |Hℵ)-cocycle,

ξ|H
Φ∪Θ

= (ξδ,ϕ)δ∈sign(λD),ϕ∈Φ∪Θ, where ξδ,ϕ are (λδ, ϕ1Hϕ
)-cocycles and λδ = λ|Lδ

,

ξδ,ϕ(dh) = λδ(d)β
δ,ϕ(ωN (h)) + ηδ,ϕ(d), where βδ,ϕ = RδβPϕ and ηδ,ϕ = RδηPϕ. (6.34)
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Corollary 6.10 (i) If ϕ /∈ Φδ then βδ,ϕ = 0. If

ϕ ∈ Φδ then βδ,ϕ(t) = bδν(Qνt)Pϕ, for t ∈ Rl, where ν = δ/ϕ and (6.35)

bδν : Zν → B(Hδ/ν , Lδ) can be any linear map satisfying (6.22).

If τ̃ |Zν = ν1Zν then bδν can be any linear map from Zν to B(Hδ/ν , L
1
δ).

(ii) If ϕ ̸= δ then ηδ,ϕ is a (λδ, ϕ1Hϕ
)-coboundary :

ηδ,ϕ(d) = λδ(d)T − ϕ(d)T for all d ∈ D and some T ∈ B(Hϕ, Lδ). (6.36)

Let, as in (4.1), D/D[1] ≈ RlD ×K. If ϕ = δ and λδ = δ1Lδ
then, as in (4.2), there is a continuous

epimorphism ωD : D → RlD and a linear map βδ: Rl
D → B(Hδ, Lδ) such that

ηδ,δ(d) = δ (d)βδ(ωD(d)) for d ∈ D. (6.37)

(iii) The representations λD, UD|Hℵ are eigen-disjoint (see (4.9)) and ξ(dh)|Hℵ = η(d)|Hℵ , where
η|Hℵ is a (λD, UD|Hℵ)-cocycle.

(iv) Let D be nilpotent. Then η|Hℵ is either a coboundary, or Hℵ = ⊕∞
i=1Hi, where all subspaces

Hi are U -invariant and all maps η|Hi : D → B(Hi, L) are (λD, UD|Hi)-coboundaries.

Proof. (i) follows from Theorem 6.8 since, for t ∈ Rl,

βδ,ϕ(t) = Rδβ(t)Pϕ
(6.21)
= βδ(t)Pϕ =

∑
ν∈Ωδ

bδν(Qνt)Pδ/νPϕ
(6.32)
=

∑
θ∈Φδ

bδδ/θ(Qνt)PθPϕ.

(ii) By (6.17), (6.32), U(dh)|Hϕ
= ϕ(d)1Hϕ

for ϕ ∈ Φ ∪Θ. So (ii) follows from Corollary 4.2.

(iii) Clearly, η|Hℵ is a (λD, UD|Hℵ)-cocycle. By (4.9) and (6.32), λD and UD|Hℵ are eigen-disjoint.
We have from (6.21) that β|Hℵ = 0. Hence, by (6.33), ξβ(dh)|Hℵ = 0 and

ξ(dh)|Hℵ = ξβ(dh)|Hℵ + ξη(dh)|Hℵ = ξη(dh)|Hℵ = η(d)|Hℵ .

(iv) Let N be nilpotent. As λD, UD|Hℵ are eigen-disjoint, Theorem 4.3 yields the proof.

If λδ ̸= δ1Lδ
in part (ii), the (λδ, δ1Hδ

)-cocycle ηδ,δ may have a complicated structure.

For δ ∈ sign(λD) and ϕ ∈ Φ ∪Θ, set kerβδ,ϕ = ∩t∈Rl kerβδ,ϕ(t), ker ηδ,ϕ = ∩d∈D ker ηδ,ϕ(d),

ker ξδ,ϕ = kerβδ,ϕ ∩ ker ηδ,ϕ, ker ξ|Hϕ
= ∩δ∈ sign(λD) ker ξ

δ,ϕ. (6.38)

Theorem 6.11 Let λ,U be N -trivial representations of G = DnN and ξ be a (λ,U)-cocycle. Let

X = L⊕ H and e = e(λ,U, ξ) =

(
λ ξ
0 U

)
. Then

(i) dim(HΦ∪Θ ⊖ H1) < ∞, where H1 = ⊕ϕ∈Φ∪Θ ker ξ|Hϕ
= ker ξ|HΦ∪Θ

.

(ii) If D is nilpotent then L approximately splits e.

Proof. (i) Set H0 = HΦ∪Θ ⊖ H1. Let us show that dimH0 < ∞. We have

H0 = HΦ∪Θ ⊖ H1
(6.32)
= ⊕ϕ∈Φ∪Θ(Hϕ ⊖ ker ξ|Hϕ

). (6.39)
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As D is Engel and ηδ,ϕ is a (λδ, ϕ1Hϕ
)-cocycle on D, Proposition 4.1 implies dim(Hϕ⊖ker ηδ,ϕ) < ∞.

Let ϕ ∈ Φδ and {ej}lj=1 be a basis in Rl. As βδ,ϕ is a linear map from Rl to B(Hϕ, Lδ),

kerβδ,ϕ = ∩t∈Rl kerβδ,ϕ(t) = ∩l
j=1 kerβ

δ,ϕ(ej) and βδ,ϕ(ej) ∈ B(Hϕ, Lδ).

As dimLδ < ∞, dim(Hϕ ⊖ kerβδ,ϕ(ej)) < ∞ for each j. Therefore

dim(Hϕ ⊖ kerβδ,ϕ) = dim(Hϕ ⊖
(
∩l
j=1 kerβ

δ,ϕ(ej)
)
) < ∞.

If ϕ /∈ Φδ then, by (6.35), βδ,ϕ = 0, so that kerβδ,ϕ = Hϕ and dim(Hϕ ⊖ kerβδ,ϕ) = 0.
Let δ ∈ sign(λD) and ϕ ∈ Φ ∪ Θ. By (6.38), ker ξδ,ϕ = kerβδ,ϕ ∩ ker ηδ,ϕ. Hence, by the above,

dim(Hϕ ⊖ ker ξδ,ϕ) < ∞. Therefore, as sign(λD) is a finite set, for each ϕ ∈ Φ ∪Θ,

dim(Hϕ ⊖ ker ξ|Hϕ
)
(6.38)
= dim(Hϕ ⊖ (∩δ∈ sign(λD) ker ξ

δ,ϕ)) < ∞.

Hence, as Φ ∪Θ is a finite set, it follows from (6.39) that dimH0 < ∞.
(ii) By (6.32), λD and UD|Hℵ are eigen-disjoint representations (see (4.9)). If D is nilpotent

then, by Theorem 4.3, there is a decomposition Hℵ = ⊕∞
i=2Hi, where all Hi are UD-invariant

and (λD, UD|Hi)-cocycles η|Hi : D → B(Hi, L) are coboundaries. As ξ(dh)|Hℵ = η(d)|Hℵ , all ξ|Hi ,
2 ≤ i < ∞, are coboundaries. We also have ξ|H1 = 0, so that it is a coboundary. Then

X = L⊕ H
(6.32)
= L⊕ HΦ∪Θ ⊕ Hℵ = L⊕ H0 ⊕ H1 ⊕ Hℵ = L⊕ H0 ⊕ (⊕∞

i=1Hi),

and, as dimH0 < ∞, we have from Lemma 5.1 that L approximately splits e.

Remark 6.12 Note that

X = L⊕ H0 ⊕ H1 ⊕ Hℵ, where H0 = ⊕ϕ∈Φ∪Θ(Hϕ ⊖ ker ξ|Hϕ
), dimH0 < ∞ and ξ|H1 = 0.

The subspaces H1 and X ⊖H1 = L⊕H0 ⊕Hℵ are e-invariant and e|H1 = U |H1 . So, without loss of
generality, we may assume that all ker ξ|Hϕ

= {0} and Hϕ, ϕ ∈ Φ ∪Θ, are finite-dimensional.

6.5 (λ, U)-cocyclic maps and cocycles on groups G = D nN when dimL = 1.

We consider now the classical case: dimL = 1, L = Ce, λ = ρι for ρ ∈ G∗, and

sign(λD) = {δ0 := ρD}, λ(dh) = δ0(d)ι, U(dh) = U(d) and U is unitary. (6.40)

Consider the conjugation antilinear operator I on Cl = Rl + iRl: for u = x+ iy ∈ Cl,

Iu = I(x+ iy) = x− iy, x, y ∈ Rl, so that Iµu = µIu, I2 = 1Cl , Iτ̃ I
(6.5)
= τ̃ . (6.41)

Theorem 6.13 Let G = D nN and (6.40) hold. Let β: Rl → B(H,Ce) be a linear map.

(i) β is (ρι, U)-cocyclic if and only if, for u ∈ Cl and some operator A ∈ B(Cl,H),

β̃(u) = AIu⊗ e and Aτ̃d = δ0(d)U(d)A for d ∈ D. (6.42)

(ii) If UD has no finite-dimensional invariant subspaces, then only β = 0 is (ρι, U)-cocyclic.

(iii) Let the representation τ̃ of D on Cl be similar to unitary.

1) If the character δ0 on D is not unitary then β = 0 is the only (ρι, U)-cocyclic map.

2) If δ0 is unitary and τ̃ irreducible, then β is (ρι, U)-cocyclic if and only if β̃(u) = tV Iu⊗e
and δ0(d)U(d)V = V τ̃d for all u ∈ Cl, d ∈ D, and some isometry V : Cl → H and t > 0.
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Proof. (i) Each operator in B(H,Ce) has form x⊗ e for some x ∈ H (see (2.7)). Let β̃ be the
complexification of β. Then β̃(u) = f(u) ⊗ e for a map f : u ∈ Cl → H. As β̃ is linear then, by
(2.8), f(µu1 + u2) = µf(u1) + f(u2) for µ ∈ C, u1, u2 ∈ Cl. So f(u) = AIu for A ∈ B(Cl,H). Thus

β̃(u) = AIu⊗ e, so that β̃(u)x
(2.8)
= ⟨x,AIu⟩

H
e for x ∈ H, (6.43)

λ(d)β̃(u)
(6.43)
= δ0(d)(AIu⊗ e)

(2.8)
= (δ0(d)AIu)⊗ e,

β̃(τ̃du)U(d)
(6.43)
= (AIτ̃du⊗ e)U(d)

(2.8)
= (U∗(d)AIτ̃du)⊗ e.

By (6.11), β is (ρι, U)-cocyclic if and only if δ0(d)AI = U∗(d)AIτ̃d, d ∈ D. As UD is unitary,

δ0(d)U(d)A = U(d)(U∗(d)AIτ̃d)I = AIτ̃dI
(6.41)
= Aτ̃d for d ∈ D. (6.44)

Part (ii) follows from (6.42) as τ̃ is finite-dimensional.
(iii) Let S1 = {z ∈ C: |z| = 1}. Then Sp(U(d)) and Sp(τ̃d) lie in S1 for d ∈ D.
1) If δ0 is not unitary, |δ0(d1)| ̸= 1 for some d1 ∈ D, by (2.4). Hence Sp(δ0(d1)U(d1)) ∩

Sp(τ̃d1) = ∅. So A = 0 in (6.42) by Lemma 2.1. Thus all (ρι, U)-cocyclic maps are zero.
2) Let δ0 be unitary, τ̃ be irreducible and A = V T be the polar form of A, 0 < T ∈ B(Cl). Then

δ0(d)U(d)V T
(6.42)
= V T τ̃d. As τ̃ is irreducible, kerT = {0}. So V is an isometry from Cl to H. Set

R(d) = V ∗δ0(d)U(d)V for d ∈ D. Then R is a unitary representation of D on Cl and R(d)T = T τ̃d.
So

τ̃∗dTT τ̃d = TR(d)∗R(d)T = T 2 for d ∈ D.

Thus τ̃dT
2 = T 2τ̃d. As τ̃ is irreducible, T 2 = t21Cl . As T > 0, T = t1Cl for some t > 0.

Let D be an Engel group. By Theorem 6.8, a map β: Rl → B(H,Ce) is (ρι, U)-cocyclic if and
only if there are linear maps bν : Zν → B(Hδ0/ν ,Ce), ν ∈ Ωδ0 , such that

β̃(u) =
∑

ν∈Ωδ0

bν(Qνu)Pδ0/ν and ν(d)bν(z) = bν(τ̃dz), (6.45)

for u ∈ Cl, z ∈ Zν , d ∈ D. For ν ∈ D∗, set ν(d) = ν(d) for d ∈ D. By (6.41), ν → ν is an
isomorphism of sign(τ̃), IZν = Zν and IQν = QνI.

Corollary 6.14 Let D be Engel. A linear map β: Rl → B(H,Ce) is (ρι, U)-cocyclic if and only if

β̃(u) =
∑

ν∈Ωδ0

RνQνIu⊗ e for u ∈ Cl, (6.46)

where the operators Rν ∈ B(Zν ,Hδ0/ν) satisfy Rν τ̃dQν = ν(d)RνQν for d ∈ D.
If τ̃ |Zν = ν1Zν for some ν ∈ Ωδ0 , then Rν can be any operator in B(Zν ,Hδ0/ν).

Proof. Let bν : Zν → B(Hδ0/ν ,Ce) be a linear map. Since IZν = Zν , we have, as in (6.43), that
bν(z) = RνIz ⊗ e for all z ∈ Zν and some Rν ∈ B(Zν ,Hδ0/ν). As Pδ0/νRν = Rν and IQν = QνI,

bν(Qνu) = (RνIQνu⊗ e)Pδ0/ν
(2.8)
=

(
Pδ0/νRνIQνu

)
⊗ e = (RνQνIu)⊗ e,

ν(d)bν(Qνu)
(2.8)
=

(
ν(d)RνIQνu

)
⊗ e and

bν(τ̃dQνu) = (RνIτ̃dQνu)⊗ e
(6.41)
= (Rν τ̃dIQνu)⊗ e for u ∈ Cl.
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So (6.45) implies that β̃ has form as in (6.46). If the second condition in (6.45) holds then
Rν τ̃dIQν = ν(d)RνIQν . As IQν = QνI and I2 = 1Cl , this implies that Rν τ̃dQν = ν(d)RνQν .

If τ̃ |Zν = ν1Zν , condition Rν τ̃dQν = ν(d)RνQν holds automatically. Indeed, as IQν = QνI,

τ̃dQν = τ̃dIQνI
(6.41)
= Iτ̃dQνI = Iν(d)QνI

(6.41)
= ν(d)IQνI = ν(d)Qν .

So Rν can be any operator in B(Zν ,Hδ0/ν).

As sign(λD) = {δ0}, we have from (6.32) that Φ = Φδ0 = {ϕ = δ0/ν: ν ∈ sign(τ̃), Hϕ ̸= {0}},

Θ = {δ0} if Hδ0 ̸= {0}, or Θ = ∅, HΦ∪Θ = ⊕
ϕ∈Φ∪Θ

Hϕ and H = HΦ∪Θ ⊕ Hℵ.

If ξ = (ξ|H
Φ∪Θ

, ξ|Hℵ) is a (ρι, U)-cocycle, then ξ|H
Φ∪Θ

= (ξδ0,ϕ)ϕ∈Φ∪Θ and (see (6.34)) there are a

(ρι, U)-cocyclic map β: Rl → B(H,Ce) and a (δ0ι
D, UD)-cocycle η such that

ξδ0,ϕ(dh) = ξ(dh)Pϕ = λ(d)βδ0,ϕ(ωN (h)) + ηδ0,ϕ(d), where βδ0,ϕ = βPϕ, ηδ0,ϕ = ηPϕ.

Let ϕ0 = δ0/ν0 for ν0 ∈ Ωδ0 . As Rν ∈ B(Zν ,Hδ0/ν), Pϕ0Rν0 = Rν0 and Pϕ0Rν = 0 if ν ̸= ν0. So

βδ0,ϕ(t) = β(t)Pϕ0

(6.46)
=

∑
ν∈Ωδ0

Pϕ0RνQνt⊗ e = Rν0Qν0t⊗ e for t ∈ Rl. (6.47)

If Θ = {δ0} then (see (6.37)) there are a continuous epimorphism ωD : D → RlD and a linear map
βδ0: Rl

D → B(Hδ0 ,Ce) such that ηδ0,δ0(d) = η(d)Pδ0 = δ0 (d)βδ0(ωD(d)) for d ∈ D. As βδ0 is linear,
βδ0(r) = Ar ⊗ e for some A ∈ B(Rl

D ,Hδ0) and all r ∈ Rl
D . So

ηδ0,δ0(d) = δ0 (d)βδ0(ωD(d)) = δ0 (d) (AωD(d)⊗ e) for d ∈ D. (6.48)

Combining (6.47), (6.48) and Corollary 6.10 yield

Corollary 6.15 (i) If δ0 /∈ Φ then βδ0,δ0 = 0. If ϕ ∈ Φ then

βδ0,ϕ(t) = RνQνt⊗ e, t ∈ Rl, where ν = δ0/ϕ

and Rν ∈ B(Zν ,Hδ0/ν) is an arbitrary operator satisfying Rν τ̃dQν = ν(d)RνQν for d ∈ D.
If τ̃ |Zν = ν1Zν then Rν is an arbitrary operator in B(Zν ,Hδ0/ν).

(ii) Let ϕ ∈ Φ ∪Θ. If ϕ ̸= δ0 then ηϕ is a (δ0ι
D, ϕ1Hϕ

)-coboundary. If ϕ = δ0 then

ηδ0(d) = δ0 (d) (AωD(d)⊗ e), d ∈ D, and A is an arbitrary operator in B(Rl
D ,Hδ0).

(iii) ξ(dh)|Hℵ = η(d)|Hℵ , where η|Hℵ is a (δ0ι
D, UD|Hℵ)-cocycle.

(iv) If D is nilpotent, η|Hℵ is either a coboundary, or Hℵ = ⊕∞
i=1Hi, where all Hi are U -invariant

and all maps η|Hi : D → B(Hi, L) are (δ0ι
D, UD|Hi)-coboundaries. So η|Hℵ has form given in (1.5).

Remark 6.16 (i) Let δ0 and UD be spectrally disjoint (for example, δ0 be non-unitary). Then
each (δ0ι

D, UD)-cocycle η is a coboundary by Theorem 2.13: η(d) = δ0(d)T − TU(d) for some
T ∈ B(H,Ce). Since T = y ⊗ e for some y ∈ H, we get from (2.8) and (6.40) that

η(d) = (δ0(d)y − U∗(d)y)⊗ e and ξη(dh) = η(d) = (ρ(g)y − U∗(g)y)⊗ e. (6.49)

(ii) If D is compact then δ0 is unitary. By Corollary III.2.1 [6], η is a coboundary.
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7 (λ, U)-cocycles on subgroups of GL(n,R)nRn

Let λ,U be N -trivial representations of G on L and H, and ξ be a (λ,U)-cocycle. By (6.32),
H = HΦ∪Θ ⊕ Hℵ, so that ξ = (ξ|H

Φ∪Θ
, ξ|Hℵ). By (6.33) and (6.34),

ξ = ξβ + ξη, where ξβ(dh) = λ(d)β(ωN (h)), ξη(dh) = η(d) are (λ,U)-cocycles,

ξ|H
Φ∪Θ

= (ξδ,ϕ)δ∈sign(λD),ϕ∈Φ∪Θ, where ξδ,ϕ(dh) = λδ(d)β
δ,ϕ(ωN (h)) + ηδ,ϕ(d).

We will consider various groups G = D n N, where N = Rn, n ≥ 2, and D is a connected Engel
subgroup of the group GL(n,R). For these groups we describe the component ξδ,ϕ of ξ|H

Φ∪Θ
.

Let {ei}ni=1 be a basis in Rn and denote by d · h, d ∈ D, h ∈ Rn, the action of d on Rn. Then

G = D nRn = {(d, h): d ∈ D, h ∈ Rn} with (d, h)(c, f) = (dc, d · f + h).

The group G is also the semidirect product of its subgroups D̂ and R̃n: G = D̂ n R̃n, where
D̂ = {d̂ = (d, 0): d ∈ D} and R̃n = {h̃ = (e, h): h ∈ Rn}. For d ∈ D and h ∈ Rn,

(d, h) = d̂ ˜(d−1 · h) = (d, 0)(e, d−1 · h) = h̃d̂, d̂ h̃ = (d, d · h),

d̂ h̃d̂−1 = d̃ · h ∈ R̃n, (d, h)−1 = (d−1,−d−1h), d̂ h̃d̂−1h̃−1 = ˜d · h− h ∈ R̃n. (7.1)

Then ωN (h̃) = h ∈ Rn, lN = n (see (4.1)). So τdh
(6.4)
= ωN (d̂ h̃d̂−1) = ωN (d̃ · h) = d · h. Thus

τ̃du
(6.5)
= τdx+ iτdy = d · x+ id · y = d · u for u = x+ iy ∈ Cn, x, y ∈ Rn. (7.2)

7.1 D is a subgroup of the group of all positive diagonal matrices.

Denote by D = {d = (dij) ∈ GL(n,R): dij = 0 if i ̸= j, and dii > 0} the commutative, connected
group of all positive diagonal matrices. Let Dk = {d = (dij) ∈ D: d11 = ... = dkk}, 1 ≤ k ≤ n, be
subgroups of D and D = Dk for some k. Then G = D nRn is solvable. It follows from (7.2) that

sign(τ̃) = {ν1, νk+1, ..., νn}, where νi(d) = dii are real characters on D = Dk,

Zν1 = Ce1 ⊕ ...⊕ Cek and Zνi = Cei, i ≥ k + 1, where {ei}ni=1 is a basis in Rn. (7.3)

As all ν ∈ sign(τ̃) are real characters, (6.20) and (6.32) imply that, for each δ ∈ sign(λD), either
Ωδ = Φδ = ∅, or Ωδ = {νj} and Φδ = {δ/νj} for some νj ∈ sign(τ̃). In this case δ is non-unitary
and there is not more than one νj ∈ sign(τ̃) such that δ/νj is unitary.

Let δ ∈ sign(λD), ϕ ∈ Φ ∪Θ in (6.32) and t = (ti)
n
i=1 ∈ Rn. By Corollary 6.10 and (7.3),

βδ,ϕ = 0 if either Φδ = ∅, or if Φδ = {δ/νj} and ϕ ̸= δ/νj ,

βδ,δ/ν1(t) = (t1bν1(e1) + ...+ tkbν1(ek))Pδ/ν1 , if Φδ = {δ/ν1},

βδ,δ/νj (t) = tjbνj (ej)Pδ/νj , if Φδ = {δ/νj} and j ≥ k + 1, (7.4)

where bν1(ei) can be any operators from B(Hδ/ν1 , L
1
δ) and bνj (ej) any operators from B(Hδ/νj , L

1
δ).

If ϕ ̸= δ then ηδ,ϕ is a (λδ, ϕ1Hϕ
)-coboundary and has form given in (6.36).

Let ϕ = δ ∈ Θ. If λδ ̸= δ1Lδ
then ηδ,δ is a (λδ, δ1Hδ

)-cocycle. As D is commutative,

ηδ,δ(cd) = λδ(c)η
δ,δ(d) + δ(d)ηδ,δ(c) = ηδ,δ(dc) = λδ(d)η

δ,δ(c) + δ(c)ηδ,δ(d),
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so that ηδ,δ: D → B(Hδ, Lδ) can be any map satisfying the condition

(λδ(c)− δ(c)1Lδ
)ηδ,δ(d) = (λδ(d)− δ(d)1Lδ

)ηδ,δ(c) for c, d ∈ D. (7.5)

If λδ = δ1Lδ
then D/D[1] ≈ Dk ≈ Rn−k+1 and the epimorphism ωD : D → Rn−k+1 is given by

ωD(d) = (ln d1) f1 +
∑k

i=2
(ln di+k−1) fi in a basis {fj}n−k+1

j=1 in Rn−k+1.

By (6.37), ηδ,δ(d) = δ (d)βδ(ωD(d)) for a linear map βδ: Rn−k+1 → B(Hδ, Lδ). So

ηδ,δ(d) = δ(d)[(ln d1)βδ(f1) + (ln dk+1)βδ(f2) + ...+ (ln dn)βδ(fn−k+1)], (7.6)

and all βδ(fi) can be any operators from B(Hδ, Lδ). This gives a description of all ξδ,ϕ.

7.2 D = SO(n)− the group of all orthogonal matrices in GL(n,R).

Let D be the compact group SO(n), n ≥ 2. Then Gn = D nRn is the Euclidean motion group.

Lemma 7.1 The representation τ̃ (see (7.2)) of D on Cn = Rn + iRn, n ≥ 3, is irreducible.

Proof. Let L be a τ̃ -invariant C-subspace in Cn. Let Rn ∩ L = {0} and z = x+ iy ∈ L. Then
0 ̸= y /∈ Rx. So y = tx⊕ u for t ∈ R and 0 ̸= u ⊥ x. As n ≥ 3, there is d0 ∈ D such that d0 · x = x
and d0 · u ̸= u. Hence 0 ̸= i(z − d0z) = d0u − u ∈ L∩Rn, a contradiction. So Rn ∩ L ̸= {0}.
Therefore, as SO(n) acts transitively on the sphere Sn−1 in Rn, Rn ⊂ L. Thus L = Cn.

Combining Lemma 7.1, Theorems 6.4 and 6.13 and Remark 6.16 yield

Corollary 7.2 Let U be a unitary N -trivial representation of G = D nRn, n ≥ 3, on H.
A linear map β: Rl → B(H,Ce) is (ι, U)-cocyclic if and only if for some t > 0,

β̃(u) = tV Iu⊗ e, u ∈ Cn, for some isometry V : Cn → H satisfying U(d)V = V d.

As ωN (h) = h, a map ξ: G → B(H,Ce) is a (ι, U)-cocycle if and only if

ξ = ξη + ξβ, where ξβ(d̂ h̃) = β(h) for h ∈ Rn, and

ξη(d̂ h̃) = η(d̂) = (y − U∗(d̂)y)⊗ e for all d ∈ D and some y ∈ H (cf. (6.49)).

The cohomology group H(G, ι, U) was considered in [4, Example 2] without the assumption
U(dh) = U(d).

The group D = SO(2) =

{
d =

(
cos s sin s
− sin s cos s

)
: s ∈ [0, 2π)

}
is commutative and G = DnR2

is solvable. All characters on D are unitary. Let e1 = (1, 0), e2 = (0, 1) be a basis in R2. By (7.2),

sign(τ̃) = {ν−, ν+}, where ν±(d) = exp(±is) are unitary characters on D,

C2 = Zν+ ⊕ Zν− , where Zν± = Cf± and f± = (e1 ± ie2)/
√
2.

Denote by Qν± the projections on Zν± . Then Qν±e1 = f±/
√
2 and Qν±e2 = ±f±/i

√
2.
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As D is compact, each δ ∈ sign(λD) is unitary and the representation λδ is similar to unitary.
So λδ = δ1Lδ

and L1
δ = Lδ. The set Ωδ can be any subset of {ν−, ν+}. So

either Φδ = ∅, or Φδ = {δ/ν+}, or Φδ = {δ/ν−}, or Φδ = {δ/ν+, δ/ν−}.

By Corollary 6.10, if ϕ = δ/ν ∈ Φδ then βδ,δ/ν(t) = bδν(Qνt)Pϕ, t ∈ R2, where bδν : Zν →
B(Hδ/ν , L

1
δ) can be any linear map. Otherwise, βδ,ϕ = 0. Thus, for t = t1e1 + t2e2 ∈ R2,

βδ,ϕ(t) = bδν+(Qν+t)Pϕ = 2−1/2(t1 − it2)b
δ
ν+(f+)Pϕ, if ϕ = δ/ν+ ∈ Φδ,

βδ,ϕ(t) = bδν−(Qν−t)Pϕ = 2−1/2(t1 + it2)b
δ
ν−(f−)Pϕ, if ϕ = δ/ν− ∈ Φδ,

where bδν±(f±) can be any operators from B(Hδ/ν± , L
1
δ).

If ϕ ̸= δ then ηδ,ϕ is a (λδ, ϕ1Hϕ
)-coboundary. By (6.36), ηδ,ϕ = (δ−ϕ)T for some T ∈ B(Hϕ, Lδ).

If ϕ = δ then ηδ,δ is a (δ1Lδ
, δ1Hδ

)-cocycle. As D is compact, we get from (6.37) that ηδ,δ = 0.

7.3 D is the group of all upper triangular matrices with 1 on the diagonal

In this section D is the nilpotent group of all upper triangular n×n matrices with 1 on the diagonal

D := Tn = {d = (dij) ∈ GL(n,R): d11 = ... = dnn = 1, dij = 0 if i > j}.

Since τ̃du = d · u for d ∈ Tn, u ∈ Cn, we have sign(τ̃) = {χe} and Zχe = Cn. Thus (see (6.32))

Θ = Φ = {δ ∈ sign(λD): Hδ ̸= {0}} and Φδ = {δ} if δ ∈ Θ, Φδ = ∅ if δ /∈ Θ.

If ϕ ̸= δ then ηδ,ϕ is a (λδ, ϕ1Hϕ
)-coboundary and has form given in (6.36).

Let ϕ = δ ∈ Θ. If λδ ̸= δ1Lδ
, ηδ,δ is a (λδ, δ1Hδ

)-cocycle (it may have complicated structure).
Let λδ = δ1Lδ

. As D/D[1] ≈ Rn−1, the epimorphism ωD : D → Rn−1 defined as in (4.2) has
form

ωD(d) =
∑n−1

i=1
di,i+1gi for d = (dij) ∈ Tn in some basis {gj}n−1

j=1 in Rn−1.

We have from (6.37) that ηδ,δ(d) = δ (d)βδ(ωD(d)) for a linear map βδ: Rn−1 → B(Hδ, Lδ). So

ηδ,δ(d) = δ(d)
∑n−1

i=1
di,i+1βδ(gi), where βδ(gi) can be any operators from B(Hδ, Lδ).

Consider now β = (βδ,ϕ)δ∈sign(λD),ϕ∈Φ. Let {ei}ni=1 be a basis in Rn. As before, for δ ∈ sign(λD),
let

HT
δ = {x ∈ H: U(d)x = δ(d)x for d ∈ Tn} and Pδ be the projection on HT

δ . (7.7)

Let ϕ ∈ Φ, t ∈ Rn, u ∈ Cn and d ∈ Tn. From (6.22) and (6.35) it follows that

βδ,ϕ = 0 if δ /∈ Φ, or if ϕ ̸= δ ∈ Φ; and

βδ,δ(t) = bδ(t)Pδ if δ ∈ Φ, where λδ(d)b
δ(u) = δ(d)bδ(d · u) and

bδ: Cn → B(HT
δ , Lδ) is a linear map. Set λδ

χe
= λδ/δ. Then λδ

χe
is a χe-representation and

λδ
χe
(d)bδ(u) = bδ(d · u), d ∈ D, u ∈ Cn. (7.8)

We will describe the map bδ satisfying (7.8) in two particular cases.

Proposition 7.3 (i) If λδ
χe

= 1Lδ
in (7.8) then bδ(u) = unb

δ(en), for u =
∑n

i=1 uiei ∈ Cn, where

bδ(en) can be any operator in B(HT
δ , Lδ).
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(ii) Let sign(λD) = {δ}, L = Lδ ≈ Cn and, in some basis {fi}ni=1 in L,

λδ
χe
(d)v = d · v, d ∈ Tn, v ∈ L. (7.9)

Then a linear map bδ: Cn → B(HT
δ , L) satisfies (7.8) if and only if, for some (any) x, y ∈ HT

δ ,

bδ(ei) = x⊗ fi for i = 1, ..., n− 1, and bδ(en) = y ⊗ f1 + x⊗ fn. (7.10)

Proof. (i) If λδ
χe

= 1L then bδ(u)
(7.8)
= bδ(d ·u), d ∈ Tn, u ∈ Cn. So bδ((d−1Cn) ·u) = 0. Choose

{dj}n−1
j=1 such that (dj − 1Cn) · ej+1 = ej . Thus b

δ(ej) = 0 for j = 1, ..., n− 1, and bδ(en) can be any

operator in B(HT
δ , Lδ).

(ii) Each operator A ∈ B(HT
δ , L) has form (see (2.8))

A =
∑n

i=1
yi ⊗ fi for some yi ∈ HT

δ , and RA = R
∑n

i=1
yi ⊗ fi

(2.8)
=

∑n

i=1
yi ⊗Rfi (7.11)

for R ∈ B(L). Since bδ(ej) ∈ B(HT
δ , L), we have from (7.11) that

bδ(ej) = xj1 ⊗ f1 + ...+ xjn ⊗ fn for some xji ∈ HT
δ . (7.12)

Set λ = λδ
χe

and b = bδ. Then

(λ(d)− 1L)b
δ(ej) = (λ(d)− 1L)

∑n

i=1
xji ⊗ fi

(7.11)
=

∑n

i=1
xji ⊗ (λ(d)− 1L)fi

(7.9)
=

n∑
i=1

xji ⊗ (d− 1L) · fi.

Thus (7.8) is equivalent to the condition∑n

i=1
xji ⊗ (d− 1L) · fi = bδ((d− 1Cn) · ej) for d ∈ Tn and j = 1, ..., n. (7.13)

Let d̂km = (dij) be such that dkm = 1 and all other dij = 0. Then (7.13) is equivalent to∑n

i=1
xji ⊗ d̂km · fi = bδ(d̂km · ej) for j = 1, ..., n and 1 ≤ k < m ≤ n. (7.14)

As d̂km · fi = δmifk and d̂km · ei = δmiek, where δmi = 0 if m ̸= i and δmm = 1, we have∑n

i=1
xji ⊗ δmifk = xjm ⊗ fk

(7.14)
= bδ(δmjek)

(7.12)
= δmj

∑n

i=1
xki ⊗ fi. (7.15)

Hence
xjm = 0 if j ̸= m for m = 2, ..., n. (7.16)

If 2 ≤ j = m ≤ n then

xmm ⊗ f1
(7.15)
=

∑n

i=1
x1i ⊗ fi

(7.16)
= x11 ⊗ f1, so that x11 = x22 = ... = xnn,

xmm ⊗ fk
(7.15)
=

∑n

i=1
xki ⊗ fi

(7.16)
= xk1 ⊗ f1 + xkk ⊗ fk for 1 < k < m ≤ n.

Thus xk1 = 0 for k = 2, ..., n− 1. Set x = x11 and y = xn1. Then (7.10) follows from (7.12).
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7.4 D is the group of all upper triangular matrices with positive diagonal entries

In this section D is the solvable connected group of upper triangular matrices

D := Sn = {s = (sij): sij ∈ R, sij = 0 if i > j, and sii > 0} = D n Tn, (7.17)

whereD is the group of all diagonal matrices with positive diagonal entries. The groupGS = SnnRn

is connected and solvable.
As D is not nilpotent, Corollary 6.10(iv) cannot be applied, so we have no information about

(λD, UD)-cocycles η. Thus we only consider the structure of the (λ,U)-cocyclic maps β: Rn →
B(H, L).

Let representations λ, U of GS on L and H satisfy (6.15). As Sn is solvable, matrices λ(s),
s ∈ Sn, are upper triangular in a basis in L with characters {δj} on the diagonal: λjj(s) = δj(s).
They can be also treated as characters on the subgroup D. Some of them may coincide. Let

sign(λD) = sign(λS) = {δ1, ..., δp} be the set of all distinct diagonal characters.

Recall that a map β: Rn → B(H, L) is (λ,U)-cocyclic if β̃ satisfies (6.11):

λ(d)β̃(u) = β̃(τ̃du)U(d) for d ∈ D and u ∈ Cn. (7.18)

Clearly, (7.18) holds if and only if it holds for D and Tn. Let P be the projection on HT
χe

(see (7.7)).

Lemma 7.4 A linear map β: Rn → B(H, L) is (λ,U)-cocyclic on GS if and only if

β̃(u) = b(u)P, (7.19)

where b: Cn → B(HT
χe
, L) is a linear map that satisfies the following conditions:

λ(t)b(u) = b(t · u) for t ∈ Tn and u ∈ Cn, (7.20)

λ(d)b(u)|HT
χe

= b(d · u)U(d)|HT
χe

for d ∈ D, u ∈ Cn. (7.21)

Proof. As Tn = S
[1]
n , all matrices λ(t), t ∈ Tn, have 1 on the diagonal. So sign(λT ) = {χe}

and sign(τ̃T ) = {χe}. It follows from Theorem 6.8 that (7.18) holds for t ∈ Tn if and only if
β̃(u) = b(u)P , u ∈ Cn, where b: Cn → B(HT

χe
, L) is a linear map that satisfies (7.20).

As Tn is a normal subgroup of Sn, H
T
χe

is U -invariant. Thus U and P commute. So, for d ∈ D,

λ(d)β̃(u)
(7.19)
= λ(d)b(u)P and β̃(τ̃du)U(d)|HT

χe

(7.19)
= b(τ̃du)U(d)P

(7.2)
= b(d · u)U(d)P.

Hence (7.18) holds for D if and only if (7.21) holds which completes the proof.

By Lemma 7.4, without loss of generality, we can assume that H = HT
χe
. As θ|Tn = 1 for θ ∈ S∗

n,

HD
θ := {x ∈ H: U(d)x = θ(d)x for d ∈ D} = {x ∈ H: U(s)x = θ(s)x for s ∈ Sn}. (7.22)

Let PD
θ be the projection on HD

θ . As D is Engel, it follows from (6.16) that

L = ⊕δ∈sign(λD)Lδ and λD = ⊕δ∈sign(λD)λ
D
δ ,
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where Lδ are λD-invariant subspaces, λD
δ = λD|Lδ

are δ-representations of D. Then

b = (bδ)δ∈sign(λD) and λδ(d)b
δ(u) = bδ(τ̃du)U(d) for u ∈ Cl, d ∈ D, (7.23)

where bδ: Cn → B(H, Lδ) are (λD
δ , U

D)-cocyclic maps. As in (7.3) for k = 1,

sign(τ̃D) = {νi}ni=1, where νi(d) = dii, are real characters and Zνi = Cei for all i. (7.24)

Thus (see (6.20)), for δ ∈ sign(λD), either Ωδ = ∅, or Ωδ = {νiδ} for some 1 ≤ iδ ≤ n. Set

∆ = {δ ∈ sign(λD): Ωδ = {νiδ}}, i.e., HD
δ/νiδ

̸= {0}. (7.25)

Using Corollary 6.9 and Lemma 7.4, we obtain th following description of (λ,U)-cocyclic maps.

Theorem 7.5 A linear map β: Rn → B(H, L) is (λ,U)-cocyclic on GS if and only if

β̃(u) = b(u)P and b(u) = (bδ(u))δ∈sign(λD) for u = (ui)
n
i=1 ∈ Cn, where

bδ = 0 if δ /∈ ∆, and bδ(u) = uiδb
δ
νiδ

(eiδ)P
D
δ/νiδ

if δ ∈ ∆,

PD
δ/νiδ

are the projections on HD
δ/νiδ

and bδνiδ
(eiδ) are operators in B(HD

δ/νiδ
, L1

δ) such that

λ(t)b(u) = b(t · u) for t ∈ Tn.

In other words, for u = (ui)
n
i=1 ∈ Cn and d ∈ Tn,

β̃(u) = b(u)P =
∑

δ∈∆
uiδb

δ
νiδ

(eiδ)P
D
δ/νiδ

and λ(d)b(u) = b(d · u). (7.26)

As in Proposition 7.3, we will find the map β̃ in a particular case when L ≈ Cn and

λ(s)v = s · v for v ∈ L and s ∈ Sn in some basis {fi}ni=1 in L. (7.27)

Proposition 7.6 Let (7.27) hold. If HD
χe

= {0} then β = 0 is the only (λ,U)-cocyclic map.

Let HD
χe

̸= {0}. A linear map β: Rn → B(H, L) is (λ,U)-cocyclic if and only if

β̃(u) = x⊗
∑

n
i=1uifi for an arbitrary x ∈ HD

χe
and all u = (ui)

n
i=1 ∈ Cl. (7.28)

Proof. As λ(d)v = d · v for v ∈ L, d ∈ D, we have sign(λD) = {δi}ni=1, where δi(d) = dii, and
L = ⊕n

i=1Lδi , with Lδi = L1
δi
= Cfi for all i.

If HD
χe

= {0}, it follows from (7.24) and (7.25) that ∆ = ∅. So β = 0 by (7.26).

Let HD
χe

̸= {0} and PD
χe

be the projection on HD
χe
. It follows from (7.24) and (7.25) that

∆ = sign(λD) and Ωδi = {νi = δi} for all 1 ≤ i ≤ n, as δi/νi = χe and HD
χe

̸= {0}.

Let u =
∑

n
i=1uiei ∈ Cn. By (7.26), a map β is (λ,U)-cocyclic if and only if it has form

β̃(u) =
∑n

i=1
uib

δi
νi(ei)P

D
δi/νi

=
∑n

i=1
uib

δi
νi(ei)P

D
χe
, (7.29)

where bδiνi(ei) are operators in B(HD
χe
, L1

δi
) such that λ(t)b(u) = b(t · u) for t ∈ Tn.
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As L1
δi
= Cfi for all i, bδiνi(ei)P

D
χe

= xi ⊗ fi for some xi ∈ HD
χe

by (7.11). By (7.11), (7.27),

β̃(u)
(7.29)
= u1(x1 ⊗ f1) + ...+ un(xn ⊗ fn), so that β̃(ei) = xi ⊗ fi, (7.30)

and λ(t)β̃(en)
(7.27)
= t(xn ⊗ fn)

(7.11)
= xn ⊗ t · fn, for t ∈ Tn.

Let ti,n ∈ Tn be a matrix with (i, n)-th and all diagonal entries 1, and all other are 0. Then

λ(ti,n)β̃(en) = xn ⊗ ti,n · fn = xn ⊗ fi + xn ⊗ fn
(7.26)
= β̃(ti,n · en) = β̃(ei) + β̃(en)

(7.30)
= xi ⊗ fi + xn ⊗ fn.

Hence xi = xn for 1 ≤ i ≤ n− 1. Combining this with (7.30), we complete the proof.

8 Cocyclic maps on the group Sn = D n Tn.

The group Sn = DnTn in (7.17) is the semidirect product of D = D and N = Tn. It is solvable and
not Engel. Each h ∈ N has form h = (ĥ0, ĥ1, .., ĥn−1), where ĥ0 = (1, ..., 1) is the main diagonal
and ĥi = (h11+i, h22+i, .., hn−i,n), 1 ≤ i ≤ n− 1, is the i-th upper diagonal of h.

Then N [1] = {h ∈ N : ĥ1 = 0} and N/N [1] ≈ Rn−1. So l = lN = n− 1 (see (4.1)) and

ωN (h) = ĥ1 = (h12, ..., hn−1,n) = h12e1 + ...+ hn−1,nen−1 ∈ Rn−1 (8.1)

is the epimorphism from N to Rn−1. Let d = (d11, ..., dnn) ∈ D. Set di = dii. By (6.4),

τdωN (h) = ωN (hd)
(8.1)
= (ĥd)1 = (ν1(d)h12, ..., νn−1(d)hn−1,n) , where νi(d) = di/di+1

for 1 ≤ i ≤ n− 1, are distinct real characters on D. Hence, for δ ∈ sign(λD),

sign(τ̃) = {νi}n−1
i=1 , Cn−1 = ⊕n−1

i=1 Zνi , where all Zνi = Cei, and

either Ωδ = Φδ = ∅, or Ωδ = {νi} and Φδ = {δ/νi} for some νi ∈ sign(τ̃), (8.2)

The results in this case are similar to the results for D1 nRn in Section 7.1.
Let ϕ ∈ Φ ∪Θ and t = (ti)

n−1
i=1 ∈ Rn−1 (see (6.32)). From Corollary 6.10 and (8.2) we have

βδ,ϕ = 0 if either Φδ = ∅, or if Φδ = {δ/νi} and ϕ ̸= δ/νi;

βδ,ϕ(t) = tjbνj (ej)Pδ/νj , if Φδ = {δ/νj} and ϕ = δ/νj for some j ≥ 1,

where bνj (ej) can be any operators from B(Hδ/νj , L
1
δ).

If ϕ ̸= δ then ηδ,ϕ is a (λδ, ϕ1Hϕ
)-coboundary and has form given in (6.36).

Let ϕ = δ ∈ Θ. If λδ ̸= δ1Lδ
then ηδ,δ is a (λδ, δ1Hδ

)-cocycle. As D is commutative, we have, as
in (7.5), that ηδ,δ: D → B(Hδ, Lδ) can be any map satisfying the condition

(λδ(c)− δ(c)1Lδ
)ηδ,δ(d) = (λδ(d)− δ(d)1Lδ

)ηδ,δ(c) for c, d ∈ D.

Let λδ = δ1Lδ
. The map ωD : D → Rn defined by ωD(d) =

∑
n
i=1 (ln di) ei is an epimorphism.

By (6.37), ηδ,δ(d) = δ (d)βδ(ωD(d)) for some linear map βδ: Rn → B(Hδ, Lδ). So

ηδ,δ(d) = δ(d)
∑n

i=1
(ln di)βδ(ei) and βδ(ei) can be any operators in B(Hδ, Lδ).
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