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ABSTRACT. This paper deals with global asymptotic behaviour of the dynamics for N-
dimensional type-K competitive Kolmogorov systems of differential equations defined in
the first orthant. It is known that the backward dynamics of such systems is type-K
monotone. Assuming the system is dissipative and the origin is a repeller, it is proved
that there exists a compact invariant set > which separates the basin of repulsion of
the origin and the basin of repulsion of infinity and attracts all the non-trivial orbits.
There are two closed sets Sy and Sy, their restriction to the interior of the first orthant
are (N — 1)-dimensional hypersurfaces, such that the asymptotic dynamics of the type-
K system in the first orthant can be described by a system on either Sy or Sy: each
trajectory in the interior of the first orthant is asymptotic to one in Sy and one in Sy.
Geometric and asymptotic features of the global attractor X are investigated. It is proved
that the partition ¥ = Xz U 3¢ U Xy holds such that Xy UX¥o C Sy and Xy Uy C Sy.
Thus, Y contains all the w-limit sets for all interior trajectories of any type-K subsystems
and the closure ¥ U Xy as a subset of ¥ is invariant and the upper boundary of the basin
of repulsion of the origin. This ¥ has the same asymptotic feature as the modified carrying
simplex for a competitive system: every nontrivial trajectory below ¥ is asymptotic to
one in ¥ and the w-limit set is in ¥ for every other nontrivial trajectory.

Note. This paper has been accepted for publication in Nonlinearity on 31st May 2023.

1. INTRODUCTION

In this paper, we are concerned with the global dynamical behaviour of the flow ; gener-
ated by the N-dimensional autonomous Kolmogorov differential system of equations

(1) i?izxifi(a?):FZ‘(J/‘),ZEEC,’L'GIN:{LQ,...,N},

where C = RY = {z € RV : Vi € Iy,z; > 0} and f € C'(C,RY). System (1) is a typical
mathematical model for the population dynamics of a community of N species, where each
x;(t) represents the population size or density at time ¢ and the function f;(x) denotes the
per capita growth rate of the ith species. For this reason, system (1) has the following
classification in terms of the off-diagonal entries of the Jacobian D f(x) for all x € C.
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(a) The system is called cooperative if agiz(j@ > 0 for all 4,5 € Iy with ¢ # j because
increase of the jth population boosts the per capita growth rate of the ¢th species.

(b) The system is called competitive if 83;"735(:) <0 for all 4,j € Iy with i # j as increase

of the jth population reduces the per capita growth rate of the ith species. A
competitive system is called totally competitive if %x(jx) <0 foralli,jeln. A

competitive system is said to have strong internal competition if agiix(f) < 0 for all
1€ In.

(¢) The system models the population dynamics of two communities: community A
consists of k species with z1(¢),...,xx(t) as their populations and community B
consists of N — k species with zp11(t),...,zn(t) (1 < k < N) as their popula-
tions. The system is called type-K monotone if each community as a subsystem is
cooperative but there are competitions between the two communities, that is,

Ay A
2 Df(x) = )
©) o= (4
where the A;; are matrices with Aq; being k x k, all the off-diagonal entries of Aqy
and Ass are nonnegative and all the entries of A1 and As; are nonpositive.

(d) The system models the population dynamics of two communities A and B. It is
called type-K competitive if each community as a subsystem is competitive but
they are cooperative between the two communities, that is, all the off-diagonal
entries of Aj; and A in (2) are nonpositive and all the entries of A5 and Ag; are
nonnegative.

System (1) is called dissipative if there is a compact invariant set A C C' that uniformly
attracts each compact set of initial values.

System (1) and its various particular instances, such as the classic Lotka-Volterra systems,
have attracted huge interests from researchers spanning in the last half century. Conse-
quently, numerous research results for such systems can be found in literature. We have
no intention to give a detailed survey here but just pick up a few closely related examples.
Hirsch [10]-[14] investigated the dynamical behaviour of cooperative and competitive sys-
tems (1) in line with development of the theory on monotone dynamical systems. Smith
[39] investigated asymptotic behaviour of cooperative systems. For type-K monotone sys-
tems, Smith [40] proved a generalised Kamke theorem and Liang and Jiang [32] classified
3-dimensional Lotka-Volterra systems. Liang and Jiang [33] investigated the dynamical
behaviour of type-K competitive systems and applied the theory to 3-dimensional Lotka-
Volterra systems.

It is known [41] that while the flow ¢;(x) generated by a cooperative system is monotone,
i.e., with the order generated by the positive cone C, x < y in C implies ¢¢(z) < ¢4(y) for
t > 0, the backward flow generated by a competitive system is monotone, i.e., z < y in
C implies @;(x) < pi(y) for t < 0. With an order generated by the cone K = {x € RV :
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Vi € Iy, x; > 0,Y5 € In \ I, x5 < 0} (see section 2 for definition), the flow generated by
a type-K monotone system is type-K monotone [40], i.e., x <f y implies ¢i(z) <g ¢i(y)
for t > 0, whereas the backward flow generated by a type-K competitive system is type-K
monotone [33], i.e., x <g y implies ¢¢(x) <g @+(y) for t <O0.

One of the important results in literature is the carrying simplex theory for totally com-
petitive systems. When system (1) is dissipative, the infinity oo can be viewed as a repeller
and its basin of repulsion is denoted by R(o0). If the origin O is also a repeller with R(O)
as its basin of repulsion in C, we see that both R(co) and R(O) are open sets of C. So the
set 3 = C'\ (R(c0) UR(O)) as the separator of the two basins of repulsion is a compact
invariant set attracting all the nontrivial points in C. Under certain conditions, the set is
an (N — 1)-dimensional manifold with interesting geometric and dynamical features. The
following is one of the theorems given in [12].

Theorem 1.1. Assume that (1) satisfies the following conditions:
(i) The system is competitive.
(ii

(iii

The system is dissipative.
The Jacobian matriz D f(x) is irreducible in C.

(iv) The origin O is a repeller.

)
)
)
(v) At each nonzero equilibrium, every entry of Df is negative.

Then (1) has a compact invariant submanifold ¥ C C homeomorphic to AN~ = {x €
C:x1+- - +xny = 1} by radial projection such that every nontrivial trajectory in C' is
asymptotic to one in 2.

This theorem is outstanding, phenomenal and has a big impact to later researches on
competitive systems due to the important and interesting features of the set X: compact,
invariant, unordered ( p < ¢ implies p = ¢ for p,q € ¥), homeomorphic to AN~! by
radial projection, and attracting all the points in C'\ {O}. This theorem proves that the
dynamical behaviour of the system in C' is essentially described by that of the system on
this co-dimension 1 surface X. Zeeman [50] called ¥ the carrying simplex and it has been
known as carrying simplex since then.

There is a wide range of applications of this theorem with a huge number of citations in
literature. For example, Zeeman and Zeeman [48], Tineo [42], Baigent [3] and [4] inves-
tigated convexity of ¥; Mierczynski [34]-[37] studied the smoothness of ¥. Zeeman and
Zeeman [49], Hou and Baigent [22], [24] and [7], and Hou [15] investigated global stabil-
ity and repulsion of a fixed point; Hou and Baigent [23] studied the existence and global
stability of heteroclinic limit cycles; Zeeman [50], Jiang and Niu [26]-][28] and Jiang et al.
[31] investigated the dynamical behaviour on carrying simplex. Some research projects
were inspired by Hirsch’s theorem although they could not use theorem 1.1 because some
of its conditions were not met. For example, Hou [16]-[18] investigated permanence and
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stability without assuming the existence of a carrying simplex; Liang and Jiang [33] stud-
ied the dynamical behaviour of type-K competitive systems; Mierczynski and Schreiber
[38] established permanence conditions; Tu and Jiang [43] found coexistence conditions for
systems with limited competition; Yu et al. [47] gave a criterion for global stability of
three-dimensional system. The concept of carrying simplex has been extended to discrete
competitive dynamical systems. Research in this area has been flourishing in the last two
decades. Typical examples are [13], [44], [45], [25], [29], [30], [9], [5], [6] and [19].

We note that total competition implies the fulfilment of conditions (iii) and (v) of theorem
1.1. For convenience, almost all users of theorem 1.1 assume total competition of the
system. But total competition is very restrictive and costly. For this reason, Hou [20] and
[21] provided an updated version of the theorem requiring strong internal competition only.
(The notation x > y in C' means z; > y; for all ¢ € Iy.)

Theorem 1.2. Assume that system (1) satisfies the following conditions:
(i) f(O)> 0.
(ii) There exists a vector r > O such that
Vi € In,Vz € C with x; > ry, fi(x) < 0.

(iii) f € cY([0,r],RN) and

o) ¢ ang 900)

Vx € [0,r],Vi,j € I, B o S
i J

Then (1) has a compact invariant submanifold ¥ C C' homeomorphic to AN~ = {x € C :
x1+ -+ xy = 1} by radial projection such that every nontrivial trajectory in C' below X
is asymptotic to one in ¥ and every point x € C' above ¥ satisfies w(x) C 2.

So far the geometric and dynamic features of the set C'\ (R(c0)UR(O)) is clear for compet-
itive systems, but not much is known for other types of systems. For type-K competitive
systems, Liang and Jiang [33] obtained the following global attractivity result.

Theorem 1.3. Assume that system (1) satisfies the following conditions:
(i) The system is dissipative.

(ii) There exists € > 0 such that Vx € C,

afi(x)
8£Cj

Vi,j € Iy or Vi, j € In \ I, < —g;

ofi
Vie I,V € In \ Iy or Vi € In \ I,V € I, (J;agx)x
J
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Then there are two (N — 1)-dimensional surfaces S1 and Sy in C' that are homeomorphic
to RNfl.iMoreover, for each interior point x of C, there are x’ € Sy (the closure of S1)
and 2" € So such that

: NI — 13 _ AN
Jim [lpu(@) — @ (@)l = Jim [lgi(x) — (") = 0.

This theorem proves the asymptotic dynamic behaviour of system (1) in terms of two
(N —1)-dimensional surfaces. But the condition (ii) is unnecessarily strong and restrictive.
Besides, the feature of the dynamics on the invariant set C'\ (R(oc0) UR(O)) has not been
investigated so far when the origin is a repeller.

The aim of this paper is to prove under appropriate conditions that the globally attracting
invariant set ¥ = C \ (R(co) U R(O)) is formed by two closed sets, each of which is
homeomorphic to a closed set of an (N — 1)-dimensional hyperplane by projection, with
the shape of a two-sloped roof of a hut plus some decorative thing on top of the ridge. We
also aim at investigating various features of the dynamics on X..

We shall describe the notation and provide some preliminary results in section 2, present
our main results in section 3 and prove them in section 6. In section 4 we deal with
two-dimensional type-K competitive systems. In section 5, we try to find some possible
configurations of ¥ for three-dimensional type-K competitive systems. Concrete examples
are given in sections 4 and 5. We then conclude the paper in section 7 with a few open
problems.

2. NOTATION AND PRELIMINARY RESULTS

For C =RY welet C = {zx € C:Vi € Iy,x; >0} and C = C'\ C. Then C is the interior
of C' and OC is the boundary of C. For any € C'\ {O}, by the support of x we mean the
set I ={iely:xz; >0}. Let

(3) mi={rxeC:x;=0},i€ly.

Then 7; is the part of JC restricted to the ith coordinate plane. Denote the ith standard
unit vector by e;, i.e. the ith component of e; is 1 and others are 0. For any nonempty
subset I C Iy, define

(4) Cr = {x€C:Vjely\I,z; =0},
(5) C; = {xeCr:Viel,z; > 0}.

Parallel to C' and C, for some fixed integer 1 < k < N with H = {1,...,k} (for “horizon-
tal”) and V. ={k+1,..., N} (for “vertical”) we let

(6) K = {zeRY:Vic Hua; >0;VjcV,z; <0},

(7) K = {zcRN:Vic Hx >0;¥jecV,z; <0}
For any z,y € RV, we define

(8) r<y:y-z€C r<y:x<y@@#y),r<y:y—zecC.
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We also use y > z,y > z,y > z for x < y,x < y,x < y respectively. Similarly,

9)

r<ky:y—-r€K v<gya<kgy@@#y), r<gy:y—z€K.

For any a,b € RN and ¢ € C, we let

(10)
(11)

[a,b] = {xERN:agwgb}ifagb,

(a,b) = {zeRY o<z <b}ifa<hb,

[a,b) = {zeRYV:a<z<b}ifa<b,

(a,b] = {zeRY:a<az<blifa<b,
[c,+0) = {zxeC:z>c},
(—o0,c] = {xelC:x<c},

(c,4+0) = {xelC:z>c},

(—o0,¢) = {relC:z<ctife>0.

We also define [a,b]k, (a,b)k, [a,b)k, (a,b] K, [c, +0) k', (—o0, ]k, (¢, +0) i, (—00, €) k' by
(10)—(17) with the replacement of <, <,>,> by <k, <k, >k, >k respectively. We may
also apply any one of these notations to C7 instead of C' if no confusion arises. For example,
for I ={2,...,N} and c € Cy, (—00,¢)x = 0 in C but we use (—o0, ) N Cr to represent
the set of points x < ¢ in C7.

Note that the sets [c, +00), (—o0, ], (¢, +00), (—00, ¢), [¢c, +00) Kk, (—00, ]k, (¢, +00) k and
(—o00,c)k are all subsets of C. Although oo appears in each of these sets, not all are
unbounded. Indeed, (—o0,c] = [0, | and (—o0,c) = [O,c) are bounded and the rest are
unbounded. (See figure 1 for illustration of these sets.)

X2
(=, 0)k | (¢, +)

c2| (=%o,cl]g | [c,+o0)
(—,¢) (c, +o0)k
(—oo, ] [c, +0)k

0 1 X1

FIGURE 1. Ilustration of [¢, +00), (—00, c], (¢, +00), (=00, ¢), [¢, +00) K, (—0, ]k, (¢, +00) K
and (—oo,c)k: a set with (without) ¢] or [c is the region including (exclud-

ing) the boundary lines 1 = ¢; and zg = c. If ¢ is on xj-axis (x2-axis)

then (¢, +o0)x =0 ((—o0,c)x = 0).
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General assumptions From now onward we always assume the following for (1):
(A1) The system is type-K competitive.
(A2) The function f satisfies f(O) > O so the origin O is a repeller.
(A3) The system is dissipative.

Any conditions that ensure (A3) are not trivial nor obvious. So a couple of sufficient
conditions for (A3) will be provided at the end of this section. From (Al) we know that
for any ordered pair z,y € C' with x <g y and for all ¢ < 0 in the maximum existence
common interval for both ¢;(x) and ¢;(y), we have ¢i(x) <k @i(y). From (A3) we can
view oo as a repeller with basin of repulsion R(o0) C C such that C'\ R(c0) is a compact
invariant set attracting every compact set of initial values uniformly as t — +o00. Since O
is a repeller with basin of repulsion R(O) C C from (A2), we must have R(co) NR(O) = 0
so R(0) C (C'\ R(0)). Let

(18) 2 = O\ (R(c0) UR(O)).

As both R(o0) and R(O) are open sets of C, ¥ is a compact set separating R(oco) and
R(O) and w(z) C X for all x € C'\ {O}. We are going to explore the asymptotic feature
of (1) in terms of X.

For each = € R(O) N C, since each half line in C from z to infinity intersects R(oco) and
¥, from (14) and (15) and figure 1 we see that [z, +00) g N X # 0, [z, +00) g NR(c0) # 0,
(—o00, 2]k N # 0 and (—o0, z]xk NR(c0) # B. Thus, for any y € [z, +o0)x N, as z <g y
implies ¢r(z) <g ¢:(y) for all ¢ < 0 and x € R(O) implies lim;,_ @¢(x) = O, we must
have ¢ (z); > ¢i(y); for all j € V and ¢ < 0. It follows from this that lim;,_ @¢(y); =0
for all j € V so a(y) C Njeym; = Cy. For any z € [z, 4+00) g N R(00), if (t,,+00) is the
maximum existence interval of ¢;(z), by the same reason as above, ¢;(z); is bounded for all
t € (ty,+00) and j € V but there is at least one i € H such that ¢;(z); — 400 as t — ¢,.
Similarly, for each y € (—o0, 2|k NE, a(y) C Niegm = Cy; for each z € (—o0, x] gk NR(00),
©i(2); is bounded for all t € (t,,+00) and ¢ € H but there is at least one j € V' such that
i(2)j = +oo as t — t,. Now let

(19) Yp={reX:alr)CcCy}, Ty ={xeX:alx) C Oy}

and Yy = ¥\ (¥g UXy). Denoting the open ball in RY centred at a with radius § > 0 by
B(a,d) and the closure of any set S C R by S, we let

(20) Ru(oo) = {reR(c0):VjeV, te(fug )|g0t(x)j| < oo},
(21) Ry(oo) = {x€R(x0):VieH, te(qu )|gpt(m)i| < o0},
(22) Ru(co) = {xeRy(c0):30>0,(B(x,0)NC) C Ry(co)},
(23) Ry(x) = {xe€Ry(co):30>0,(B(z,6)NC)C Ry(0)},

(24) S = Rp(00) \ Ru(0), Sy =Ry (00) \ Ry (c0).
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It is clear that all of these sets defined by (19)—(24) are nonempty, ¥z and Xy are mutually
exclusive, and Rp(oco) and Ry (0o) are mutually exclusive. We shall see later that ¥o #

0.

We say that a set By separates B into By and Bj if B is the union of mutually exclusive
nonempty sets By, Ba, Bs, for any points x € By, y € B3 and any curve ¢ C B joining z
toy, N By # (. If B = By U By U B3 where By, By, B3 are nonempty mutually exclusive,
B is closed and Bs, B3 are open, then the finite open covering theorem for compact sets
ensures that By separates B into By and Bs.

Proposition 1. Under the assumptions (A1)-(A3), the following conclusions hold:

(1) Each of RH(OO>: RV(OO)f RH(OO)f RV(OO)7 RH(OO)J RV(OO)7 Sy and Sy is in-
variant.

(ii) = € Ru(oo) implies [z, +00)k C Ru(co) and x € Ry (o0) implies (—oo, x]x C
Ry (0).

(iit) Rp(00) and Ry (oc) are open sets of C.

(iv) Sg and Sy are closed.

(v) Foreachx € Sy, [x,+00)x C Rp(o0); if (z, oo)K # 0 then (z,+00)xk C Ry (o0);
if (—o0,x) i # 0 then (—o0,z)xk N R (o)

(vi) For each z € Sy, (—o0,x]x C Ry (00); if (—
if (x,+00)K # 0 then (z,+00)x N Ry (00) =

00,2) g # 0 then (—oo,z) g C Ry (0);
0.

(vii) The sets Sg and Sy are unordered in <k, i.e. no two points in Sy (Sy) are
related by <.

(viii) SyNC is homeomorphic to RN=Y so it is an (N —1)-dimensional surface separating
C into two mutually exclusive simply connected open sets: RH( )N C on one side
and C'\ Rp(oo) on the other side of Sy N C. The set Sy is homeomorphic to a
closed set of an (N — 1)-dimensional plane by projection and it separates C into
two mutually exclusive open sets of C: R (o0) and C'\ Ry (o).

(ix) SvﬂC is homeomorphic to RN~1, so it is an (N —1)-dimensional surface separating
C into two mutually exclusive szmply connected open sets: RV( )N C on one side
and C \ Ry (00) on the other side of Sy N C. The set Sy is homeomorphic to a
closed set of an (N — 1)-dimensional plane by projection and it separates C into
two mutually exclusive open sets of C: Ry (c0) and C \ Ry (o0).

(X) RH(OO) C ('RH(OO) \ (SH N Sv)) - (C\Rv(oo)) and Rv(oo) C (Rv(oo) \ (SH N
Sv)) € (C\Ru(o0)).




GLOBAL DYNAMICS OF TYPE-K COMPETITIVE KOLMOGOROV SYSTEMS 9

Proof. (i) The invariance of Rr(0c0) and Ry (00) follows from each set consisting of certain
whole orbits. The rest follows from the definition of each set and continuous dependence
on initial values.

(ii) It is obvious from the definition of [z, 400)k, (—o0, z|k, (20), (21) and the backward
monotone property of the flow for (1).

(iii) It is obvious from (22), (23).
(iv) That Sy and Sy are closed follows from (iii) and (24).

(v) For each x € Sy, if x € Ry (o0) then [z, +00)x C Ry(oc0) from (ii). So [z, +00)x C
Ry (oo) and, if (z,+00) g # 0, (z,4+00)k C [x,4+00)x C Rp(o0). If z € Ry (00)\ Ry (00),
there is a sequence {z(™} C Ry (00) such that lim, oo 2™ = z. As [z, +00)x C Ry (c0)
from (ii), for each y > = we have ("™ + (y — z) > (™ and lim,, o0 ™ + (y — ) = y s0
[z,400) ) C Ry (00). If (z,+00)x # 0, for any y € (x, +00)k, y >k « implies y > (™
for large enough n so that y € [#(™, +00) and (z, +00)x C Ry (c0).

Suppose (—o0, z) g # () for some z € Sy. Since (—oo, z) g is an open set of C, if (—o0, ) kN
R (c0) # 0 we would have a y € (—o0,2) g NRy(c0). Then [y, +00)x C Rpy(oc) by (11)
As y <k x, with 6 = min{%|y; — ;| : i € Iy} > 0 we have (B(z,6) N C) C [y, +o0)x
R(00) so x € Ry(00), a contradiction to = € Sy. Hence, (—oo, z)x N Ry (c0) =

0.
(vi) It is similar to the proof of (v).
(vii) This follows from (v) and (vi).
(viii) Define M : C' — RN by
M(z) = (In(z1), In(za),...,In(zy)), z € C.

Then M is a homeomorphism between C' and RN . As In(z;) is strictly increasing in z;, M
maintains the orders in <pg, <y and <g. Thus, for any x € C,

M([z,+00)g NC) = {yeRN :y >k M(x)},
M((z,400)g NC) = {yeRY :y > M(z)},
M((—o0,z]gNC) = {yeRN:y<g M(x)},
M((—o0,z)gNC) = {yeRY :y<x M(z)}.

Moreover, from (v) and (vii), M(SHOC) is unordered in < and, for each y € M(SHHC’),
{x eRN : ¢ >k y} C M(Ru(co) NC) but {z € RN 2 < y} N M(Ry(c0)NC) = 0.
Further, M (Rp(c0) N C) is identical to

{x € M(Ry(c0)NC): 38 > 0,B(x,8) € M(Ry(oc)NC)}.
Let u € RY such that u >k O with (u,u) = u? +---+ud =1 and let E = {z € RV :

(u,z) = 0}. Then E is the orthogonal hyperplane of the unit vector u. The projection
Pg : RY — Eis given by Pg(x) = 2— (u,z) u for x € RN, Now define m : M(SyNC) — E
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by the restriction of Py to M(SgNC) so m(z) =z — (u,z) u for z € M(SyNC). We claim
that m is a homeomorphism. As F is homeomorphic to RN~ and Si N C through M and
m is homeomorphic to E, we have shown that Sy N C is homeomorphic to RV~1. Note
that E separates RV into two mutually exclusive simply connected open sets with one on
each side of E. As M (SyNC) is homeomorphic to E through m, M(SyNC) is an (N —1)-
dimensional surface separating RY into two mutually exclusive simply connected open sets
with one on each side of M (Sy N C). Since C and RY are homeomorphic through M and
M maps Sy NC onto M(SyNC), SgNCis an (N — 1)-dimensional surface separating C
into two mutually exclusive simply connected open sets, R (00)NC and C'\ Ry (o0), with
one on each side of Sy N C. Clearly, Sy, R (00) and C'\ Ry (c0) are nonempty mutually
exclusive and C' = Sy UR g (00) U(C\ Ry (00)). As Sy is closed and Ry (o0), C'\ Ry (00)
are open, Sy separates C' into Ry (00) and C'\ Ry (00).

Next we prove that m is a homeomorphism. Clearly, m is continuous and one-one by (vii).
For each y € F, the line through y parallel to u consists of the points y + Au for all A € R.
Clearly, y + Mu >k y + \u if and only if Ay > Xy. For any z € M(Syg N C’)7 it follows
from (v) that

{zeRYN 2> 2} € MRy(co)NC),
{zeRY 2 <2t N MMRy(0)NC) =0.

Since y + Au >k z s0 y + Au € M(Rp(c0) N C) for sufficiently large A, and y + \u < 2
s0 y + Au & M(Ry(oco) N C) for sufficiently large —A, by letting

My) =inf{A €R:y+ e M(Ry(c0)NO)},

we have y + Au € M(Rg(oco) N C) for A > A(y) but y + A ¢ M(Rp(c0) N C) for
A < Ay). Thus, m_‘l(y) =y+ MNy)u € M(SgNC). Then m is a homeomorphism if
m~!': E — M(Sy NC) is continuous.

For continuity of m~! we need only show that A : E — R is continuous. For any bounded set
B C E, there is a A\; > 0 such that y+Au >k zforally € Band A > A\ and y+ \u < 2
for all y € B and A < —\;. By the definition of A(y), we have [A(y)| < A\ for all y € B.
Thus, A(y) is bounded for y in any bounded set of E. Now suppose A : E — R is not
continuous. Then, for any convergent sequence {y(™} C E such that lim,_,., y™ = y(©,
the boundedness of {\(y(™)} implies that it has a convergent subsequence. Without loss
of generality, we assume that lim, o A(y™) = Ao # A(y(?). It follows from this that
lim m = (y™) = 4@ + Aou # 3O + Ay =m~(y?).

n—o0

Asm~(y ) € M(SynC), we must have z € M(Rp(00)NC) for all > m~(y(?) and
& M(Rp(c0)NC) for all & < i m~(y@). If Ag > A(y@) then y© + Ngu > m~ (y(@),
so there is a small § > 0 such that every p € B(y(©) + Aou, §) satisfies p >x m~(y®)
ie. By + \u,d) € M(Ry(oo) N C). Hence, B(mfl(y(")),%é) c By© + \u,d) C
M (R (c0) NC) so that m~ (y™) € M(Ry(c0)NC) for large enough n. This contradicts
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m~Yy™) € M(SgnC). If \g < Ay?) then y O + Nou < m~H(y?), so there is a
small § > 0 such that every p € B(m~(y©), 6) satisfies p >k m~ L(y™ for sufficiently
large n. Thus, B(m~'(y(9), ) M(Rp(o0) N C) so that m~(y©) € M(Rp(o<)NC), a
contradiction to m~1(y(®)) € M (S N C). Therefore, we must have A\g = A(y(?) so m~! is
continuous.

Finally, we consider the map g : Sy — Pg(Sg) defined by g(x) =z — (u, x) u for x € Sq,
the restriction of the projection Pg to Sy. From (v) and (vii) we can see the existence of
g~ ' Pp(Sy) — Sy and g7 (y) = y+ A(y)u. By the same technique as above we can show
that A(y) is continuous, so g~! is continuous and ¢ is a homeomorphism. (Actually, the
continuity of g~! can follow from that it is Lipschitz shown for corollary 3 in next section.)
As Sy is closed, Pg(Sy) is closed in E.

(ix) Similar to the proof of (viii).
(x) These set inclusions follow from (20)—(24), (viii) and (ix). O

Remark 2.1 The idea of the proof of proposition 1 (viii) is the same as that of proposition
3.3 in [33] though the notation there is different from ours.

Remark 2.2 For system (1) on C, the sets R(c0), R(O), R (c0), Ry (0), Si, Ry (00),
Rv(oo), Sv, X, Xy, Xy and X are defined as subsets of C'. For any proper subset I C Iy,
since C7 is invariant, for the subsystem of (1) restricted to C; we can define R!(c0),
RI(0), RE (00), RE (c0), Sk, R (00), RE(0), SE, =, 2E %2 and % as subsets of Cf
correspondingly. Then it is clear from the definitions that

RI(00) = R(c0) N C, RI(0) =R(O)NCy,
RE (00) = Ry(00) N Cy, RE (00) = Ry (c0) N Cy,
EI:EQC[,EI:EHﬂC], E]:E\/ﬂC[,EézzoﬁC[.

However, since (R (00) N Cr) € RE (00) and R%( ) € (Ri(00) N Cy), we have

(25) Str = (Riz(00) \ Riz(00)) € (Ru(00) N Cr) \ (Ru(00) N Cr)) = Su N Cr.
Similarly, we also have
(26) Sy = (R{;(00) \ R{/(o0)) € (Ry(00) N Cr) \ (Ryr(00) N C1)) = Sy N .

If I = H then R} (00) = RE(00) = RI(00), RE(00) = 0, and Si, = B! is the modified
carrying simplex of the competitive subsystem on Cyr. If I = V then R{,(c0) = RY,(00) =
RI(), RL(00) = 0, and S{. = ¥ is the modified carrying simplex of the competitive
subsystem on Cy. If INH # () and INV # (), proposition 1 can be applied to these subsets
of C;. In particular, S{q NCy (S‘I/ N C’I) as a subset of Sy N Cy (Sy N CI) is homeomorphic
to RII=1 where |I| denotes the cardinality of I.
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Remark 2.3 Are the equalities
(27) St =SunCy(if S exists), SL = Sy N Cy (if S exists)

true for all proper subset I C In? If the answer is YES, then Sy and Sy can be decomposed
as

Sy = (SgpnC)usHu(urshnoy),
Sy = (SynC)YUSYy U (UStney),

where U; is the union over all proper subsets I C Iy with INH # () and INV # (). As
»H (2Y) is an (|H| — 1)-dimensional ((|V| — 1)-dimensional) manifold by theorem 1.2 and
S, N Cr (S{ N Cr) is homeomorphic to RII=! we can say that Sy (Sy) is an (N — 1)-
dimensional surface with a finite number of lower dimensional manifolds on its edges in
0C'. We shall see in next section (remark 3.2) that

(28)  (Sf \R(00)) = (Sm \ R(c0)) N Cr ((S{ \ R(00)) = (S \ R(20)) N C7)

holds for all proper subset I C Iy if S (S‘I,) exists. For the proof or disproof of general
(27), we leave it as an open problem.

We note that the assumption (A3) is actually posing a challenging problem in practice: find
a easily checkable sufficient condition for dissipation. Any sufficient condition for (1) to be
dissipative is not trivial. For convenience, we provide two related results below. For any
matrix A, we denote its ith row vector by (A);. We say that A is stable if every eigenvalue
of A has a negative real part.

Proposition 2. Assume the existence of a stable matriz A with negative diagonal entries
and nonnegative off-diagonal entries. If there is an r > O such that

Ve e C\ [O,r], Df(x) <A,

then system (1) is dissipative.

Proof. Since A is stable, —A is an M-matrix so there is a vector v > O such that u =
Av < O (see [1] p.6 or [2]). Then, for each i € Iy, fi(rie;) — (A)irie; + ku; < 0 holds for
large enough k£ > 0. Let kg > 0 such that

(29) kov >r, Vi€ Iy, fz(nez) — (A),»n-ei + kopi < 0.
)

We now show that for each k > ko and ¢ € Iy, fi(z) < 0 for all z € [O, kv] with x; = kv;
so that [O, kv] is forward invariant and for each = € [O, kv] with z; = kv; for some j € Iy,
or(x) € [O,kv) for all t > 0. It then follows that [O, kgv) is forward invariant and every
orbit in C' will enter into [O, kgv), so (1) is dissipative.
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For each k > kg, i € Iy and =z € [O,kv] with z; = kv;, we have z; > kov; > r; so
x — r;e; > 0. By the assumption,

1
i) = ftre)+ ([ 00w+ st = reas ) o - i)
< fi(riei) + (A)i(x — rie;)
< fi(rzez) + (A)Z(km - Tzez)
= fi(rzez) (A) i€ + kﬂz
< filriei) — (A)irie; + kopy < 0.

O

Note that proposition 2 also shows that [O, kgv) is forward invariant and globally attractive
for v > O and ko > 0 satisfying Av < O and (29). Moreover, this proposition does not
require (1) to be a type-K system.

For any = € C, we can write it as © = xy + 2y where zz7 € Cg and xy € Cy .

Proposition 3. Assume the existence of a continuous curve u : Ry — C such that u(sy) >
u(s2) > O for s1 > so > 0 and for all i € Iy, ui(s) — +o00 as s — +00. Moreover, for
each s> 0,1 € H and j €V,

fi(ui(s)e; +u(s)v) <0, fi(uj(s)e; +u(s)g) <O0.
Then the type-K competitive system (1) is dissipative with [O,u(0)) forward invariant and
globally attractive.

Proof. For each s > 0, we show that
(30) Vi € Iy,Vx € [O,u(s)] with x; = u;(s), fi(z) <0

so that [0, u(s)] is forward invariant and w(z) C [O,u(s)) for every x € [O,u(s)]. As u(s)
is monotone and u;(s) — 400 as s — +oo for all i € Iy, [O,u(0)) is forward invariant and
globally attractive.

For each i € H, since (1) is type-K competitive, f;(x) is nonincreasing in z; and non-
decreasing in zy for j € H \ {i} and k € V. Thus, for fixed s > 0, x € [O,u(s)] with
x; = u;(s), we have

fi(x) < fi(ui(s)ei + zv) < fi(ui(s)e; + u(s)v).
From the assumption f;(u;(s)e; +u(s)y) < 0 we have f;(x) < 0 for all i € H. Similarly, for
each j € V, fj(x) is nondecreasing in z; and nonincreasing in zy, for i € H and k € V'\ {j}
so for fixed s > 0, z € [O,u(s)] with z; = u;(s), we have

fi@) < fiwm +uj(s)e;) < fi(uls)m + uj(s)e;).
From the assumption f;(u;(s)e; +u(s)y) < 0 we obtain fj(x) < 0 for all j € V. Then (30)
follows. .
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3. THE MAIN RESULTS

With the preparation in section 2 we are now able to present our main results. From
proposition 1 we know that Sy N C and Sy N C are two (N — 1)-dimensional invariant
surfaces each separating C into two mutually exclusive regions. Also, each of Sy and
Sy is homeomorphic to a closed set in an (N — 1)-dimensional plane orthogonal to any
vector u >k O. Under the assumptions (Al)-(A3) and further conditions we shall see
that the asymptotic dynamics of (1) on C' can be described by the system restricted to Si
or Sy.

We shall use the norm ||z|| = max{|z;| : i € In} for x € RN, Then, for € C, we have
|zg| = max{z; : i € H} and ||zy| = max{z; : j € V}.
Theorem 3.1. Under the assumptions (A1)-(A3) we further assume that the following
conditions hold.
(i) There is an r > O such that C'\ R(o0) C [O, 7).
(ii) Fach diagonal entry of Df(x) is negative for all x € [O,r].
(i) If N > 3, for each I C Iy with INH # 0, INV # 0 and the cardinality |I| > 3,

a.

Vie HNI,35€eV NI, vz € [0,r]NCy, Lg;i)>0,
ofi

VieVnL3eHnI, VYzxelO,rnCr, gf)>o.
J

(iv) If N > 3, there is a po > ||| such that for each i € H and every j € V,

fi(poei +rv) <0, fi(poei +1v) >0,
fi(poej —+ T‘H) > 07 fj(poej + T’H) < 0.

Then, for each I C Iy satisfying INH # 0 and INV # () and every x € Cy, there are
T>0,2 € SgnCrN[O,r] and 2" € Sy NC; N[O, r] such that

. / _ . _ 1 _
(31) Jim [lger(@) = o) = lim_Jlgrir(@) - ea")] = 0.
Remark 3.1 For N-dimensional systems with N > 3, a condition stronger than condition
(iii) is
dfi(x) -0, of;(z)

> 0.
81‘]' 8952

(32) Vie H,Vj e V,Vz e [O,r],

For two-dimensional systems, conditions (iii) and (iv) in theorem 3.1 are redundant and
H = {1} and V = {2}. Writing Sy and Sy simply as S; and Ss, we simplify theorem 3.1
as the corollary below.
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Corollary 1. Assume that system (1) with N = 2 meets the assumptions (A1)-(A3) and
the conditions (i) and (i) of theorem 3.1. Then, for each x € C, there is an equilibrium
p € S1NS2N(O,r) such that limy_, 1o pi(x) = p.

The proof of this corollary will be covered by that of theorem 4.1 in the next section so
that the conclusion of theorem 3.1 for I C In with |I| = 2 is proved.

Since Sy and Sy are closed and invariant, for ' € Sy and 2’ € Sy we have w(z’') C Sy
and w(z”) C Sy. But from theorem 3.1, for 2 € C; satisfying (31) we must have w(z) =
w(z') = w(x”). Thus, Sy NSy # () and, for each I C Iy satisfying INH # Q) and INV # ()
and every = € Cr, w(z) C Sg N Sy N[O,7).

But what if x € C'y or x € C'y? The answer to this question will be clear from the following
observation: The subsystem of (1) on Cp is competitive. The conditions of theorem 3.1
guarantee that theorem 1.2 can be applied to this subsystem. Thus, this subsystem has a
modified carrying simplex ¥, which separates the basin of repulsion of co from the basin
of repulsion of the origin in O, such that w(x) C S for each x € O \ {O}. Moreover, if
x # O is below X then there is 2/ € ¥ such that limy_,« ||¢:(z) — @i (2')|| = 0. We shall
see from remark 3.2 that X7 = S NCx = SgNCx. Therefore, the asymptotic dynamics of
the subsystem of (1) on C'y can be described by that of the system restricted to Sy N Ch.
In the same way as above, the subsystem of (1) on Cy is also competitive with a modified
carrying simplex ¥V = ¥ N Cy = Sy N Cy and the asymptotic dynamics of the subsystem
on Cy can be described by that of the system on Sy N Cy. From theorem 3.1 and this
observation we obtain the corollary below.

Corollary 2. Under the conditions of theorem 3.1, the asymptotic dynamics of system (1)
restricted to C'\ Cy can be described by the system restricted to Sy N[O, r]; the asymptotic
dynamics of system (1) restricted to C'\ Cy can be described by the system restricted to
Sy N[O,r]. In other words, for each x € C\ Cy, if x & Cy NRy(c0) then wi(x) for
t > 0 is asymptotic to one in Sy N[O, ], otherwise w(x) C Sy NCy; for each x € C'\ Cy,
if x & Cy N Rp(c0) then ¢i(z) for t > 0 is asymptotic to one in Sy N [O,7], otherwise
w(x) C SgNCh.

Let E = {z € RV : (z,u) = 0} be the hyperplane in RY for any given unit vector u > O.
From proposition 1 (viii) we know that each of Sy and Sy is homeomorphic to a closed
set in £ by projection. Let Pg : RY — E be the projection and g : Sy — Pg(Sg)
(g9 : Sv — Pg(Sy)) be the homeomorphism, the restriction of Pg to Sg (Sy). Then
g(x) = 2 — (u,z)u for x € Sy (Sy) and g~ (y) = y + My)u for y € Pe(Sy) (Pe(Sy)),
where A(y) is continuous (see the proof of proposition 1 (viii)). It is obvious that ¢ is
Lipschitz. We now show that ¢g~! is also Lipschitz (by the same technique used in the
proof of proposition 2.6 in [12]). Let Sp C E be the set of all unit vectors in E. Then
Sp is compact, so there is a p > 0 such that z + pu >k O for all p > p and x € Sg
and z + pu < O for all p < —p and x € Sp. Hence, if some p € Sg and p € R satisfy
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neither p + pu >g O nor p + pu < O then we must have |p| < p. Now for any distinct
z,y € Pp(SH) (Pe(5v)),

g @) -9y _ z-y @) =Ay)
[z =yl [z =yl [z = yll
As both g~!(z) and g~!(y) are in Sy (Sy), which is unordered in <y, we have neither

% >k O nor %w <k 0. With p = Z=% and p = QE20) e see

that p € Sg, p € R and neither p+ pu >k O nor p+ pu <i O. Thus, |p| = % <p

and
lg™ () = g7 W)l < (1 + )|z — y]|.
Then we obtain the following corollary.

Corollary 3. Under the conditions of theorem 3.1, the flow ¢, on Sy (Sv) is conjugate,
via the Lipschitz homeomorphism g, to the flow 0; of a Lipschitz vector field on a closed
set of the plane E = {x € RN : (z,u) = 0} for any given unit vector u > O, that is, with
O =gopiog! and G(y) = PpoFog™'(y),

Vi € 9(Sw) C B (v € g(Sv) € B), 4 (04(x)) = G(0u(x).

Recall that

Y=C\(R(0)UR(0)) =Xy UXyUXZy,
where X and Xy are defined by (19). Clearly, Sy and Sy are closed and unbounded and
part of each is in the open set R(cc0). Then Sg \ R(o0) and Sy \ R(co0) are compact sets.
What are the relationships between Sg \ R(c0) and g, X9, Xy and between Sy \ R(o0)
and Xy, Yo, Xy ? Our next theorem answers this question.

Theorem 3.2. The following conclusions hold under the conditions of theorem 3.1.

(a) For each x € (R(O)\ {O}), let I C Iy be its support. If I C H then there is an
2’ € Xy N Cr such that

(33) Jim_[p1(z) - (@) = 0.
If I C V then there is an " € Xy N Ct such that
. _ M| —

(34) i [oi(z) — e} = 0.

IfINH #0 and INV # 0, then there are ' € Xg NCr and 2" € ¥y N Cr such
that both (33) and (34) hold.

(b) (S \R(c0)) = (Eg Uo) and (Sy \ R(00)) = (Sy U Xo).

(¢) (R(0) NR(0)) = (R(O)\ R(0)) = (En UZy) = (EyUZy) = (ZgpUZy) C X
and (R(o0) \ R(c0)) = X.
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Remark 3.2 From theorem 3.2 (b) we can see that (28) in remark 2.3 holds for each
proper I C Iy with Sy NCy # 0 (Sy NCy; # 0). Indeed, S{{ (S{/) exists for each such I.
Applying theorem 3.2 to (1) on C' and to the subsystem of (1) on Cy, we have

St \R(c0) = Si\R(c0) =X} U

— (ZHUZ0)NCr = (Su \ R(x)) N Cr,
SU\R(c0) = 8 \R(c0) =% UX]

— (v USe)NCr = (Sv\ R(x)) N Cr.

The main features of ¥ are described by the following theorem, where for any € > 0 and
any nonempty set S C RV, B(S,¢) = UpesB(z, ).

Theorem 3.3. Assume that the conditions of theorem 3.1 hold. Then the following con-
clusions hold about ¥ = X5 UXoU Xy given by (18) and (19).

(a)

(b)

(c)

(d)

(e)

(f)

(2)

(h)

(i)

Each of Y5, %0,Xv, X1, Ly and any set obtained from these with U,N,\ is invari-
ant.

Each of ¥1,%v, %0, 215 U X0, 2y U X, X5 UXy and any set obtained from these
with U, N 1s compact.

Y is the global attractor of (1) on C\{O}, that is, for any compact set Q C C\{O}
and any € > 0, there is a T > 0 such that p(Q) C B(3,¢) for allt > T.

Each of Sy N C and Sy N C is an (N — 1)-dimensional invariant manifold home-
omorphic to an open set of the hyperplane E = {x € RY : (x,u) = 0}, where
u > O is a unit vector, by projection. Each of X and Xy is homeomorphic to
a closed set of E by projection. The set X U Xy separates C into two mutually
exclusive connected open sets R(O) and C'\ R(O).

The set X \ Cgy does not contain any limit point and for each © € Yy \ Cq,
a(z) CXgNCh and w(x) C .

The set Yy \ Cy does not contain any limit point and for each x € Xy \ Cy,
a(z) C Xy NCy and w(z) C Xp.

The set X is the global attractor of (1) on C\ (Cy UCY), that is, for any compact
set Q C C\ (CypUCYy) and any € > 0, there is a T > 0 such that ¢:(Q) C B(Xo,¢€)
forallt >T.

The set XN Cy = Xg N Cyg is the global attractor of the subsystem of (1) on
Ch \ {O} but is the global repeller of (1) on Yy with its dual attractor Sy \ Xp.

The set XNCYy = Ly NCy is the global attractor of the subsystem of (1) on Cy\{O}
but is the global repeller of (1) on Sy with its dual attractor Xy \ By .
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Remark 3.3 From theorem 3.3 we see that the three mutually exclusive compact invariant
sets Xy NCp, Xy NCy and Xy contain all the nontrivial limit sets of (1), ¥ \ Cy consists
of trajectories linking ¥ NCpx to Xy and Xy \ Cy consists of trajectories linking ¥y N Cy
to Y. Intuitively, X N Cx can be viewed as a “saddle point” with a “stable manifold”
Cy \ {O} and “unstable manifold” Xz \ Cy, ¥y N Cy can be viewed as a “saddle point”
with a “stable manifold” Cy\ {O} and “unstable manifold” ¥y \ Cy, and X can be viewed
as a “stable node”. This supports the geometric description of 3 as a two-sloped roof of a
hut with a decorative thing on top of the ridge (see figure 2).

R(o)

Iy \ Gy
5, NCy |

0 T, N Cy Cy

FIGURE 2. Illustration of the global attractor X: Xy U Xy (the upper
boundary of R(O)) plus some possible extra in .

Remark 3.4 Note that Cy is k-dimensional and a part of the boundary 0C and Cy is
(N — k)-dimensional and a part of of the boundary of C. From theorem 3.3 (e)—(g) we see
that the global behaviour of (1) in C, and in C'\ (Cr U Cy/) in general, is concentrated on
Y. For a competitive system with carrying simplex, it is known that the global behaviour
of the system on C can be described by that of the system on the carrying simplex. It is
also known that any complicated behaviour can be embedded into the carrying simplex of
a competitive system. Is this also true for 3y of type-K competitive system (1)? Also, we
don’t know much about the geometric feature of Xg. It is possible for ¥ to be an (N —1)-
dimensional manifold homeomorphic to a closed region in E by projection. It is equally
possible for ¥y to consists of a finite number of lower dimensional invariant manifolds.
There is a huge space for further exploration of X, its composition and the behaviour on
it. The next two sections serve as examples of such exploration.
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Remark 3.5 From theorem 3.3 (d) and remarks 2.2, 2.3 and 3.2 we see that Xy (Xy) can
be viewed as an (N — 1)-dimensional invariant manifold with a finite number of lower di-
mensional manifolds on its edges in dC'. It is strongly believed that the following conjecture
is true:

e Conjecture The set (X5 NXy) N C is an (N — 2)-dimensional invariant manifold
and (X NXy) NOC consists of a finite number of lower dimensional manifolds.

If this is true, then ¥z NXy serves as a common edge of X7 and Xy, glueing the two pieces
together so that ¥y UXy can be viewed as a two sloped (N — 1)-dimensional manifold
with a finite number of lower dimensional manifolds on its edges. In particular, when
Yo = Xy N Xy, the whole global attractor ¥ = X5 UXy on C \ {O} has this geometric
feature. We shall see from theorem 4.1 in next section that this conjecture is true for
N = 2: (Eg NZy) N C consists of a single equilibrium, a 0-dimensional manifold. For
N > 2 this conjecture is left as an open problem.

4. TWO-DIMENSIONAL TYPE-K COMPETITIVE SYSTEMS

In this section, we look into ¥ for more details for two-dimensional type-K competitive
systems (1) which can be written as

(35) ) = 21 fi1(z1, 22), 75 = xofo(x1,22), © = (v1,22) € R2 = C.

By definition, (35) is type-K competitive if the two-species system is cooperative (as its two
subsystems are one-dimensional with no off-diagonal elements of the Jacobian matrices).
Since the flow of cooperative systems is monotone for positive time, the flow of (35) is
monotone in < for forward time and monotone in <g for backward time. Conditions (iii)
and (iv) in theorem 3.1 require N > 3 so they are redundant for (35). The following
theorem for (35) includes corollary 1 as part of it. A curve / is said to be ordered in < (<)
if every pair of distinct points on £ are related by < (<).

Theorem 4.1. Assume that f in (35) satisfies (A1)—-(A83) and the conditions (i) and (ii)
of theorem 3.1. Then the conclusions below hold for (35).

(a) The system has one equilibrium @Q; on each positive x;-axis, which is a saddle
point with the positive x;-axis as its stable manifold W*(Q;) and a trajectory as its
unstable manifold W*(Q;) C C.

(b) The system has at least one interior equilibrium py > O. If po is the only one
interior equilibrium then it is globally asymptotically stable in C. Otherwise, there
are two equilibria p1 > po > O such that pi(x) converges to an equilibrium p €
[po, p1] for all x € C.

(c) The set ¥ = C \ (R(c0) UR(O)) is the global attractor of (35) on C'\ {O} and it
has the decomposition ¥ = X g UXYgUXy, where X g consists of Q1 and its unstable
manifold W*(Q1), a trajectory linking Q1 to pg, forming an ordered curve in <
and Yy consists of Q2 and its unstable manifold W*(Q2), a trajectory linking Qo



20 ZHANYUAN HOU
to po, forming an ordered curve in <. If py is the unique equilibrium in C then

Yo = {po}; otherwise, ¥¢ is an ordered curve in < from py to p1 consisting of
heteroclinic trajectories and equilibria.

(d) SH\R(0) =25 UXg and Sy \ R(co) = Xy U X (see figure 3 below).

X

Q| v R(e)

Ky \\/

(a) (b)

FIGURE 3. Hlustration of ¥ = ¥y U XgU Xy when N = 2: (a) ¥p is an
ordered curve, (b) X9 = {po}.

Remark 4.1 An alternative condition for (A3) and (i) in theorem 4.1 is the following:

e There is a continuous g : R, — Ri such that g(s2) > g(s1) > O for all s3 > 51 > 0,
gi(s) = 400 as s = +oo for i = 1,2, and f(g(s)) < O for all s > 0.

Indeed, under this condition, by proposition 3 (35) is dissipative with [0, ¢(0)) forward
invariant and globally attractive.

Example 4.1 Consider the planar system

o =x(xg — 1 —a(zy — 1) — (21 — 1)3),
(36) oy — sl — 1 alzs — 1) — (s — 1),

where a > 0 is a constant and (x1,x9) € C. Viewing (36) as (35) we have f(O) = (a,a) >
O. With ¢(s) = (s +2,s +2) for s > 0,

flg(s)) =—(s+1)(a+s(s+2))(1,1) < O.
By remark 4.1, (36) is dissipative with C'\ R(c0) C [O,r) for r = (2,2). Then (A1)-(A3)
and conditions (i)—(ii) of theorem 3.1 are all satisfied. Let so be the unique solution of the
equation 1+a(s—1)+(s—1)3 = 0. Then sg € (0,1) and Q1 = (s0,0), Q2 = (0, 59) are the
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two axial equilibria. Since fi(z2,x1) = fa(x1, z2), the dynamics of (36) is symmetric about
the line zo = x1 and the line is an invariant manifold. The dynamics on this manifold can
be described by the scalar equation

(37) ' =u(u—1)(1—a—(u—1)%).

For 0 < a < 1, (37) has four equilibria 0,1 — /1 —a, 1,1 + /1 — a with repellers 0 and
1 and attractors 1 + /1 — a. For a > 1, (37) has only two equilibria 0 (a repeller) and 1
(an attractor). Then P = (1 —v/1—a,1—+1—a),Po=(1,1) and P3 = (1++1—a,1+
V1= a) are the only equilibria of (36) in C for 0 < a < 1 and P, is the only one for a > 1.
The global dynamics is clear from the phase portraits below (see figure 4).

X

d1 "o X

(b)

0=

FIGURE 4. Phase portraits of (36) with the red colour for the global attrac-
tor ¥: (a) 0<a<1,(b)a>1.

Proof of theorem 4.1: Since (35) is cooperative as well as type-K competitive, the
dynamics of (35) is monotone in < for forward time and in <g for backward time. As O
is a repeller, the compact set ¥ = C'\ (R(c0) UR(O)) attracts all the nontrivial points in
C.

(a) By (A2), (A3) and conditions (i) and (ii) of theorem 3.1, f1(O) > 0, fi(z1,0) is
strictly decreasing for z1 € [0,71], and [0,71) attracts all the points on positive x-axis.
Thus, fi(r1,0) < 0 and there is a unique equilibrium @ on the positive x;-axis such that
fi(z1,0) > 0 (< 0) for z1 below (above) Q1 within [0, 7] so that Q is globally attracting

on the positive zj-axis. By (Al) and (ii), f2(Q1) > f2(O) > 0 and %&21) < 0. So the
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Jacobian DF(Q1) has two eigenvalues with opposite signs. Hence, @1 is a saddle point with
the positive half z1-axis as its W#(Q1) and a trajectory in C' from @ as its W"(Q1).

Replacing the subscript 1 by 2 in the above paragraph we obtain a unique equilibrium ()2
on the positive x9-axis within [0,73) such that @2 is a saddle point with the positive half
xo-axis as its W*(Q2) and a trajectory in C' from Q2 as its W*(Q2).

(b) It is known that every bounded trajectory converges to an equilibrium for two-dimensional
cooperative systems (see theorem 2.2 in [41] Chapter 3). Since the origin O is a repeller,
for any x € (O, r) close enough to the origin, f(z) > O so ¢i(z) > z for small ¢ > 0.
By the forward monotone property of cooperative systems, ¢;(x) is monotone and con-
verges to an equilibrium py > O. Then, for any y > O, since limy_,_ ¢;(z) = O and
limy—, o0 0t(z) = po, there is t; € R such that ¢y, (x) < y so that gy, () < @i(y) for
all t > 0. This shows that lim;_, 1 p¢(y) = p for some equilibrium p > py. In particular,
there is an equilibrium p; € [pg,7) such that limy_ 4o @i (r) = p1.

By (i), for each y > O, there is t2 > 0 such that ¢4, (y) < r so that @i+, (y) < ¢i(r) for all
t > 0. This shows that lim;_, . ¢t(y) = p for some equilibrium p < p;. Combining this
with the previous paragraph we conclude that ¢;(y) converges to an equilibrium p € [pg, p1]
for all y € C. If py = p1 then the forward monotone property of cooperative systems and
the global attraction of py in C' imply the global stability of py in C.

(c) The proof that 3 is a global attractor of (35) in C'\ {O} will be covered by the proof
of theorem 3.3 (c) given in section 6.

Since fi(po) = 0 and f;(Q;) = 0, by (A1) fi(porr) < fi(po) = 0 and fo(pov) < fa(po) = 0.
By (ii), Q1 < por < po and Q2 < poy < po. So, for any x € W¥(Q;) close to Q;, x < pp.
Therefore, by forward monotone property and conclusion (b), lim;—, 4~ ¢¢(x) = po. Hence,
W"(Q;) is a heteroclinic trajectory from @Q; to po.

Then, from the saddle nature of @)1 and Q)2 and the repelling nature of the origin, it is clear
from a simple phase portrait that {Q1,po, Q2} UW"(Q1) UW"(Q2) is the upper boundary
of R(0), i.e.

R(O)\ R(0) = {Q1,po, Q2} UW"(Q1) UW"(Q2).

For each fixed z € W"(Q1) and every y € C satisfying y >x = close enough to z,
by backward monotone property of type-K systems and the saddle nature of @, y €
R (00) C R(oo). This shows that

(38) WH(@1) € R(O) N Rp(00) NR(o0).

Thus, by (19), g = {Q1} UW"(Q1). We claim that Xy is an ordered curve in <. Indeed,
if there were unordered pair p,q € X, i.e. p £ ¢ £ p then we must have either p < g ¢ or
q <k p. But the former implies ¢ € R(o0) and the latter implies p € R(o0), contradictions
top,q € Xy.
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In parallel to the above, we also have

(39) W (@) € R(0) N Ry () N R(50).
and Xy = {Q2} UW"(Q2). Moreover, Xy is an ordered curve from Q3 to po.

If po is the only one equilibrium in C then Xy = {po} and the proof is complete. Now
suppose (35) has more than one interior equilibria. By part (b) all interior equilibria are
in [po, p1]. Let us consider the curves

6y ={x€[0,r]: fi(x) =0}, ¥lo={x€[0O,r]: fa(x) =0}.

Then by (Al) and (ii) there are continuously differentiable functions x; = g(x2) and
x9 = h(x1) such that ¢; is the graph of g and /5 is the graph of h. As

/ ofi ,0h / df2 ,0f2
9(902)——8732 87:120’ h(xl)——aim/%zoa

both g and h are nondecreasing. As each equilibrium p in C satisfies f; (p) =0, pis an
intersection point of 1 and ¢». Thus, the monotone nature of ¢ and h determines that
po < p1 and all equilibria in [pg, p1] are ordered in <. Now suppose p, q € [po, p1] are two
equilibria such that p < ¢ and no other equilibrium in (p, ¢). Then between p and ¢ either
{1 is above f5 or {1 is below fy (see figure 5). In either case, the closed region bounded
by ¢1 and ¢o between p and ¢ is forward invariant. For x in the interior of this region,
2ial, = x1xa fi(x) fa(z) > 0. So limy_ 100 wi(x) = p in the first case and limy_, 4o p1(z) = ¢
in the second case.

We prove that there is at least one heteroclinic trajectory  linking the two equilibria. Since
(35) is a planar system, instead of using the results and methods used in [8] and [46] we
prove this intuitively as follows. Take two points P € ¢; and @ € {5 between p and ¢ (see
figure 5 (a)). Then the line segment PQ is homeomorphic to the interval [ajg,a11] = [0, 1]
through h(s) = P+ s(Q — P). Suppose lim; 4 p1(h(s)) = p for all s € [0,1]. Then,
for each s € [0, 1], either (ia) ¢:(h(s)) leaves the region bounded by ¢; and ¢2 crossing
/1 in a finite negative time or (ib) ¢;(h(s)) leaves the bounded region crossing f2 in a
finite negative time or (ic) @¢(h(s)) stays in the region forever and lim;—,_ @i (h(s)) = q.
Clearly, s = ajp is in case (ia) and s = aj; in case (ib). If for some s’ € (0,1) such that
s = s is in case (ia) then, by uniqueness and continuous dependence on initial values,
there is a sufficiently small § > 0 such that s is also in case (ia) for all s € [0,s" + 9).
Similarly, if s = &' is in case (ib) for some s’ € (0,1) then for a small § > 0, s is also in
case (ib) for all s € (s’ — §,1]. Now test s; = %(alo + a11). If s = 51 is in case (ic) then
the trajectory ¢.(h(s1)) for t € R is a heteroclinic trajectory linking p to ¢ so the proof
is complete. If s = s1 is in case (ia) we let [agg, a21] = [s1,a11]; if s = s;1 is in case (ib)
we let [ag0,a21] = [a10,1]; and in either case we test so = %(ago +ag1). If s = 59 isin
case (ic) then the proof is complete. Otherwise, repeat the above process. If we obtain a
heteroclinic trajectory linking p to g after repeating n times then the proof is complete.
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Otherwise, we obtain a series {[an0, an1]} of intervals satisfying

1 1
[a(n-‘,-l)()a a(n—i—l)l] - [an()a anl]a A(n+1)1 — A(n+1)0 = i(anl —ano) = 5~

271
and a sequence s, = %(ano + ap1) for all n > 1. Clearly, there is a unique sy € (ano, @n1)
for all n > 1 and, as n — oo, all of a,9, a,1 and s, converge to sg. From the above process
we see that s = ap is in case (ia) and s = a,; is in case (ib) for all n > 1. Therefore, s is
in case (ia) for all s € [0,sp) and s is in case (ib) for all s € (sp, 1]. From the J-features of
s’ in either (ia) or (ib) we see that s = sy must be in case (ic) and v = {p(h(sg)) : t € R}
is the required heteroclinic trajectory.

Clearly, v is an ordered curve in <. We show in the next paragraph that v is the unique
heteroclinic trajectory linking p and g. Then ¥ is a ordered curve from pg to p1 consisting
of all equilibria in C' and heteroclinic trajectories.

dy A

@ 3

FIGURE 5. Local phase portraits near two neighbouring interior equilibria
p < q: (a) p attracts all trajectories entering into the region bounded by ¢;
and /5, (b) ¢ attracts all such trajectories.

If there is another heteroclinic trajectory 1 between p and ¢ distinct from -y, then there are
two points © <k y, = on one of v and ~; and y on the other. By the backward monotone
property, p:(x) <K ¢:(y) for all £ < 0. From (35) we have

QOt(y)l /_ (pt(y)l B
(sotu)l) = (o), 1) = filen(@))]
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From (A1) and (ii), (§2(u), 32 (v)) <x O for u € [O,r]. This and ¢y(y) — ¢1(z) >k O
ensure
0f1 90f1

1
o) — Filoue) = ( |G axz”S) (enly) — pr(x)) <0,

where the argument of g—ﬁ and ng is @i (x) + s(pe(y) —@e(x)) € [O,r]. It then follows that

LA TN nondecreasing when ¢ decreases. Hence, EAC)N > Y% > 1 for t <0, a contradiction
pe(z)1 ) pe(z)1 = @1
pt\Y)1

to lim;_y_ o @ = 1 as limyy— oo () = limy—_oo (y). Therefore, 7 is the unique
heteroclinic trajectory between p and gq.

(d) From (38) and Xy = {Q1 JUW*(Q1) we see that Xy C Ry (00). Since XgNRy(oc0) = 0,
by (24) we must have ¥ C Sy. Similarly, from (39) and Xy = {Q2} UW"(Q2) we see that
Yy C Ry(o0). Then Xy C Sy follows from Yy N Ry (c0) = 0 and (24). For each x € Xy
and all y, z € C satisfying y <x = < z, from ¢1(y) <g v1(x) <K p¢(z) for t <0 in their
common existence interval and the boundedness of ¢;(z) we know that ¢;(y)1 and pi(z)e
are bounded. From (c) we see that y,z € R(c0). Thus, y € Ry(c0) and z € Rp(00).
This shows that 3y C Ry (oco) N Ry (c0). By o N R(c0) = 0 we obtain Xy C Sy N Sy.
Therefore, S \ R(00) = Xy UXg and Sy \ R(o0) = Xy Uy, O

5. CONFIGURATION OF Y FOR THREE-DIMENSIONAL TYPE-K COMPETITIVE SYSTEMS

In this section, assuming the truth of the conjecture in remark 3.5 for N = 3, i.e. Y gN Xy
is a curve, we look at possible configurations of the global attractor ¥ under the conditions
of theorem 3.1 for system (1) when N = 3. Here the cone K given by (6) could have
H={1,2} and V = {3} or H = {1} and V = {2,3}. Since the configurations for the two
cases are essentially the same, we assume H = {1,2} and V = {3}. Then, by theorem 3.3
(d) and remark 3.5, ¥ U Xy is a two-dimensional surface, both ¥z and Xy are unordered
in <x and Y N Yy is the common boundary curve shared by ¥ and Xy joining the two
equilibria P, and P», P is an interior equilibrium of the subsystem for (x9,z3) and Ps is
an interior equilibrium of the subsystem for (z1,x3) (see figure 6). There is a trajectory
joining the axial equilibrium Q3 to P; and a trajectory joining Q3 to P>. Then the surface
Yy is bounded by these two trajectories and the curve Xz N Xy,. There is a curve joining
the two axial equilibria ()1 and @2, which is the modified carrying simplex ¥ NCy for the
competitive subsystem for (z1,x2). There is a trajectory joining @)1 to P» and a trajectory
joining Q2 to P;. Then the surface ¥ is bounded by these two trajectories and the curves
Yy NCx and Eﬂziv

From remark 3.4 we see that not much of the geometric and dynamical features of >
is known. A thorough classification with rigour for configurations of g when N = 3 is
beyond the scope of this paper. However, based on theorem 4.1 for subsystems for (z1, x3)
and (x9,x3), we may have the following possible configurations of Xy (see figure 7). Case
1: Py is the unique interior equilibrium of the subsystem for (x2,x3) and P, is the unique
interior equilibrium of the subsystem for (z1,x3). If P, or P or an equilibrium in C is
globally attracting then configuration (1) happens and ¥ = X U 3y. If there are at least
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FiGure 6. Hlustration of %y U Xy for three-dimensional type-K competi-
tive systems.

two equilibria in C, then (2) or (3) may happen. Case 2: one of P; and P is the unique
interior equilibrium for that subsystem and the other is not unique. Then (4) or (5) or (6)
or (7) may happen. Case 3: none of P, and P, is the unique interior equilibrium for that
subsystem. Then one of (8)—(13) may happen. It is possible that some of (1)—(13) may
never happen. It is also possible that there are many other configurations not included in
(1)=(13). These problems are left for future investigation.

The configurations of 3 are obtained by simply sitting each configuration of ¥y on top of
the curve Xz N Xy in figure 6.

If the conjecture in remark 3.5 is not true for N = 3, then ¥z N Xy may not be a curve
and the configurations (1)—(13) may not be applicable.

Example 5.1 consider the 3-dimensional system
) = z(z3—1—(a+025)29 —alzy — 1) — (z; — 1)),
(40) ah = xa(zz—1—(a+0.25)2 —a(ze — 1) — (2 — 1)),
ahy = x3(zy 4 a0 —1—alws—1) — (23 —1)3),
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FIGURE 7. Some possible configurations of ¥ for three-dimensional type-K
competitive systems under the assumption that ¥y N Xy is a curve.

where a > 0 is a constant. Viewing (40) as (1) with N = 3, we have

—a—3(r; —1)2  —(a+0.25) 1
Df(z) = —(a+0.25) —a — 3(wy — 1)? 1
1 1 —a — 3(w3 — 1)?

From this it is clear that (40) is type-K competitive with H = {1,2} and V = {3}. Also,
f(O) = (a,a,a) > O. With u(s) = (s + 3,5+ 3,s + 3) for all s > 0, we see that

filur(s)er +u(s)y) = (s+2)(1—a—(s+2)%)<-6<0,
faug(s)ea +u(s)y) = (s+2)(1—a—(s+2)?) < —-6<0,
fa(us(s)es +u(s)g) = 1+ (s+2)(2—a—(s+2)%) <-3<0.

By proposition 2.3, (40) is dissipative. Thus, (40) satisfies (A1)—(A3). Moreover, with
r =u(0) = (3,3,3) > O and from D f(x) and proposition 2.3, the conditions (i)—(iii) of
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theorem 3.1 are met. For pp = 10 + 5a and i = 1, 2,

filpoei +1v) = 2= (po—1)(a+ (po — 1)*) <0,
filpoes +rg) = po—9—3(a+0.25) — 2a = 0.25 > 0,
f3(poei +1v) = po—9—2a=1+3a>0,

fa(poes +75) = 5—alpo—1)—(po—1)> <5-9%<0.

Thus, (iv) of theorem 3.1 is also met. Then all theorems, corollaries and remarks in section
3 can be applied to (40).

The subsystems for (x1,23) when z9 = 0 and (x2,x3) when z; = 0 are the same as (36)
in example 4.1. Note that fi(xg,x1,x3) = fa(z1, 22, 23) and f3(z2, z1,23) = f3(x1, T2, 23).
This indicates that the dynamics of (40) in C' is symmetric about the plane x; = x5 and
this plane is an invariant manifold. The dynamics of (40) on this manifold is described by
the planar system

¥ =x(y—1+a—(2a+0.25)z — (z —1)3),

Yy =y2r—1-aly-1)-(y—1)°)

with 1 = 29 = x,23 = y. Viewing this as 2’ = zg1(x,y),y = yga(z,y), the Jacobian
matrix is

(41)

_( —(2a+0.25) — 3(z — 1)? 1
Dy(z,y) = < 9 —a—3(y-12 )"
By a routine check we see that (41) satisfies all the conditions of theorem 4.1. The system
has at least one interior equilibrium py = (0.5,1), which is the inflection point of the

cubic curve go(z,y) = 0 with maximum gradient 2a~! at pg. The curve gi(z,y) = 0 is
also cubic with inflection point (1,a + 1.25). The gradient of g = 0 at pg is 2a + 1. If
0 <a< (VI7T —1)/4 then 2a + 1 < 2a™! so the two curves g; = 0 and g2 = 0 have at
least three intersection points including pg, one in (O, pg) and at least one in (pg, +00). By
theorem 4.1, the set R% \ (R(O)UR(00)) is shown by figure 3 (a). If a > (V162 +1—1)/16,
the gradient of g; = 0 has minimum 2a+ 0.25 at (1, a4+ 1.25) and 2a+0.25 > 2a~!. Hence,
po is the unique interior equilibrium of (41) and the set R? \ (R(O) UR(cc)) is shown by
figure 3 (b).

Now inputting the information of (41) into the system (40) on x; = x2 and the results of
example 4.1 into the subsystem with x5 = 0 and the subsystem with 21 = 0, we obtain the
following conclusions for (40):

If 0 < a < (v/17 — 1)/4 then ¥y contains three equilibria in the interior of my:
(0,1 —v1—a,1-+v1-a)<(0,1,1) <(0,1+vV1—a,1++1—a);
three equilibria in the interior of mo:
(1-v1—-0a,0,1-v1-a)<(1,0,1) < (14++v1-a,0,1++1—a);

at least three equilibria in C': O < Ry < (0.5,0.5,1) < Ra, where Ry and Ry correspond
to the one of (41) in (O, pg) and the one in (pg, +00) respectively. It is clear that (0,1 —
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V1—-a,1-y1—a),R; and (1-+/1—-a,0,1—+/1—a)are all in X5z Ny but others are in
Yo\ (Xg NXy). Thus, Xy N Xy is a proper subset of ¥y. Further investigation is needed
to confirm whether ¥y has one of the configurations (9)—(11) and (13) in figure 7.

If (V162 4+1—1)/16 < a < 1 then X contains the same six equilibria in dC' as in previous
case but (0.5,0.5,1) € Xy is the unique equilibrium on z; = z2, and there may be more
equilibria in C'. In this case, ¥y may have the configuration (8) or (12) in figure 7.

If a > 1, ¥ contains (0,1,1) € 71, (1,0,1) € 79, (0.5,0.5,1) on x; = x2, and maybe more
equilibria in C'. In this case, ¥y may have configuration (1) or outside of (1)—(13) in figure
7.

6. PROOF OF THE MAIN RESULTS

Lemma 6.1. Assume that (A1)-(A3) and the conditions (i)—(iii) of theorem 5.1 hold. Let
I C Iy suchthat INH #0, INV #0 and N > |I| > 3. If for some x € Cy there exists
' € Cr (2" € Cy) satisfying oi(x) >k @i(x') (pe(2”) >k we(x)) for all t >0, then

(42)  Viel lm [o@)i— o)l =0 (lim o) — pu(")] = 0)

Proof. By condition (i) of theorem 3.1, w(z),w(z’) and w(z”) are all subsets of [O,r).
Without loss of generality we may assume that o (z), oi(2'), o (2”) € [O,r] for all ¢ > 0.

Let 3
a—min{— fk(x):are[O,r],keIN}.
oxy

Then & > 0 by condition (i) of theorem 3.1. Clearly, + € C; and z/,2” € C; imply
or(z) € Cr and py(2), pi(2”) € Cp for all t > 0. Then, for eachi € INH, j € INV and
all £ >0,

(@) > ()i = oi(x')i 20, 0<@u(z"); < () < i)
So, ﬁt((mx“))f > 1 and

(43) (*”(())) = Pi e @) — Fior(@)], £ > 0.

pi(x ot(x)i
(/Ol[Df]z'd8> [pe(2") — pr(2)]

1 .
([ $has) oty = o
< —elpi(a”)i — ()] <0,
() +s(pe(2”) — pe(x)). So %(( )) is nonincreasing.

Note that

filer(@")) = filpr(2))

IN

If L =1 then ift((m))j =1 and the second equality in (42) is true for this i. Now suppose
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i—g > 1. Then, from (43) and the above inequality we have
Pt (w”)i :IZ;/ < /t " )
< texp|—¢ ) — x);lds ), t > 0.
oi(2)i ; ) [ps(2")i = ws(@)i]
Suppose limy— o0 [p(2”); — we(x);] = 0 is not true. Since 0 < @i(a”); — pr(z); < 14y

we must have limsup; ,, . [¢(2"); — ¢i(x)i] > 0. Then there is a positive increasing
sequence t, — 400 as n — oo such that ¢, (2”); — ¢, (x); > 6 > 0 for all n > 0. Let
M = max{|z;fi(z)| : x € [O,r],i € Iy} and define g : Ry — Ry by

Vn > 0,Vt € [tn, tnt1], g(t) = max{0,0 — 2M|t — t,,|, 0 — 2M|t — tp41]}
and g(t) = max{0,6 — 2M |t — t1|} for ¢ € [0,t1]. Then, for t € [t, — 557, tn + 537,
er(x")i — ()i = @1, (2")i — 1, ()i
[ e ina) = (@)
> 5 2M]t — t.

Combining this with
pr(a")i — pi(w); > 0 = 2M [t — typ1]
for t € [tny1 — ﬁ,tnﬂ + ﬁ], we obtain ¢ (z”); — pi(x); > g(t) for t > 0. As 0+O°g(t)dt
diverges, we have
1

pi(@")i < %iexp <_5 /Otg(s)ds) =0 (t = +00),

(@)~ @i
a contradiction to % > 1. This contradiction shows the truth of limy_, 40 [pr(2”); —

or(x);]=0foralli e INH.
Replacing f;t(é;/))l’ by Ztt(g))jj in the above process we also shows the truth of limy o [ (2') j—

pi(z);)=0forall jeINV.

Next, we show that limy o [pe(x); — pe(x”);] = 0 for each j € I NV so that the second
equality in (42) follows. By condition (iii) in theorem 3.1, for this j there is i € I N H such

that %@) > 0 for all z € [O,r] N Cr. Then

Zj

g0 = min{afi(x) cx e [O,r]N CI} > 0.
O0x;

Replacing 6fi(sot(x)Jrs(aﬁ_(x")_%(x))) in the inequalities below (43) by afi(‘pt(’”)‘*'s(a“if@”)_%(x)))
2 J

and utilising €p, we obtain

filer(2")) = filpr(2)) < —eolr(w); — pe(a");] < 0.
It follows from (43) that

/"

P o (<o [ lostals — sl ) 120
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Since 0 < @¢(z); — ¢e(2”); < rj, by the same reasoning as above we would derive a
contradiction from this if lim;, oo [p¢(x); — pe(2”);] = 0 is not true. Therefore, we must
have limy—, 4 oo [t (z); — @¢(2”);] = 0 and the second in (42) follows.

In a similar manner we can show that lim;_, {o[@¢(x); — @¢(2’);] = 0 for each i € I N H so
that the first equality in (42) holds. O

Lemma 6.2. Under the assumptions (A1)-(A83) and the conditions (i) and (ii) of theorem
3.1, if there are two points x,y € C'\ (R(o0) U{O}) such that x <k y, then o(z) C m; for
each i € H with x; < y; and o(y) C w; for each j € V with x; > y;.

Proof. Clearly, for any two points z,y € C'\ (R(o0) U{O}) with  <g y, both ¢:(x) and
oi(y) exist for t € R. So ¢(x) <g ¢i(y) for all ¢ < 0. Suppose z; < y; for some i € H. If
x; = 0 then ¢ (z); =0 for t € R so ax) C ;. If z; > 0 then ¢i(y); > pi(x); > 0, so

@t(y)i' -1 (%(y)z)’ _ eilw)

Hfilpe) — filwe())],

P ()i ei(@)i) ()i
and
(14 2l U [ ([ 1iont) - iontaan )]

for all t < 0. As fi(¢:(y)) — fi(pe(z)) can be written as

1
( [ D5t + st - sot<x>>>]z-ds> (oy) — r(a)),

by ¢i(y) >k ¢i(z), assumption (A1) and condition (ii) we have f;(¢i(y)) — fi(pi(x)) <
0. From this and (44) we see that % is nondecreasing when t decreases to —oo. If

limy—, oo @t(z); # 0, then there is a sequence {t,} satisfying t,+1 < t, —1 < —1 and
i, (x); > 6 >0 for all n > 0. Then, for

€= min{—afk(x) cx € [0,r],k € IN}
oxy

(same as in the proof of lemma 6.1), we have € > 0 and

filee(y)) — filpe(x)) < —elpi(y)i — we(x)d].
From ¢ (y)i — ¢i(7)i = @i(); [%Ey)i - 1} > [yfi_ - } @¢(x); we obtain

pt(x); x;

1

) = o)) < =< | = 1] .

For M = max{|z;fi(z)| : € [O,7],i € IN} (same as in the proof of lemma 6.1) we have
M >0 and

lpe(z)i — e, ()] = < Mt —ty),

/t a2 fi(pa(z))ds
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o)

pr()i = e, (2)i = M|t —tn| 2 0 = M|t — ],
for t,, — % <t<t,+ %. Without loss of generality, we may assume that % < % as we
can always make J > 0 smaller. Now define ¢(t) = 6 — M|t — t,| for each n > 0 and all ¢
satisfying ¢,, — % <t<t,+ % and ¢(t) = 0 for other values of t € (—00,0]. Then

-(/ ilelw)) - ertanlar) =< [ 2 -] (| Og<s>ds) S oo

as t — —oo. It follows from this and (44) that % — 400 as t — —o0, a contradiction

Pin (W)i < ‘pt"(s(y)i. Therefore, we must have lim;_, o, ¢¢(z); = 0 so

to the boundedness of
a(x) C m.

tn i

If z; > y; for some j € V, by the same reasoning as above we also have a(y) C 7;. O

Consider the following subsets of C":

(45) Qn = {yeC:yv <rv,|lyall > po},
(46) Qv = {yeC:yu <rmllyvll = po},
(47) Qu = {yeC:VjeV,y; <rjlyul > po},
(48) Oy = {yeC:VieHy <r|yv| > po},

where pg is given in theorem 3.1.

Lemma 6.3. Under the assumptions of theorem 3.1 with N > 3 we have

(49) Qg C RH(OO), QH C RH(OO), Qy C Rv(oo), QV C Rv(OO)

Proof. For each y € Qy with |lyv| = p > po, y; = p for some j € V so y <k pej +ry. By
(A1) and conditions (ii) and (iv) of theorem 3.1,

Vie H, fi(y) = fi(poes +rm) >0, fi(y) < fi(poej +ru) <0.

These ensure that ¢(y); < y; but ¢i(y); > y; = p, 50 @(y)u < yu < rg and [jo(y)v| >
llyv |l > po, for small —t > 0. Hence, p;(y) € Qy for all ¢ <0 in its existence interval and
Qy is backward invariant. As Qy C C'\ [O,7) C R(o0) by (i) and ¢p¢(y)g < rgy for each
y € Qp and all ¢ <0 in its existence interval, we must have Qy C Ry (00).

vaioqsly, Oy C Qp and Qy is an open set of C. By the definition of Rv(oo), we have
Qy C Rv(oo)

That Qp C Rp(oo) and Qy € Ry (00) follow from the above proof by a simple swapping
of H with V. O

Lemma 6.4. Let x € (O,r). Then the following statements are true and ||y|| < po for all
y in each of the sets.
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The set (—oco, x|k N Sy is nonempty and compact for x € R (c0).

The set [z, 4+00) g N Sy is nonempty and compact for x € C'\ Ry (c0).

)
Yk N Sy is nonempty and compact for x € Ry (o).

)

)

) The set [z, +o0
) The set (—oo, x| N Sy is nonempty and compact for x € C'\ Ry (00).
)

The sets in (50) and (51) are nonempty and compact for x € R(O) and the equal-
ities (50) and (51) hold:

(50) ([z,+00)xk NSH) = ([z,+00)x NXx) = ([z,+00)x N X),

(51) ((—o0, 2]k N Sy) = ((—oo,z]xk NEy) = ((—o0, 2]k N X).

Proof. (a) For each y € (—o0, 2] with ||lyy|| > po, as 2 < r and ygi < g, we have y € Q.
By lemma 6.3, y € Ry (c0). Since Ry (00) and Ry (c0) are mutually exclusive open sets, we
must have Ry (00) MR (00) = 0 so y & Ry (00). Since z € Ry (00)N(O,r), by proposition
1 (viii), the line segment from z to y must intersect Sg. Therefore, (—oo,z]x N Sy # 0
and

(52) (o0, 2]k NSH) = ({y € Oy <k z,[lyv | < po} N S).

Astheset {y € C:y <k z,|yv| < po} is compact in C and Sy is closed, their intersection
is compact. Thus, (—oo, ]k NSy is compact and ||y|| < po for all y in it.

(b) For each y € [z, +00) i with ||yr|| > po, as y; < x; < r; for all j € V, we have y € Q.
By lemma 6.3, y € Ry (c0). By proposition 1 (viii), the line segment from z to y intersects
Sy so [x,400)g NSy # 0. The compactness of [x,4+00) g N Sy follows from

([z,+o0)k NSH) = ({y € C:y 2k @, [lyrll < po} N Sk)
and the compactness of {y € C : y >k z,||lym| < po}. It is clear from the equality that
llyl] < po for all y € [z, +00)x N Spr.
(c) The proof is similar to that of (a).
(d) The proof is similar to that of (b).

(e) As R(0) and Ry (oc) are mutually exclusive open sets of C', R(O) N Ry(c0) = 0 so
x € R(O) C (C\ Ru(c0)). By (b), [z,+00)k N Sk is nonempty and compact. Since X
separates C' into mutually exclusive open sets R(O) and R(c0), from figure 1 we see that
[, +00) gk NR(00) # 0 so [z, +00)k N is not empty. It is compact since ¥ is compact and
[x,400) K is closed. For each y € [x,4+00)x NXE, v <k y implies that ¢:(z) <k ¢:(y), so
oY)y < @i(z), for all t < 0. It follows from this and x € R(O) that y € ¥p. Therefore,
([x,+00)k NE) C ([x,+00)k N Xpr). But since Xy C X, we have

(53) ([.%‘,-FOO)KQE) = ([x,—i—oo)KﬂEH)
S0 [z, +00) Kk N X is also nonempty and compact. Next, we prove that

(54) ([, +00)kg NX) = ([z, +00) K N SH).
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For each y € [z,4+00)x N R(c0), we have ¢i(x) <g @i(y) and ¢r(y)y < ¢i(z) for all
t € (ty,0]. As @i(x) is bounded for all t € R, ¢¢(y)y is bounded so y € Rpy(c0). By
R (00) C R(00), we must have

([x,400)xk NR(x)) = ([z, +00) k N R (0)).

Now fix a point ' € (—o0,z) gk NR(0) so that [/, +00)x NR(0) = [2/, +00) xk N R (00).
As [z, +00)g C (2/,+00)k C [2/,4+00) Kk, we have

(2, +00) gk NR(x) = (2, +00) g N Ry (o).

Since (2, +00) kMR (o0) is open, for each y € (z/, +00) kMR (o0), thereis a d > 0 such that
(B(y,0)NC) C ((2',+00)k N"Rp(0)) so y € Ru(o0) by (22). Thus, (z/,+00)x NR(c0) =
(', +00)k N Rp(c0). Then
([, +00) g NR(c0)) C ((2', +00)x NR(0)) = ((&, +00) x N Rz (00)).
From this, R (00) C Ry (00) and the equality ([z, +00) gk NR(00)) = ([2, +00) xk "R (c0))
it follows that '
([, +00) Kk NR(0)) = ([z, +00) k N R (0)).

For each y € ([x,+00)x N Sy), if y € R(o0) then the above equality implies that y €
R (o0). This contradiction to y € Sy shows that

([x,400)k N Sk) = ([, +00)k N (S \ R(0))).

Then, for each y € ([z,+00)xkNSH) and every t < 0, p(z) <g ¢i(y) and v (y)v <K @i(x).
By = € R(O) we obtain a(y) C Cg so y € Xg. Therefore, from (53),

([, +00)k N SH) C ([x,+00)k NEx) = ([x,+00)x N ).

Suppose there is a y € ([, +00) gk NX) such that y ¢ Sy. Then y is in [z, +00) g \ Ry (00),
an open set of [z, 4+00)k. Let I C Iy be the support of y so y € Cr. Then we can choose
azeCrn ([z,+00)Kk \ Ri(o0)) such that y < 2z in C and y < 2z in Cj. Choose an
i € I N H such that the half line defined by w(A) = z + Ae; for all A > 0 is in [z, +00) k.
As w(0) € Ry (c0) and w(\) € Ry (o) for large A, by proposition 1 (viii) there is a g > 0
such that w(\o) € ([z, +00)x N SH) C ([z, +00)k NX). Then both y,w(Xg) € C;NY and
y <xg w(Ap) in Cr. By lemma 6.2, a(y) C Cy so y € Xy, a contradiction to y € Xy by
(53). This proves (54). Then (50) follows from (53) and (54). From these equalities we
have [ly|| < ||r|| < po for all y in the sets (50).

The proof for compactness of the sets in (51) and the equalities (51) is similar to the

above. OJ

Lemma 6.5. Assume that the conditions of theorem 8.1 are met. Let I C Iy be such that
INH#0, INV #£0 and N > |I| > 3. Then the following conclusions hold.

(a) For each x € RH(oo) NCr, if 0 < or(x); < r; for alli € I and t > 0 then there is
an ' € Sy N C such that pi(x') <k @¢(x) for all t > 0.
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(b) For each z € Ry (c0) N Cy, if 0 < py(x); < 7; for alli € I and t > 0 then there is
an 2" € Sy N Cr such that pi(x) <g pi(z") for all t > 0.

Proof. (a) We first prove the statement for the case of I = Iy with C; = C. We need only
prove the conclusion for each = € Ry (o0) N (O,r) with ¢;(z) € (O,r) for all t > 0. By
lemma 6.4 (a), (—oo,z]x N Sy is a compact set. Then, by the invariance of R (co) from
proposition 1 (i), (x) € Ry (c0) N (O,r). By lemma 6.4 (a) again, (—oo, ¢;(z)]x N Sy is
a nonempty compact set for all t > 0.

Next, we show that

(55) Vi 2520, pi((=00, ¢1(x)]k N SH) Cp—s((—00, ps(2)]x N Sr)-

For each y € (—o0,¢t(x)]lx N SH, ¥ <k ¢i(z) s0 ©u(y) <k @itu(x) for v < 0 in the
existence interval of ¢, (y). We first claim that u = —¢ is in this interval. For if not, there
is a ug € (—t,0) such that @, (y)g < @rru()g < rg for u € (up, 0] but ||@u(y)v] — 0o as
u — up+. On the other hand, however, Sy is invariant so ¢y (y) € (—00, Yiru(x)|xk N SH
for u € (up,0]. By lemma 6.4, ||¢u(y)|| < po. This contradiction shows the existence of
v_t(y) and p_¢(y) € (=00, z]x N Si. Therefore,

so—t((_ooa @t(m)]K N SH) - (_007 .'IT]K NSH.

Now replacing = by ps(x) for any s > 0 in the above, we obtain

P—t((=00, pr+5(2)]k N Su) C (=00, ps()]k N Sh.
Application of ¢_; to both sides of this inclusion leads us to

O (t45) (=00, 0r15(7) |k N SH) T w—s((—00, ps(x)| Kk N SH).
Then (55) follows.

Now that ¢_;((—o00, p(x)]x N SH) is compact, from (55) we have
ﬂ p—t((—00, i)k N SH) # 0.

>0

Take any 2’ € Ni>0p—t((—00, ie(x)]xk N Sk). Then, 2’ € (—oo, z]x N Sy and for all ¢ > 0,
2 € p_1((—00, ()] N Sy) implies that p(2') € (—o0, pr(z)|xk N SH s0 vi(z') <k pi(x)
and ¢y(2') € Sg.

Next, suppose I is a proper subset of I and consider the subsystem of (1) on Cj. Then,
for € (RE(c0)NC7), applying the above proved result to the subsystem on C7, we obtain
2’ € SL € Cr such that y(2') <k ¢i(x) for all t > 0. By remark 2.2, S5 C (SyNCy) and
(R (00) N Cr) € RE(00). The proof of part (a) is complete.

(b) The proof is similar to the above with appropriate changes of (—oo, x|k to [x,+00) K
and swapping H with V. O

Lemma 6.6. Assume that the conditions of theorem 8.1 are met. Let I C Iy be such that
INH#0, INV #£0 and N > |I| > 3. Then the following conclusions hold.
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(a) For each x € Cy \ Ru(c0), if 0 < pi(x); < r; for alli € I and t > 0 then there is
an ' € Sy N Cr such that pi(x') >k pi(x) for all t > 0.

(b) For each x € Cy \ Ry (00), if 0 < wi(z); < i for alli € I and t > 0 then there is
an " € Sy N Cy such that oi(2") <k pi(x) for all t > 0.

Proof. (a) We first prove the statement for the case of I = Iy with C; = C'. We need only
prove the conclusion for z € (O,r) \ Ry (oo) with ¢(x) € (O,r) for all t > 0. As Ry(o0)
is invariant, ¢(x) € (O,7) \ Ry (o) for all ¢ > 0. By lemma 6.4 (b), [pi(x), +00)x N Sk

is nonempty and compact.

We next show that

(56) Vt > 520, pi([pi(x), +00)k N SH) Cp—s(([ps(2), +00)x N Sr)-

For each y € [pt(x),+00)xk N SH, ¥y >k ¢i(x) s0 pu(y) >k Prru(x) for u < 0 in the
existence interval of ¢, (y). By the same reasoning as that used in the proof of (55) we
know the existence of ¢_4(y) and ¢_4(y) € [z, +00)x N Sg. Therefore,

o—t([pe(x), +00)k N SH) C [z, +00)x N SH.
Now replacing = by ¢s(x) for any s > 0 in the above, we obtain
—t([prrs(w), +00)k N SH) C [ps(x), +00)k N SH.
Applying ¢_s to both sides we further obtain
P (t+5)([Pr45(x), +00) Kk N SH) C p—s([ps(2), +00)k N Sh).
Then (56) follows.

As p_i([¢e(z), +00) Kk N SH) is compact, from (56) we have
() e—t(lpe(x), +00) k N Sk) # 0.
>0

Take any 2’ € Ni>o0p—t([pe(), +00)k N Sp). Then, 2’ € [z, +00)x N Sy and for all ¢ > 0,
' € p_i([pt(x), +00)k N Sy) implies that ¢(2') € [p(z), +00)k N SH s0 pe(z') >k pi(x)
and ¢y(2') € Sg.

Next, suppose [ is a proper subset of Iy and consider the subsystem of (1) on C7. Then,

for 2 € (Cr\ R (c0)), applying the above proved result to the subsystem on Cf, we obtain
= SII{ C C7 such that ¢¢(2') >k i(z) for all t > 0. By remark 2.2, Sf{ C (SgpNCr) and
RL (00) C (Ru(oe) N Cr). The proof of part (a) is complete.

(b) The proof is similar to the above with appropriate changes of [z, +00)x to (—o0, x]x
and swapping H with V. ]

Armed with the lemmas 6.1-6.6 we are now able to prove theorems 3.1, 3.2 and 3.3.
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Proof of theorem 3.1: The case of N =2 or N > |I| = 2 is covered by theorem 4.1.
So we only consider the case of I C Iy with INH #0, INV # @ and N > |I| > 3. For
each = € Cj, by condition (i) there is T > 0 such that 0 < @(x); < r; for all t > T and
i € I. By lemmas 6.5 and 6.6, for @7 (x) there are 2’ € Sy N Cr and 2’ € Sy N Cy such
that

Vt > 0,¢047(2) <k pi(z) or VE20,¢47(z) 2K 0i(2)
and

V> 0, 0r(e) < ila) or 20, 00r(2) 2x pula”).
By (i) we may assume that ¢i(z'), pi(2”) € [O,r] for all ¢ > 0. Then (31) follows from
lemma 6.1. [

Proof of theorem 3.2: (a) Let = € (R(O) \ {O}) with support I C Iy so = € Cy. If
I C H then the subsystem of (1) on C} is competitive. By theorem 1.2, ¥ NCr =Xy NCy
is its modified carrying simplex and, as & € R(O) N Cy, there is a point 2/ € Ly N C;
satisfying (33). In parallel to the above, if I C V then the subsystem of (1) on C7 is also
competitive. By theorem 1.2 again, there is an z” € Xy N O] satisfying (34).

Now suppose I N H # 0 and INV # 0. If N > [I| = 2 then the conclusion follows from
theorem 4.1. So we assume N > |I| > 3. Since ¢¢(z) € Cr NR(O) for all t € R, by lemma
6.4 (e) for the subsystem of (1) on C; and remark 2.2, the sets [p(z), +00)xk NCr Ny
and (—o0, p¢(x)] gk NCrNXy are compact. Moreover, for each y € [p¢(x), +00)xk NCTN g,
y >k o) so o_¢(y) >k x and p_(y) € [z, +00)x N Cr N X p. Hence,
o—t([pe(x), +0)k NCTNEg) C ([x,400)xk NCrNXp).
In parallel,
o_t((—o0, o1 ()] gk NCTNEy) C ((—o0, x|k NCT N Xy).
Replacing = by ¢s(z) for any s > 0, we obtain
p-t([prts(x), +00)k NCrNEx) C ([¢s(x), +o0)k NCrN )
and
p—t((—00, pris(x)]xk NCr N Ey) C (=00, ¢s(x)]xk NCrNTy).
Then it follows from these two inclusions that

O (t+s) ([Prrs(z), +0)k NCr N Eg) C p_s([ps(x), +oo)xk NCr N Xy)

and
P (t+5) (=00, @145(2)]k NCTN Xy ) C p—s((—00, ps(z)]xk NCr N By).
Therefore,
) o=s(lps(x), +00)xk NCr N Sy) # 0
s>0
and

() ¢=s((—00, @s(@)]xk NCr N Sy) #0.

s>0
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Now take 2/ € Ng>op—s([ps(x), +00)k NCrNEx) and 2 € Ns>op—s((—00, ps(z)]k NCr N
Yy). Then or(z”) <k ¢i(z) <k pi(z') for all t > 0. By lemma 6.1, we obtain (33) and
(34).

(b) As R(O) and Rpy(oco) are mutually exclusive and R(O) is open, from (24) we know
that Sy NR(O) = 0. Thus, Sy \ R(co) C 3. Similar reasoning gives Sy N R(O) = 0 so
Sy \R(OO) C 2.

Since Yy N Yy = 0, from part (a) we know that w(z) C Ty NIy C X for all x €
R(O)\ (Cg UCy). Thus Xy # (. For any nonempty set I C Iy, suppose there are two
distinct points x,y € ¥NCr such that x; < y; for alli € HNI but x; > y; forall j € VN1I.
By lemma 6.2, lim;—, oo () g = O and limy—, oo 1 (y)y = O. Thus, z € Ly and y € Xp.
This shows that both (X \ Xz) N Cr and (X \ Xy) N Cr are unordered in <.

Next, we show that Sy \ R(c0) C ¥\ Xy. By Sy \R(c0) C X and (19), we need only show
that (Sg \ R(00)) N Xy = (. For if this is not true, then there are x € (Sg \ R(c0)) N Xy
and I C Iy such that z € C;. Since z € Zy N C; implies that a(z) C Cy N Cy, for each
y € a(z) we have O € [y, 4+00) k. This shows that (¢(z),+00)xk NCrNR(O) # O for large
enough —t. But by the invariance of Sy and R(c0), z € (Sy \ R(c0)) N C; implies that
@i(z) € (Sg \ R(c0)) N C; for all t € R. By proposition 1 (v) applied to the subsystem of
(1) on Cr and remark 2.2, ((¢¢(), +00)k N Cr) C RL(00) = (Ru(o0) N Cr) C Ru(oo), a
contradiction. Therefore, (S \ R(c0)) N Xy =0 and Sy \ R(c0) C X\ By . Similarly, we
also have (Sy \ R(c0)) Ny = 0 so that Sy \ R(c0) C X\ Xp.

Finally, we show that ¥\ ¥y C Sy \ R(o0). For each z € ¥\ ¥y and I C Iy with
x € Cp, if there is a y € X U R(O) satisfying y >k « in C7, then lemma 6.2 ensures
that a(z) C Cy and x € Xy, a contradiction to x € ¥\ Xy. Thus, for each y satisfying
y >k x in C; we must have y € R(c0), ie. ((z,+o0)xg N Cr) C R(c0). For each
y € ((z,+00)x N Cr), by the boundedness of ;(z) for all t € R and ¢;(y) >x @i(x) for
t <0 in the existence interval of ¢;(y), y € R (o0) so z € Ry (c0). But since x € Ry (c0),
we must have z € (Ry(o0) \ Ru(o0)) € Sy. Thus, ¥\ ¥y C Sy \ R(co). Similarly,
E\EH C Sv\R(oo).

Combining the conclusions obtained in the above two paragraphs, we obtain
Yy UXp :E\EV :SH\R(OO), Yy U X :E\EH :Sv\R(OO)

(C) From (b) we see that Xy C Sy, Xy C Sy and Xg C SgNSy. As (SH U Sv) C R(OO),
we have ¥ C R(o0). This and XNR(occ) = () imply that 3 C (R(00) \R(c0)). On the other
hand, however, (R(00)\R(c0)) C (C\R(20)) = (SUR(O)) but (R(c0)\R(c0))N"R(O) = 0.
So (R(00) \ R(c0)) C . Therefore, (R(o0) \ R(c0)) = .

Clearly, (R(O) \ R(O)) C X. For each z € (R(O) \ R(O)), we have either x € X or
x € By or x € ¥y. We shall show that, for a fixed 2 € (R(O) \ R(0)),

(57) J,‘EEO:>ZL'E(E\EH),SL'E(g\Ev),J}G( UEV\(Z‘HUEV)),
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so that R(0) \ R(O) is a subset of S U Xy, By UXy and Sy USy.

We now prove (57). Let I C Iy such that z € Cr. By z € £y N Cy and remark 2.2,
z el cSLnSL c (SynSyNCr). Applying proposition 1 (v) and (vi) to the subsystem
of (1) on Cy, we have ((—o00,2)xk NC) C Ri(00) = (Ry(c0)NCy) and ((x, +00)x NCy) C
REL (o0) = (Ru(o0) N C). Since x € R(0) \ R(0) and R(O) is open, there is a sequence
{z,} € CNR(O) converging to x as n — oo. For each n > 0, by lemma 6.4 (e),
(=00, zp]k N Sy is a nonempty compact subset of Xy, [x,,+00)x N Sy is a nonempty
compact subset of ¥y, and (50) and (51) hold. Suppose x ¢ Xy. Then there is a § > 0
such that S5 NB(z,8) = 0. By limy 00 ,, = z, we have B(zy, 16) C B(z,6), so B(zy, 16)N
[T, +00)k NE = () by (50), for large enough n. By proposition 1 (viii), Sy N [z, +00) Kk
separates [, +00)x into two sets [,, +00)x N R (c0) and [z, +00)r \ RE(0o). Since
(50) shows that Sy, X, X restricted to [, +00) are identical, [z,, +00) gk MRz (c0) is on
one side of ¥ and [z, +00) i \ R (00) is on the other side of 3. As ¥ separates C into R(O)
and R(00), one on each side of ¥, by z,, € R(O) we see that ([xy,, +00)k \Ru(c0)) C R(O).
Since B(xp, %5) N [zp, +00) K is a connected subset of [z, +00)x with no intersection point
with 3, we must have

(B(zp,0/2) N [2n, +00) k) C ([2n, +00)k \ Ru(c0)) C R(O)

for large enough n. Letting n — oo, we obtain (B(z, 30) N [z,400)x) C R(O). Thus,
B(z,6) N [z, +00) g N Ry(o0) = @. But this contradicts ((z,400)x N Cr) C Rp(co) as

B(z,16) N (x,+00)x NC; is a nonempty subset of B( £6) N[z, +00) k. The contradiction

shows that we must have € . In a similar manner, we also have € ¥y, and, hence,
x € X UXy. Then (57) follows from z ¢ (X U Xy).

If we can show that
(58) (Zw UZv) C (R(O) \ R(0)),

as R(0) \ R(O) is closed, we can conclude from (58) that Sz UXy, Sy USy and Xy U Xy
are all subsets of R(O) \ R(O). From this and the line below (57) we obtain

(R(O)\R(0)) = (SpUZy) = (S USy) = (Sg USy).

That R(o0) N R(O) = R(O) \ R(O) follows from R(oc) \ R(oc) = X, R(0) \ R(O) =
Yy UXy C ¥ and R(o0) NR(0) = (R(c0) \ R(c0)) N (R(O) \ R(O)).

For the proof of (58) we take z € ¥y C Sy with I C Iy such that = € C;. For any
y € (—o0,x)g NCr, we have ¢i(y) <k ¢i(x) and 0 < @i(y) g < @i(x) for t € (t,,0). The
boundedness of ¢¢(x) follows from that of ¥y and ¢i(x) € Xy for all t € R. Thus, if
y € R(00) then y € Ry (00). Hence, if ((—o0,z)x N Cr) C R(o0) then ((—oo,x)x NCr) C
Ry (o0) so x € Ry(o0). By « € Ry(c0) we have x € Sy. Thus, x € (X NSy N Sy) =X,
a contradiction to x € ¥y. This shows the existence of y € (C; N (X UR(O))) such that
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y < x in C7. We claim that
(59) Vs € (0,1), zs =y + s(x —y) € R(O).

Indeed, from lemma 6.2 we know that (Xg U 3p) N Cr is unordered in <g in Cr. So
we have either y € Xy NCr or y € R(O)NCp. For each s € (0,1), y i 25 g T
in Cr so ¢i(y) <k vi(zs) <k @i(x) for all ¢ < 0. Thus, ¢i(zs) is bounded and z; €
(Cr\ (R(c0) U{O})). If z5 € R(O), by lemma 6.2 and = € ¥y we have z; € Xy. As
y < zs in Cr and (Xy U Xp) N Cr is unordered in < in C7, we must have y € Xy
so y € R(O). This implies that limy_,_ o pi(zs)v < limy_ oo pi(y)y = O. As z5 € Xy
means that lim;,_~ ¢¢(2s)g = O, combination of the two equalities gives z; € R(O), a

contradiction. Therefore, (59) holds. It then follows from (59) that ¥y C (R(O) \ R(O)).

By the same reasoning as above, we also obtain Xy C (R(O) \ R(O)). Then (58) follows.
U

Proof of theorem 3.3: (a) The invariance of ¥y (Xy) follows from = € Xy (Zv)
implying ¢:(x) € X (Xyv) for all £ € R by (19). The invariance of ¥ follows from that of
C,R(),R(0), X,y and X9 = C'\ (R(00) UR(O) U Xy U3Xy). The invariance of X g
(Xy) follows from that of ¥g (Xy) and continuous dependence on initial values. The rest
is obvious.

(b) The sets 3,3y and ¥ U Xy are compact since they are closed and bounded. Since
Sp and Sy are closed and R(o0) is open, by theorem 3.2 (b) ¥z U Xy and Xy U Xy are
closed, and so is ¥o = (Sg N Sy) \ R(co). Since Yy U Xg, Xy U 3, ¥ are subsets of X,
they are bounded and compact.

(c) Since (1) is dissipative, its fundamental attractor (C'\ R(o0)) = (X U R(O)) attracts
each compact set of initial values in C' uniformly. By assumption (A2), for § > 0 small
enough the compact set (X UR(0)) \ B(O,J) is positively invariant. So, by the invariance
of ¥, ¥ C N0t ((EUR(0))\ B(O,6)). Now, if there is z € Ni>op:(EUR(0)) \ B(O,9))
but x ¢ ¥, then its whole backward semiorbit is in R(O) \ B(O,¢), which is impossible.
This shows that
% = Nezop (B UR(0)) \ B(O,9)).

Thus, ¥ attracts each compact set contained in (X UR(O)) \ {O}. Then, for any compact
set U C (C'\{0}), for any € > 0, there is a T' > 0 such that ¢;(U) C B(EUR(O),¢) for all
t>T. If (UNR(O)) =10 then (o:(U)NR(O)) =0 for all t > 0 so ¢(U) C B(X,¢e) for all
t>T. If (UNR(O)) # 0, since ¥ attracts the compact set UN(XUR(O)) uniformly, there
is Ty > T such that ¢4(U) C B(X,¢) for all ¢t > T;. Hence, ¥ attracts U uniformly.

(d) From theorem 3.2 (b) and (c) we see that Xy as a subset of Sy (Xy as a subset
of Sy) is part of the common boundary of R(cc) and R(O). From proposition 1 (viii)
and (ix) we know that Sy N C and Sy N C are (N — 1)-dimensional unordered surfaces
in <. Foreach z € Sy NC, as ¢ € Sy but = ¢ Sy, there is a small § > 0 such
that B(z,8) c C, B(z,6) NSy = @ and B(z,8) = By U By U By with B; € Rp(c0),
By = Sy N B(z,0) =Xy N B(z,d) and By C R(O). Thus, for any unit vector u >5 O,
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By is homeomorphic to an open disc in £ = {y € RY : (y,u) = 0} and ¥y N C is
homeomorphic to an open set of £ that is the union of open discs. The invariance of
Y NC is obvious. So Xz NC is an (N — 1)-dimensional invariant manifold. By the same
reasoning as above, ¥y N C is an (N — 1)-dimensional invariant manifold. That each of
Y and Xy is homeomorphic to a closed set in E follows from proposition 1 and theorem
3.2 (b). As Xy UXy = R(O) \ R(O) from theorem 3.2 (c), it is on the boundary of
R(O) and separates C' into two mutually exclusive simply connected open sets R(O) and
C\ R(O).

(e) For each point z € C'\ {O}, w(zx) CEgNCqx if z € Cy, w(z) C Xy NCy if z € Cy,
and by theorems 3.1 and 3.2, w(z) C X if z € Cy U Cy; a(z) does not exist if x € R(00),
alz) = {0} if x € R(O), a(z) CXgNCqx if z € Ty, a(z) C Ty NCy if z € Xy, and
a(z) C Xy if z € ¥g. Then the conclusion follows.

(f) The proof for (e) is also valid here.

(g) Let A = U>0p:([O,r]). Since ¥ U R(O) is the fundamental global attractor of (1)
on C and it is a subset of [O,r), for the compact set [O,r] there is a ty > 0 such that
ee([0,r]) C [O,7r] for all t > tg so A = Up<i<t,pt(]O,7]). It can be checked that A is a
forward invariant compact set. By f(O) > O there is a small §y > 0 such that B(O,dy) C
©i(B(O,dp)) for all t > 0. Then A\ B(O,dp) is a forward invariant compact set. By (c), 3
is the global attractor of (1) on C'\ {O}, so we must have N> (A \ B(O,dp)) = 2.

Now consider the compact set By = (4 \ B(O,dy)) N Cy. For each x € B; and every
j €V, wehave fj(xz) > f;(O) > 0. By continuity of f and the compactness of By, for each
sufficiently small € > 0 there is a §; > 0 such that

Vo e B(B1,61)NC, VjeV, fi(x) >e>0.

Hence,
Vo € (B(B1,61) NC)\ Ch, Vj €V, ¥Vt >0, or(x); > xje

provided ¢(x) is still in B(By,d1). This shows that By repels any compact set of initial
points in (A\B(O, dp))\ By away from Bj uniformly and (A\B(O, dy))\B(B1, 1) is a forward
invariant compact set. In parallel to the above, for the compact set By = (A\B(O, dp))NCy
and small enough d; > 0, By repels any compact set of initial points in (A \ B(O, dy)) \ B2
away from By uniformly and (A \ B(O, d)) \ (B(B1,01) UB(B2,01)) is a forward invariant
compact set. We claim that

Bs = Nizopt((A\ B(O, éo)) \ (B(B1,61) UB(B2,01))) = Xo.

In fact, since Xg C (A \ B(O,d)) \ (B(B1,d1) U B(Bs,d1)) for sufficiently small d;, the
invariance of ¥y implies that Yo C Bs. If there is a point x € B3 \ ¥y then we must have
x € 3\ ¥ so that a(z) C (B; U Bz), a contradiction to the invariance of Bs. This proves
the claim Bg = Eo.

Now for any compact set D C (C'\ (Cyx U Cy)), since X is the global attractor of (1) on
C\ {0} and A\ B(O, dp) contains a small neighbourhood of ¥ restricted to C, there is a
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t1 > 0 such that ¢:(D) C (A\ B(O,dy)) for all t > t;. As D C (C\ (Cy UCy)) implies
oy (D) C (C\ (CgUCYy)), ¢, (D) is a compact set in A\ (B(O,dp) U By U By). Thus, for
91 > 0 small enough, ¢4, (D) C (A \ B(0,d)) \ (3(31,51) @] 3(32,51)). By Bs = X, %o
attracts D uniformly.

(h) The fundamental attractor of the subsystem of (1) on Cg is (X UR(0)) N Cy. Since
O repels, by the same reasoning as that used in (¢) above, (XN Cpx) = (Xy N Cx) attracts
each compact set in Cy \ {O} uniformly.

For any compact set S C (X \ Cp), from the proof of (g) above we see that B; repels S
away from Bj to Xg. But since Yy is invariant, (X NCg) = (g N By), and (g NYg) =
(g \2y), ¥y NCy repels S away from Ly N Cy to Xy \ ¥y. Thus, restricting (1) to
S, ¥ N Cx is the global repeller with its dual attractor X \ XH.

(i) Similar to (h) above. [

7. CONCLUSION

For autonomous type-K competitive system (1) with dissipation and the origin O as a
repeller, we have found two closed invariant sets Sy and Sy, the former is the boundary
of the set of unbounded trajectories ¢:(x) with bounded ¢:(x)y and the latter is the
boundary of the set of unbounded trajectories ¢:(x) with bounded ¢:(x)y. We have
shown that Sy NCr and Sy NCr are (N — 1)-dimensional surfaces homeomorphic to RV !
and that each of Sy and Sy is unordered in < and homeomorphic to a closed set in an
(N — 1)-dimensional plane by projection.

We then have decomposed the compact invariant set ¥ = C'\ (R(o0) U R(O)) into ¥ =
Y UXoU Xy, where ¥y is compact invariant, each trajectory in Xz \ Cg has its a-limit
set in ¥y N Oy and w-limit set in Xy \ ¥y C o, and each trajectory in Xy \ Cy has its
a-limit set in Xy N Oy and w-limit set in Xy \ Ty C .

Under certain conditions weaker than those appeared in the literature, we have established
the asymptotic behaviour: each trajectory in C'\ (Cy U Cy) is eventually asymptotic to
one in Sy N[O, r] and one in Sy N[O, ] for a given r > 0.

Under the same conditions we have proved that each trajectory in R(O)\ Cy is asymptotic
to one in Xy, each trajectory in R(O) \ Cy is asymptotic to one in X, and hence each
trajectory in R(O) \ (Cy U Cy) is asymptotic to one in ¥y and one in 3.

We then have established the relationships between Sy, Sy and X, Xy and Xg: Xy C Sg,
Yy C Sy and Xy C (SH N Sv).

We have further established the relationships between R(00), R(O) and ¥, ¥y, ¥y and
S UZy: ¥ =R(c0)\R(c0) but ¥y UXy = R(O)\ R(O), which is identical to ¥y UZy,
YgUXy and Xy U (EH N Ev) UXy.
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We then have concluded that the global attractor ¥ for (1) in C'\ {O} consists of X U Xy,
the closure of (N — 1)-dimensional invariant manifolds ¥z N C; and Xy N Cy, which has a
closed invariant subset ¥z N ¥y, and a compact invariant subset ¥y of S N Sy .

It is clear that ¥ for type-K competitive system (1) has the same geometric and asymptotic
features as those of modified carrying simplex for a competitive system: each nontrivial
trajectory below Y is asymptotic to one in ¥ and every trajectory above X has its w-limit
set in ¥. In particular, when ¥ = Yz U3y, ie. Y9 = g N Xy, ¥ is the closure of
(N — 1)-dimensional invariant manifolds ¥z N C’I and Xy N C’I and has more similarities
to a modified carrying simplex for a competitive system.

In general, however, X5 N Xy is a proper subset of ¥ as demonstrated in sections 4-5 by
examples 4.1 and 5.1. So far not much is known about geometric and dynamical feature of
Y. It is hoped that the results obtained here lay the foundation for further investigation.
We end this paper with the following open problems and hope any further investigations
will enrich the existing theory.

Open Problems:
1. Explore conditions for ¥y = Xz N 3y to hold.

2. Explore conditions for ¥y to be an (N — 1)-dimensional invariant manifold.

3. Classify geometric configurations of Yy supported by conditions, examples and
proofs, and investigate the dynamical behaviour on g, for three-dimensional type-
K competitive systems.

4. Tt is known that any complicated behaviour can be embedded into the carrying
simplex of a competitive system. Investigate the possibility of such embedding of
complicated behaviour into Y for type-K competitive systems.

5. Conduct further investigation of ¥y in whichever aspects for general N-dimensional
type-K systems.

6. Prove or disprove (27) in remark 2.3.

7. Prove or disprove the conjecture for N > 3 given in remark 3.5.
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