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A theoretical investigation of an averaged-structure
eddy viscosity model applied to turbulent shear flows.

By A.A. Khossousi.

ABSTRACT

The project 1is concerned with the study of a new
mathematical model 1in which the structure of turbulence is
described by averaging the effects of the eddies of various
scales over the whole volume of flow. The model assumes that

the turbulent stresses can be presented 1in a way analogous
to the laminar stresses and the correlations between the

point in question with those at other locations in the flow
follow a distribution which may be assumed Gaussian.

The model 1s initially applied to the steady incompress-
ible turbulent Poiseuille flows between parallel flat plates
and through circular pipes. The Navier-Stokes equations are
simplified and solved analytically, with the aid of Integral
Transform methods and asymptotic expansions. With the
appropriate numerical values for the model constants, the
approximate asymptotic solutions for the mean velocities are
found in good agreement with the universal laws and with the

experimental data.

To test the model further, the steady incompressible
turbulent boundary layer flow along the surface of a solid
body is studied. It is shown that wunder the similarity
transformations the boundary-layer equations may be
simplified to give, to the first approximation, ordinary
differential equations of order three. These equations are
similar to the Blasius and the Falkner-Skan equations except
for the presence of the additional terms representing the
turbulent effects.

With the usual no-slip conditions at the wall, numerical
solutions to these non-linear equations are obtained for
various values of the flow parameters. For the special case
when the pressure gradient related parameter a=-1, it 1is
described how an approximate analytic solution can be
obtained, by extending the existing solutions of the

Falkner~-Skan equation. °



1. INTRODUCTION

1.1 What is turbulence?

In most text books which deal with the subject of
turbulence, the authors begin their description of this type
of flow by referring to 1its complek nature, and it 1is
generally agreed that turbulence can not be defined
precisely and universally. While some theories may apply to
one flow condition, they may not apply to another, hence
different turbulent motions may require different
treatments.

Earlier theories of turbulence were based on analogies
with the kinetic theory of gases, and assumed discontinuous
collisions between discrete fluid particles. Following G. I.
Taylor (1935), who first proposed that the velocity of the
fluid in a turbulent motion may be assumed as a random
continuous function of position and time, Hinze (i§59)
defined turbulence as "... irregular condition of flow in
which the various quantities show a random variation with
time and space coordinates, so that statistically distinct
average values can be discerned" [5].

This general definition however, does not describe the
phenomenon adequately, for not all chaotic motions-are
describable in terms of random functions. Ruelle and Takens
(1971), discuss various phenomena occuring in the motion of
a viscous fluid when a flow parameter, such as the Reynolds
number R, is increased. For sufficiently small values of R,
the physical parameters describing the flow at any point are
constant in time, if the system 1s not subjected to any
external action. As R increases the motion may remain steady

but change its symmetry pattern, or may become periodic in



time. If R 1increases further, the notion becomes very
complicated, irregqular and chaotic. This is referred to as
turbulence. When statistical properties of a turbulent
motion can not be obtained, then the chaotic solutions of
the differential equations are wusually sought as the
exXxplanation of turbulence.

Fortunately, in engineering and meteorological
problems no detailed description of the fluctuating fluid
particles is needed and only the approximate effects of
turbulence on the mean motion 1is conéidered adequate. This
enables the problem of turbulence to be treated
mathematically.

1.2 Where the difficulties arise.

The common practice in dealing with turbulent motions
mathematically, 1s to split up the flow properties (such as
the velocity and pressure) into a mean and a fluctuating
component, and time-average the differential equatiéns ,
governing the flow. This process which is described in more
detail in chapter two, gives rise. to the appearence of extra
terms, formed by the (mean) products of the velocity
fluctuating components, and are known as the Reynolds
stresses. It is the determination of these stresses which
has proved to be the major cause of difficulties. The usual
method of solving this problem is to use mathematical models
capable of approximating the effects of the Reynolds
stresses in terms of other flow quantities. Examples of such
models are presented in the next section.

" Another area of difficulty is due to the fact that the
governing equations are three-dimensional. Although some

problems of interest seem to be two-dimensional, turbulent



fluctuations are essentially three-dimensional in character.
Any method of describing a turbulent field therefore, should
be able to take this into account.

If solid boundaries are present, as 1in the channel and
boundary layer flows, further complications develop, for a
turbulent field experiences gradients. It is these types of
flows we shall be investigating with the aid of our model 1in

this report.

1.3 Various turbulence models.

The contents of this section is not intended as a review
of the subject. We shall briefly discuss various approaches
to the problem of turbulence, in particular the eddy-
viscosity approach, as our aim 1s to 1identify and hence
improve on some of the shortcomings and deficiencies
associated with these models.

The energy tensor of turbulent fluctuations Tf}(=-pﬁ?ﬁ§)
arise from statistical correlation between streamwise and
cross-stream velocity fluctuating components, u/ and u;.
They are known as the Reynolds or turbulent stresses and
represent thé exchange of momentum between adjacent layegs
of fluid by the fluctuating fluid velocities.

In order to be able to solve the governing equations

(2.9) for any type of turbulent flow, the Reynolds stresses

must be known. Since, no direct ways of finding these
stresses are known at present (except 1in cases such as
~1sotropic turbulence formed behind grids [1, ch.VII]), it 1is
necessary  to replace them by mathematical models to

represent their effects in terms of quantities which can be

determined.



This kind of approach to the problem of turbulence was
originated by Boussinesq in 1877. He suggested that the
Reynolds stresses can be presented in a form analogous to
the laminar stresses, by the product of the mean velocity
gradient 'éa/gr » and a turbulent or eddy viscosity .« , which
1s a property of the local state of turbulence.

However, experiments have shown that «, 1s not a
property that can be determined locally. It is influenced by
effects of the eddying motion at other locations in the flow
and depends largely on the structure of turbulence at the
point in question.

- Among the well-known mathematical models, put forward to
express «, in terms of calculable quantities. (like the mean

velocity u), are

(i) Prandtl ‘s (1925) mixing length hypothesis (MLH),

L

3
Ay =24, 2; ',

where f. is the ‘mixing length. This model 1is quite

attractive to users for its simplicity, and is capable of
producing a fairly good but not accurate picture of
turbulence 1in two-dimensi&nal flows. The difficulty with
this model is the mixing length, which has to be prescribed,
and its size varies according to the distance from the

boundary.

(ii) Von Karman’s similarity hypothesis (1930).
This model avoids the difficulty of specifying the

mixing length, by assuming

AU 2 U
l. "a_y_/'ar*"

Since the mixiné length 1is determined by the 1local



properties of the mean flow alone, the predictions made by
this model, have been found to deviate from experiments,

except in the regions close to a wall.

(111) Eddy-viscosity formulae.
These models have the general form
Ay =L UY F()),
where u, and y are characteristic global velocity and
length scales, respectively. The term f(y), refers to some
function of position in the flow, and its form varies
according to the type of flow under consideration. These
models are - not very attractive, for they have a 1limited

degree of universality. [18].

Simple models such as those 1listed above, determine the
eddy viscosity locally, and lack the facility to capture the
structural - effects of turbulence. Furthermore, since the
eddy viscosity is directly related to the mean velocity
gradient (as in the MLH), it vanishes when the mean velocity
is zero oOr has 1its maximum value, as at the centre of a
pipe, where the Reynolds stresses are not only non-zero, but
may in fact be quite large.

Another class of models, capable of taking account of
the non-local character of turbulence are the differential
models. They determine turbulence properties from the
convective transport differential equations.

In his 1945 model, Prandtl proposed that the velocity
scale, which 1in his earlier model was given by p.,l'aﬁ/'a/] '
should instead be presented by the square root of the

turbulence kinetic energy 4 (=1/2 u{u;’), which may be found



from the solutions of a differential transport equation for
A . The length scale still remained to be prescribed
algebraically. Following this proposal and with the
availability of high speed computers, various forms of
differential models have since been introduced. A number of
such models prior ¢to 1972, are examined, compared and
developed by Launder and Spalding [18]. The authors overall
conclusions were: "In most circumstances, one-equation
energy models are only marginally superior to Prandtl’s
mixing length model, for the transport effects on the
turbulence length scale are not accounted for". They added
that the more complex Two-equation models 1in which the
turbulence iength scale is also determined from the
transport equation, appears to be necessary, 1if a more
accurate prediction of turbulence is desired.

One of the most popular of the two-equation models, 1is
the (linear) £ -€ , in which the 1length scale appears in

the form of a turbulence energy dissipation rate g , where

3/2 =i

ExX ik 0,
and the eddy viscosity is represented by
2 -t
My, =CKET,
where ¢ 1s an empirically determined constant.

The k-£ model is currently one of the standard models

in use 1in engineering applications. Its performance in
channel flows has been tested by Henry, Reynolds and El
Telbany (1981, 1984), and others. The model was £found
capable of predicting the velocity profiles‘(sufficiently
away from the walls), with good agreement with measured
data, but the turbulence energy and hence eddy viscosity

were not well predicted. The model can not be applied in the
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near wall regions, as the parameters become highly sensitive
there. Consequently, the model equations are usually matched
to an empirically determined equation, such as the “law of
the wall”, near the boundary.

With rapid advances in the computer technology, most of
the research efforts in recent years have been directed
towards the °‘second-order” closure models, in which every
component of the Reynold stress tensor 1is determined from
the transport equations [19, 21, 22], and ‘large-eddy’
simulation, 1in which detailed computation of the time
evolution of the three dimensional turbulent field 1is
performed directly [20].

The difficulty with second-order models is the modelling
of higher order turbulence correlations, required 1in
deriving the transport equations for the Reynold stresses.
As for the large-eddy simulation, finite computer capacity,
prevents a direct numerical solution of eddies of small
scales. This approach theretfore, does not avoid the
difficulty of modelling the turbulence in the near wall
regions. The ‘subgrid® models, which are usually used to
simulate the small eddies in the vicinity of a wall, have
been tested in channel flows by Kaneda and Leslie (1983).
They examined the models of Schumann (1975) and Méin and Kim

(1982), and found that they were 1in need of substantial

improvements.

In addition to the difficulties outlined above, there is
another disadvantage with these approaches, namely the
enormous amount of computer time and memory they require.
These models are therefore not very practical in simpler

engineering problems, unless the necessity of wusing such



expensive models can be justified.

Speziale (1987), noting the shortcomings of the A -¢
model and the disadvantages of the alternative direct
simulation and the second-order models, developed a
nonlinear K -¢ model, which appears to have improved the
predictions of the normal Reynolds stresses 1in channel
flows. This model, as well as suffering the same kind of
complications as the linear K -€ mentiond earlier, requires

the introduction of an additional model constant, which

further complicates the calculations of a turbulent field.

1.4 The aim of the project.

In view of the great number of turbulence models which
are available, scientists and engineers are often faced with
the problem of choosing the most suitable, to serve their
purposes. They have to decide on whether to employ a complex
model to achieve a greater accuracy, or settle for a crude
estimate and uge a simple model. Considering those factors
such as simplicity, time and costs, it is not surprising to
find that many users favour simpler models, for a complex
one can not always be guaranteed to produce a vefy accurate
result after all.

The non-local effects of turbulence, as mentioned
earlier, play an important role in determining the structure
of a turbulent flow. As far as taking account of these

effects are concerned, it appears that a user is forced to

resort to one of the complex models (such as the «#-£ ), or

alternatively, disregard the non-local effects completely

and choose a simple model (such as the MLH).

This apparent gap in turbulence models, can be regarded



as the main inspiration of the work presented 1in this
report. The aim 1is to develope a relatively simple
mathematical model of turbulence in which the effects of the
eddies of various scales, originating at some distance away
from the point in question, are averaged over the whole
volume of flow. Such a model should therefore be able to
describe the ‘average-structure’ of a turbulent field. In
addition, the three-dimensional character of turbulence is
also presented, through the averaging process.

The model is introduced in chapter two, along with the
basic equations which will be wused in the subsequent
chapters. As the preleminary test, it is applied to the
simple problem of fully developed Poiseuille flow between
parallel flat plates, for which an approximate analytic
solution is obtained. The method of solving the equations of
motion with the aid of the 1integral transform method and
asymptotic expansions are described in chapter three. The
behaviour of the velocity curves, for different values of
the model constants and the Reynolds number are presented in
the form of graphs.

In chapter four, the application of the model to the
fully developed Poiseuille flow through circulgr pipes 1is
examined. This flow is slightly more complicated than the
channel flows. But once the equations are transformed into
cylindrical polar coordinates, the method of approaching the
problem 1is basically similar to that discussed in chapter
three. Based on the approximate asymptotic solution present-
ed for the mean velocity, an expression for the coefficient
of resistance in smooth pipe is also presented. The results

produced by this expression are compared with those given by



the Prandtl formula, deduced from the logarithmic profiles.

Chapter five belongs to the boundary layer theory, which
1s the final problem to be investigated with the aid of the
model. This flow is of great practical importance and 1s
more complex ig comparison with the Poiseuille channel and
pipe flows. Following a short introduction, the method of
approximating the governing equations to obtain the boundary
layer equations 1is described. It 1s shown how these
non-linear partial differential equétions may be transformed
through similarity variables, to give (to the first approxi-
mation) an ordinary differential equation, similar to the
well-known Falkner-Skan equation. It will be seen that when
the pressure gradient 1is absent, this equation reduces to a
Blasius type equation, applicable Jto turbulent flows. These
equations are solved numerically, by wusing a Nag library
routine. For the speciali case f8 = -1, it is shown how an
approximate analytic solution may be obtained, by extending
the laminar solution of the Falkner-Skan equation. In all
cases, the no-slip boundary conditions at the walls are
adopted.

All turbulent shear flows investigated in this report
are assumed steady and incombressible, for simplicity.

The Vax 750 main frame computer at the City of London
Polytechnic was used to produce the results and the graphics

presented in this document. The programmes were written in
Fortran and Double Precision variables were used to minimise

the rounding errors and to achieve greater accuracy.
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2. THE GOVERNING EQUATIONS, ASSUMPTIONS AND DEFINITIONS.

Throughout this chapter, unless otherwise stated, all
equations are written in the Cartesian coordinate system, in
which u, v and w are the respective components of the
velocity vector V in the x, y and z directions.

2.1 The Navier-Stokes (N-S) equations.

The mathematical equations governing the motion of a
viscous Newtonian fluid are known as the Navier-Stokes
equations. They consist of three equations of motion or the
momentum equations and the continuity or conservation of
mass equation. In this section we shall briefly discuss
these equations and outline some of their important
properties.

Assuming the fluid as a continuous medium, the equations
of motion can be derived by applying Newton’'s second law of
motion to a small rectangular box of fluid contained within
the flow and moving with 1t. That is to say the product of
the mass and acceleration must balance the sum of the forces
acting on this box of fluid. In laminar flows, the forces
responsible for the motion of fluid are the body forces such
as the gravity force and the surface forces or stresses
which depend (linearly in Newtonian fluids) on the rate at
which the fluid is strained by the velocity.

The stresses acting on a cube of fluid form the

components of the stress tensor,-qi (i,3=1,2,3). The second

]
subscript indicates the coordinate along which the stress 1is
acting and the first refers to the direction normal to this
coordinate. The stress tensor is symmetric and thus Ty = T5i

They are known as the shear stresses if i#j and normal

11



stresses if 1i=j. For a fluid at rest T3 = -P (i=3=1,2,3),
where P 1s the pressure.
The stresses can be regarded as a measure of f£fluid

resistance to deformation through the action of velocity.

The rate of deformation in Cartesian tensor notation 1s

defined by

— U U5
O‘IT-J{( yglj + ]/’ax,-): (2.1)

which is known as the strain rate tensor and has the

components
oo, = oYL, o oV - oW (2.2)
X X Yy © /‘3)7 » ©Oza /92 2 .
and .
_ u 3V
o= % = T (%t /%)

w | (2.3)
Oye = 7y =& (Vaz + *V/or)s

u W
0':2‘:0}.:""5(?/91""3/93)'
The stress-strain rate relationship for a Newtonian
incompressible fluid in motion can be presented by

Tu =-pP Sl] +ﬂ0"15

(2.4)
= -F 81]- *-‘f(w"/a:i A ?”‘/'an),

where
Sﬁ =0 1if 1i#j
=1 if 1i=j,
and _« is the molecular viscosity [9].
In stating the above relationship, it should be noted

that the fluid 1is assumed isotropic, so that the relation
between the components of the stress and the rate of strain

is the same in all directions.

By considering the net balance of stresses acting in the

direction i, on an elemental cube, (in <the 1limit as the

12



sides of the cube tend to zero) and applying Newton’'s second
law, the momentum equations can be obtained, which in
Cartesian tensor notation are

P My + Ys Maxg) = P /ey B (2.5)
where the fluid is assumed incompressible (i.e. 2= constant)
and B; represents the body forces acting in tne direction 1i.
The terms within the brackets on the left hané side of (2.5)
are the acceleration terms which include the so called
convective acceleration, Uj 9/, .

Combining (2.4) and (2.5) yields the momentum equations
(2.6a), which together with the continuity equation (2.6b),
form the Navier-Stokes equations for an 1incompressible

laminar flow with constant viscosity.

p !
U L AUy _ 2P 9 Uj
and

Detailed derivation of the momentum and continuity

equations are given in references {9] and [17].

2.2 The governing equations for turbulent flows.

The N-S equations (2.6) appears to be applicable to
incompressible turbulent flows in which the effects of the
chaotic motion at molecular scale is negligible compared to

the smallest possible eddies which may be present in the

flow.

As mentioned in the previous chapter, various turbulent
quantities may be expressed as having a mean and a

fluctuating component. In turbulent flows, the dependent

13



variables vary as functions of time, regardless of whether
the flow 1s steady or not. It is therefore convenient to
take the time-average to represent the mean part of a
turbulent quantity.

For an instantaneous variable @, define the time-

average quantity.ﬁ} at a fixed point in space, by

To+3x T

0 = 2. (Odt ; T <t T,
g(‘t) 7 /-.-_...'_-1; o < <t (2.7)

|

where T, is the averaging time. The fluctuations are assumed

to be very rapid,allowing a long enough averaging period,
during which a significant mean to be formed and vyet so
short that there would be negligible variation in the mean
in that period. A quantity averaged over such a scale can be
regarded as instantaneous in the macroscopic scale.

We can then write @ = 'ﬁ’ + @, where ﬁ' 1s the time-average
and @’ the fluctuating components. In taking time-averages
the following rules apply.

For any two variables a and b and a constant c¢,

if a=a+a and b=Db+ Db,

then a+b=a+b, a‘=b’'= 0,
;_.-B = ;—B +'a_"._5' ) Pa/aIx = ‘a'é'/ax (2.8)

it
|
o1 ] |
P
0,
o
!
P
oF
z

and cC.2a = C.a .

F 4

By putting uw=71; +u; and P =P+ P in (2.6) and

J
taking time-averages of both sides of the equations in
accordance with (2.7) and (2.8), we can obtain after

simplifying and rearranging, the momentum and continuity

equations for incompressible turbulent flows, as

14



and

ga;/gri = 0, [9]. (2.9b)

The above equations are similar to the laminar flow

equations (2.6), -except for the presence of the terms

involving the Reynolds stresses 1:71- (= =-pu; uJ ). These terms
reflect the turbulence effects on the mean motion and
as mentioned before, represent the rate at which the
momentum 1is exchanged between layers of fluid through
fluctuations.

Various methods of determiningthe Reynolds stresses,
were outlined in chapter one, where the disadvantages of
some of the popular turbulence models were briefly noted.
Let us now introduce a madel, in which the Reynolds stresses

are determined by averaging the structure of turbulence over

the neighbouring points.

2.3 An ‘averaged-structure’® turbulence model.
The model we are about to 1introduce 1is based on the
Boussinesq assumption that the Reynolds stresses may be

presented in a form analogous to the laminar stresses. Hence,

by analogy to (2.4), we propose a form for the the Reynolds

stresses which at any point X, with the mean velocity V and

at time t, 1s represented by

*
TH[X,".') = -2 UEU:"
= =P R(XO S5+ [F(X,t, 4-X) o (X,1) dY',
where o |

- PP, (X,t) ‘Slj are Reynolds normal stresses,

and

r Ff. qj(i',t)=-i-ﬂf.(?.a;i~gzi ) are Reynolds shear stresses.
A, AX;
!

15



The weighting function F, which varies with space, time

!

and position, represents the correlation between X and X ,

o L

’

where X 1s any point within the flow. The effects of the

i

eddies formed at the points X’ on the point X, are averaged
by means of a volume integral, which is taken over the whole
volume of flow.

We may choose F to be given by the products of a “shape

function”, F,, and a ‘position function’, F, . In steady

flows for example, we might have

F(X , X-X") = ¢, F, (X).F, (1X-X1), (2.11)
where ¢, 1s a constant.

The shape function 1s required to represent the rate at
which large-scale turbulent motions, draw free-stream fluid
into a boundary layer. 1In addition, since near a wall
viscous friction predominates, we might choose a form for F,

which would vanish at the walls and varies with the space

coordinate normal to the direction of mean motion alone.
Another property that a shape function needs to possess, 1is
to have a diminishing variation with the distance away from
the boundaries, so that it would behave like a constant in
the free-stream region of a flow. The exact form of the
shape function varies according to the problem under
consideration. The equations (3.6), (4.5) and (5.40) are
examples of the shape functions, satisfying the requirements
noted above.

For the dependence onl§-§\ , We choose an isotropic
variation of rapid decay, like the Gaussian distribution
function

F, (1X-X'1) = exp{-=(X - X')*}. (2.12)

The standard deviation parameter ¢ , 1is a measure of

16



spread of the points X with respect to the point X, so that

o

the smaller this parameter is, the closer the points X'are
located to X and hence a greater influence is exerted on the
body of fluid at X, by the eddies of small scales. If on the
other hand, the effects o0of the eddies formed at some
distance away from the point in question is considered, then
o- would be of larger magnitude.

In the following chapters, the model 1s examined by

applying it to some of the standard problems of fluid

dynamics. '



3. FULLY DEVELOPED STEADY POISEUILLE FLOW
BETWEEN PARALLEL FLAT PLATES.

In this chapter the application of the model to the
relatively simple and well-known problem of incompressible
steady turbulent Poiseuille flow between two stationary
parallel flat plates, at a distance 2h apart, is examined.
The governing equations for this particular problem and an
approximate analytical solution for the mean velocity 1is
presented in the following sections. The method of solving
the equations with the aid of the integral transform method
and asymptotic expansions 1is described 1in considerable
detail. With the appropriate numerical values for the model
constants, the predicted mean velocity profiles are comparéd

with the results produced by some of the similar models and

the experiments.

3.1 Equations of motion.
Let the x axis be parallel to the direction of mean

motion and u, V and w denote the respective components of
the mean velocity vector V in the x, y and z directions. The
main characteristic feature of the Poiseuille channel flows
is that the components of the mean velocity vector ﬁ, méy be
assumed independent of the space coordinates x and z and the

only non-zero component is the one along the direction of

mean motion [15]. Hence, we can write

2= {G(Y) » 0, 0}, (3.1)
and the time-average momentum equations (2.9a) reduce to
Y- 25, *
= 'bF'/‘ati =D 0 u‘/?!j?xj + = ’Brij/ggj ’ (3.2)

assuming steady flow with negligible body forces, and V(=‘—f5)

is the kinematic viscosity.

Combining (3.2) and (2.10'), and dropping the bars above

18



the mean quantities for convenience, yields

_L_?f_ _ 'aul *__ ’BUI ’
P 2% =Y TEZN "« 8y JF( b3.3)
which can be written as
? U 9 U ,
(P/p"'Pt)" "";;"'"2_ gyv{'r'—y—,d,‘x__-
2 (P =L 2 C ,
y(/p*-f’ft)_z,hvfﬂ':_;;d_x_, (3.4)
and 'B;CP/P* ):: 0,
where
FﬂCcF‘-(y) F;(‘!,-X"))
and F=ep{-r—=(X-2)] [see (2.12)], (3.5)

Bearing in mind the purposes which the shape function F,
1s required to serve (as discussed in previous chapter), the
following form for the function F, (y) is proposed.

Feyy=e 2 { cosh(Ms) = cosn(Y/2) }, (3.6)
which is an even function of vy due to the parabolic nature
of the velocity profile. Here, h 1s the distance of a wall
from the centre 1line (y=0), N is a characteristic length

scale, and the parameter c, 1s to be determined experimenta-

lly.

Schematic illustration of flow.
The boundary conditions to supplement the system (3.4) are
u=F=0 aty =th. (3.7)
"The volume integral in (3.4) may be presented in a

simpler form, as shown below.

b | k 3 !
=arole, f:. e { - CV-1)/ 00 ) 3%. dy’
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It can be seen that the volume integral depends on y
only and from the second and third of the equations (3.4) we

can write

? 2
a7 (et =54 = 0,

and therefore (Q¢:+F§) varies with x alone. Hence the

equations (3.4) reduce to (remember u depends on y only)

h

d (P _pdu %, 9 -l (y-y )t dY Jye_
2 (e+f)=v G wnoc 5 F]A exp{- =, (Y r)}dy, dy’=K,

where K 1s a constant.

Integrating once with respect to y,yields

du 4 h ! 2 du ’
dy w1 E'../h P{ 202 V=7 }cly' 4 '+ "(3.8)

where K, is a constant.

The second term on the 1.h.s. of (3.8) can be simplified

by integrating by'parts.

I’e'f,{' 5 (Y- Y] ;L}L;- T ..hh %‘, exp{--=,(y-y-)yatyddy’
8 [t
5 P - En Uy} = - 55 e {- 1= (=901,
Hence, the equation (3.8) reduces to
vad-;-+no-lc,ﬁg=ky+k., (3.9)

where ; .
g = [ u) ef{- = y-y Y dr
As u(h) = u(-h), then u and therefore ¢ are even
functions of y.b Since F, 1s even, then the l.h.s. of (3.9)
is odd, and hence the r.h.s. must also be odd, which implies
K,= 0.
quére attempting to solve the equation (3.9), it must

be made dimensionless by the usual scaling method.

20



3.2 Equation of motion in non-dimensional form.

Define the dimensionless variables 4,7,1', a, b and ¢ by

w,u(7), y=h7, y'=h1,
k

u
h =& , O = bh , = -uy/h ,
R

u, h/5 and c =T c,h /u,, (3.10)
where u, is the friction velocity defined by 4, =/(7,,}; 7 . . dU
and R is the Reynolds number.

Combining (3.9) and (3.10), gives the dimensionless

equation of motion

d 2 7 (%)
?("1)-- e'a( Cosh @ — COsh Q) , (3.12)
and | ,
'é((,,pjl‘ 2 (1) exP{-2 (M-} d1’, (3.13)

The circumflexes, 1ndicate dimensionless quantities. The

boundary conditions (3.7), become

§(7) = E (1) =0 at 7=%1. (3.14)

Il

3.3 An approximate analytical solution.

In solving the implicit equation (3.11) for u, we seek
an approximate series expansion in powers of 7 to represent
the product of ﬁ.(?) and d@(ﬂ)/d1 , which would then enable
us to evaluate the mean velocity by simply integrating
(3.11) across the channel.

For reasons - which will become apparent, it is convenient
to multiply throughout (3.11) by exp{--=(J-7)"} and

integrate from -1 to 1. The circumflexes are dropped for

convenience.,
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7 (3= dgq)/dl ; (3.15)
and
‘ p &
J(3) = / 7 exp{-=5(J-1"}d1, (3.16)
then '
. 2
2(3) + & [, E("I)E’XP{';L?(I"I) }'f(q) d7=-R3(})’(3'17)
where )

d
£ =RCb. * (3.18)

This equation is now to be solved for 4/ (J).

Two possibilities need be considered 1in solving (3.17).
(i)- 1if € is smaller than the 1lowest eigenvalue 1in which

case (3.17) could be solved as a Neumann series, by

assuming a solution of the form
- n (3.19)
7(Y)= E ~(3).

O

(ii)- if ¢ is not sufficiently small to ensure the converge-
nce of the above series, then a direct solution of the

equation seems desirable.

Here we shall briefly discuss the first case and just
indicate, without actually solving the equation, how a
solution may be arrived at. The second case, which is more

complicated and of more interest (at least from a

mathematical point of view), is studied in depth.
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CASE (1)-

Substltutlng (3 19) into (3.17), we obtain

Z £ % (§) + Eg"'"‘/ (5. 1) A4 (1) 7= R I(F),

Nz
where n=o

A(F 7 = €P{-a (=D }F ().

Equating the coefficients of equal powers of ¢ yields

# = =RJ,

o, +f'k(J,'))0‘, dm =

or

4 = -lf,f: kn(§;7)o‘:(7)o{7 s n=1,2,....

To find the reccurence relation for 4 , we write

f/f (§,1)%(Ddy = /0’7/(’(J7)f k,., (1, 5')'%(,()0’{

= f 01!4;({)/ £( 3,70 Kaes (1 54T
- !

' |
= __f' df 4&,(7):/k(1,{) Knr (3, 1) T,

Therefore

/f,,(Im)=f,'k(T:f)km:(fa“?)o/f- (3.20) |

-

Since we are interested in u, the integration can 1in

fact be performed on (3.11]) directly. Combining (3.11),
(3.15) and (3.18) gives

du/gn = = R - Fin Y. € ().

NnNgo

Integrating once w.r.t. 7 gives the solution in the form

o

n el '
!.l—_-_;'-R(l-"]")- Z ¢ ‘/'.F'(‘y’)/ﬁ'(‘?')cl’]', (3.21)

Mzo
where

'
A () = (=" [k (1) A t$)dE nei,....
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The first term on the r.h.s. of (3.21) reflects the
laminar profile, while the remaining terms represent the
effects associated with turbulence.

CASE (ii)-

The situation in which € 1s large i1s of more interest,
mainly because a straight forward series solution does not
appear to be possible, and on, the other hand, since the
parameter fh.is directly proportional to the Reynolds number
(according to 3.18), it seems reasonable to expect £ to have
large values in turbulent flows.

An alternative approach to the problem in this case
would be to work with the transformed version of the
equations and seek a solution in the form of an asymptotic
seriles.

Let f(s) denote the Fourier Transform of £(v), defined

by

J{fn} = f¢s) = / e T £epd, (3.22a)
and % .

-\ *® «¢SYM _

J{ie)=fn=5 /_ ¢ f2ds, (23] (3.22b)

If we extend the definition of F,6K(4) to the whole real

line and put
F . (7) =0 for 131,
then (3.17) gives a continuation of 5 to the whole real line

and transforms to
oG

(e [ d}e‘”j (D e {- Tz (T-1)) +(ndq

oD

=-RJCSY. (3.23)

The double integral in above can be simplified by making

use of the Convolution theory [23].

R4



Let

oo I.S o0
T=/ dye [ kg k(mdT. (3.24)
where ke
k,(j’-ﬂ):ch{_;lg(J_ﬂ‘} , (3.25)
and
Kk, (1) = F (N #(1). (3.26)

The inner integral in (3.24) represents the convolution of

K,and k, , and we can write

T.:/Mdj e‘sj[kg(‘f)*kz(})1= /-;lcs) EI(S)’ (3-27)

where it
od .
~ (QJ
S ::f R
k(=) e ar{-75 T} d]
/ : ) (3.28)
= /(27 exP{- LbL"s .
and ) { 4 }
k(Y= [ @3] F(D#(Pd3
= o= F(s) ¥ »C3). (3.29)
Hence (3.27) becomes
T = b/Jyny SXP{-+6's’} F(s)¥ 2(s)
% _ (3.30)
= b//(arr) exp{-+ 151} / F(s-t) 1) dt,
where B
F(S)-_E_Q.E.:f_{acfssha SinS - S SWhacoss (3.31)
\ T S(sSi @) }' .

[see appendix Al].
Having simplified the double integral, the equation

(3.23) becomes

—*Lbz b ]
;(S)=-R§(5)" €

S
v (S), (3.32)

where

w — -
)= Nm €b [ ECs-t) F(Dd1, (3.33)
Substituting ~“¢(t) in the above, by (3.32), yields

WD =- 2= €bLR [T E(s-) §lordt
- 0 ".';'bltz
+ [ Fes-vre J(t)dt].

It 1is convenient to write

25



\IJ(S) ::?(5) "".j:(S) ’

(3.34)
where -
f(d=-2— cbR[ F(s-1)3 1
F it :./....; F(s-1)g(t)dt, (3.35)
and J—b:fz
— \ o0 !
J(s)=-7— b [.a Fe(s-tye V) dt. (3.36)

To solve (3.34), we make the assumption that b>>1 and

look for an asymptotic series solution of the form

m &
o -3
Y(s) ~ b Zj : b~ P, (), (3.37)

where the exponent © 1s a constant to be determined in the
process.

Physically, large b implies that the neighbouring points
X, whose effects on the point in question we are averaging,
are more widely spread. This in effect means that the eddies
of larger scale, which may have been formed at some distance

away from the lump of fluid under consideration, will show
their effect.

Let us now turn our attention to the integrals involved
in (3.34), namely f(s) and J(s), and see how they may be
presented in asymptotic forms.

First consider f(s), as given by (3.35). The integrand
in this equation contains g(t), the method of evaluating

which 1is described below.

§Ct) = f: e ‘5 3(})43’ , J (3.38)
where '
gep = [ 1 ek (= (F-D}d1.
I1f we put
J=/2 bx and M =/iby,
so that

d}:/abd! and c"‘?=/2 '90')’

}
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then

g(vibx) =
Ji,

"1 b
26y exp{-(x-r)*} dy

p ! -xz '/Jlb
= 2b € 2 HL el :

?c n: H. 2 Y dy ’ (3.39)
where H_(Xx) is the Hermite polynomial , defined by

n RV | ’ % N i
oo =[5 {777} cennerd o
0'7 V=0 o x"

with the generating function

exp{axy-rt} = }'_’_ y* Ha (O /a1 [31].

20
The integral in (3.39) vanishes 1if n is an even integer and

hence
2 o
i T Z Hamay (¥) g
3(Jl bX) = —E- C - (2m+3)(2metr)) (“51 , .
mF (3.40)
where z.dlm*' o
Hzm’.‘(*): - C ] g3m 4 e c = amael.

The convergence of the series in (3.40) is proved 1in

appendix A2.

Replacing the series expansion given by (3.40) for g, 1in

(3.38) gives

|/abl @ "/z 6'{; dﬂm'fl _xl
3(.{) --2Z (3““*3)(1““)‘ -/- ¢ d,‘zwul c dx'

"z Q - 00

To evaluate the above integral, let

B o0 1./: bt’l 2m™e) _ 1
I _',/' e d e 1:c{t.

12m4| "!1n§l

Successive integration by parts, yields

1 =-1bzf111..,_\ iowm ) )

2™ <)

from which one can deduce

I, = (-26t)7" I

ad WM&\
where
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“ ¢hibt x - X I AT
/ e‘ de cl,‘ — . 4

1\ = = ¢ /an bt e .
- d x
Hence, the expansion for g(t) reduces to
o ™ ' 3{"
- _ . (_‘) am & —-Ib
gty = 2/aam be ; TIPTAYETYIRY 1 e 34D

Combining the above equation with (3.35) gives

- 0 © ™ m+) --5") ‘t
(s) = -2€bK f Z (=0 tl -t
‘F ¢ { Cim+3)(2maer) } F(S e d—tn
| = @ mszo
which after splitting the integral can be presented in the
form
Mmé {
- g__‘\ +2 \ N
fCs)=-225R f { Z (a.ma-‘s)(amn)\ }{ r(s--t).. F(s*t)} ¢ Jt.

The above 1ntegra1 is of the Laplace type, and since b
is assumed large, the major contribution to the integral
arises from the region close to the origin Within which t

is small. In this region we can write, using Taylor’s

theoremn,

- — (2K +Y) k<)

E(s_f)-'ﬁ(s-vt):_zz F ¢yt /(:H«-!)l » (3.42)
K=o )

(the exponent whithin brackets denotes repeated differentia-

tion). Hence

_ - (2kae1) k bt
{(S\ =heéb I t { Z (11-\*33(21-14!)\ }{i (2k+|()s:-tz ] c dt:

MO

Kso
™ - A =dime |
u,ebaj (1) A "m} KIS 109
(2"‘*3)(11!-&“)! (Pk-2wmy ) .

kt. " =0

We can write for convenience

od oo 1 b §
- ak+2 L pEE
(s) = be ) T _ 1
fes)=he A Z-k” Al (s € dt . (3.43)
where
® _(2k-l¥“+l)
(- F (
S) = \ S)
Hk( Z (1“'*3)(1“*‘31 (1""'21“-&-!)! . (3l44)
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To estimate the integral in (3.43) for large b, Watson's

lemma is employed to give

- . ol k4-3/ -1k
fey m2€0RA S AL (D [6 ,p.48]. (3.45)
K=
Since °
E - RCBI )
then f(s) = 0(¢/b) = 0O(b).

A similar method, as described above, can be used to
represent 3(5) in an asymptotic form. So once again,

splitting the integral in (3.36) gives

3(8)::_-6-2- f e--i \P(t){F(S-t)-?CS-o-t)}d't
J¢am . ; ' (3.46)

Since Y (t) is an odd function, then for small values

of t, it has the Taylor expansion

o0 ?(2.‘*-\) tii-&l

E ( o)
T = (2i41)) ’
(3.47)
which together with (3.42), gives
o0 (o &) -—'-bltl
T if:'b J B (S) tﬁ-mfl 2
(S) = ~ . e dt:
J J(am 9 ;a (3.48)
where
™ = (2m<-2¢ 41) (2¢ +1)
F. () P ( 9)
B (S = . ,
) e Pmrlen (aden (3.49)

and from (3.37)

(20 41)

(2841) r < -3
\V ) (o) ~ b Z b \Pj (o).
j=o

Watson’s lemma is again used here to give

- = ™ 3, - wh
JCs) ~ 35i) -:-;- B"(S\F(vﬂ;‘s ) 2 : 2bC2 *3) (3.50)
17 mae :

Since
P 2
B.(s) = 0(b) and ¢t=0(b ),

it follows that J(s) = O(Hp).
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Returning to the equation (3.34), since ¥ and J are both
0(b”®) and £ is O(b), then choosing /° = 1 would make all the
terms of equal order and of the forms (each term is written

in full. i.e. ¢ is replaced by Rcb® and A,(s), B,(s) and

(2¢ 1) . _ ‘
¥ (0) by their respective expansions)

© .3

Jr O

2 = k (-l)m lk r'( K+3/:,) —(1K-2m+)) 3k
.;(S) ~ 4R Cbz Z YW(2keam )lF; (v b,
keo wmegQ (1‘“*3)(1“*‘ cLdk- +H°

and

(‘“""3/1) - (1m «2¢ +t) (3e+) ..;.
] (o) b
JCS H..- RCbZZZ (1.,._1«4-1)}(_3"*'33[:‘ Cs) ‘I’

mMz0 (g O JI-O

Having established the above asymptotic forms, we can
now determine ‘I’j (s); 3 =20,1,2,... , by collecting and
equating terms of equal order from either side of (3.34).

Since b>>1, we shall retain terms of O(I/bq) in the solution

and ignore terms of O(1/b%) and smaller. Our solution will

thus have the form

= P, 080 + ~1»$cs)+0('/55) (3.51)

The reason for taklng so many terms in the series, 1is

that we found unless 4 (1) contains some terms of 0(1/b"),

the final solution for u would be independent of b. In order

to be consistent, if such terms are to be retained in 4 (1),
they must also be included in Y(s).

If we take terms of O(b) we have

P (D=5 V60 (R FOa+ReFEMesy 30y, (3.52)
Differentiating once w.r.t. s yields
\P( (s) --— /c:ut)cR - F(") + RC F,u)( \{._:(n

Putting s = 0 and rearranging leads to
C R C F;cz)(o)

(v
ye 2 o) ——— L9
\Pﬁ (o \ = RC —(z)(o)

30



and if substituted back in (3.52) and rearranged gives

- (1)
(Rc F sy

I-RCJ‘;“)(O) (3.53)

’ 2
\P.CS§ = < \/(13)

Terms of O(l), yields
\I;‘(s) = RCF (s) {"c')(o).

which by differentiating once and putting s = (0, one can

deduce
¥ (s)=09. (3.54)
Similarly, by taking terms of 0(1/b1) and (1/b*), we find
qbs (3) = 0 and 4;5, S = Q,
respectively.

Taking terms of O(l/b) and following the same procedure as

above,we get

- : - W)
+RC{ED I+ + 7y L+ 4 £ 300y

A7) V- =(3) -

By differentiating the above once and putting s = 0, we
can find {":(0) . The derivatives of Y, and ¥, at s = 0,
which also appear in (3.56) can be found from (3.53) and
(3.55). Considering the number of terms these substitutions
generate, the expression for ¥, (s) would be hopelessly

complicated. Fortunately , as will be seen 1later, the
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contribution from the terms in (3.56) to the solution will
be O(l/b‘). The exact expression for"Pq(s) therefore, does
not appear to be necessary, as we are neglecting terms of

O0(1/b®) and smaller.

The above expressions for f}(s); j = 0, 2 and 4, contain
the derivatives of F,(s) up to and including the sixth
order. Obviously, differentiating F,(s), as given by (3;31),
to this order, does not seem practical, and we shall use the
more efficient technique of expanding F, (s) in the powers of
s before perfbrming the differentiation. From (3.31)

- a

E(S}: __g,_a_f___ ( acosha Smwsg - S Smha coss)

S CS"..,.Q’-)

o0 . 1) o0
-Q¢ 0 e S K cosh . 1 K
= 2Q¢€ — Z Ay (=) N - 2 Swha
{ a* ( a }{ i( | [ Cak+ )t (21)) ] S },
Jso k*o -7
which can be written as '
- - R o0 9_5
F(S) = 2 € EZ: ¥5 s,
where % 3“’_
. j 3K=2]J-1 . g cosh a Siah Q@
‘6/_) — k,g(-‘) Q {W—-—C—;—;-)—‘—-}- (3-57)

Repeated differentiation yields

}-m

- (wm) -Q ©0 . . ; i
o= 2e 5 (D@ ai-med ¥y 7 . g
j=o

Since F,(s) is an even function, then all its odd

derivatives vanish at s = 0 and the even ones reduce to

-— -Q - - 2
P =we ¥, B0y =uve Y,
and (3.59)

- - C

)
where

x =- L 3 - y ‘ ]
and

X, = ("’a');{ o cosha - s.:.kal-;-({;\}{-%-; a cosha - i—'- S..:..\\a}

+ 5 (o7 acesho- = slwal. (3.61)
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The expression for ¥, will not be required.

Substituting the equations (3.58) and (3.59) into (3.53)

and (3.55) and simplifying, gives

=/ VPSS A (3.62)
\k(S)_ldOZJXIS )
and Jeo
_ ©, S L °_. . 333
\P,,(S)"” « Z J % S +c4, JC2I-(3-0Y¥ s, (3.63)
j=o iso
where
y - 8lamRce™” (3.64)
c - - a )
| — cée
o 3(1-4R Y, )
. 2 - -d
4 =_ w/onRlce y g -a _
‘T T Ci-upce ey )~ [32Rce™ ¥, - L(1-4Ree™ W], (3.65)
With similar substitutions, (3.56) will have a form,
like
. 2T\ ) o 23'..3
F o= {51 s 4inS i0INGEYY s
]so ]=0
& v, 23§
E8y ST F(aF-0C5-0C25-3)3i-D 85877 T Y,
Jso

)
where o, , o4 and «, are some constants, containing R, a, C

and ¥,y . Hence, the asymptotic solution (3.51) of the equati-

on (3.34), becomes

]:O
. J::O
: s : . o273 : -
+ t%i F(25-(§-D ¥ S }-l-f-;{t'“hi T ¥ szj |
20 . =0
. v - " . '3 . s . :
4 ¢ Ay ;i J’(‘ZJ-I)(J' )YJ S:IJ + ¢ o, Z jCa3-V(j-1)(a3-3)(J-2)
s0 J:o

- ¥ S"J-SJ-I-O('/BS).
Returning to the equation (3.32) and combining it with

(3.41) and the above series, we find

’;"S)N-C’"} 2 /t2m) R b ___.{:i_____ am+|
{ 20 <R :é, Camer)(ams)} >

+ildeb 4oy +a,/b,3<[_‘ i ¥; g 23-\

jeo
4+ ¢ (d"’/B &QS/bZ'o)Z 7y (23-00(]- ')Y J-3
1;:0
+¢ du/y3 z F(23-003=-(27-3)(3-2) YJ ’J S (3.6

.Jaa
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This series is the Fourier Transform of the function of
interest, namely -, which can now be evaluated by taking

the Inverse Fourier Transform, 6 according to

(o ?) .
| -¢JS
- o0

Substituting (3.66) in the above and integrating term by

term, gives (method of integration 1is presented 1in the

appendix A3)

00 In+3
2(F)~ = S5 Rb 2 A (D P(n+35)(V/p)
N C oo ﬁk'”
S5 (b vy - 50 T B k1) ()
- (Ul ays) ?:a D, (DR(4-":)(*/b)
37 YD T R )y 203 (3.67)
where e 2 )
A 4] IMN=—42d™M =
_ (1)
H" - Zo (in-ﬂ.m+\)[(2m+|)!Cim*3) 7
» K3 _a1k=23+]|
B == (=1) J ‘ "
Kk JZ-;¢ ("kh"'j""\! JXJ.'
) -3 +39-23 41
D. = (<) " J _ :
ﬂ ; (20-323541) J (27-00 2)YJ)
r o] 22f=21F+l
E,== G N R : : - : :
and j;s (ar-a2j+1) ! J(23-003-1303 3)(J“"')Y\J ?

B =D =D, =E,=E, =E, = 0.
Since ~ (s) has an error of 0(1/b*), then ~+(J) will be

accurate up to 0(1/b*). We may therefore neglect terms of

0(1/b%) and smaller in (3.67). Hence
FY(J)~ - 2R[ R'("s)/bl*‘ > g'(})/bu) - -/7:-;)[ d, B.(S)/bt Al daBt(S)/b‘*

+ 39, B,(3)/plr + 3- 4, Q(I)/B(,],._O( b | (3.68)
where '
3
= 5 — \ J _E_
A" 31 ’ ﬂi""""{?(—?*s):
’ Y.
B.'V.I ’ Bz=""—3-!-3}+2\(z'5,



and O, =12 8: § . (3.69)
Having found +0, we return to the equation of motion
(3.11), which combined with (3.15), can be written as
du/olﬂ = - R" —Rcblﬁ("?)da("l). (3.70)
It now remains to replace a4 1in (3.70), by 1its
asymptotic expansion (3.68), and integrate it once to obtain
an expression for the mean velocity profile.
Combining equations (3.70), (3.68), (3.69), (3.64) and

(3.65) together with (3.12), simplifying and rearranging

vields
d“/qu = —RM - (cosha — cosha)(A7+87°) (3.71)
where
R(\="N) 2 \ ¢ X3 (\=\)
- | S —_— 3.72
> b, 37 5E AR Y ‘ ( )
n R(1-N)
- I‘L‘DZX,')\ ) (3.73)
and
-Q
A = - R cCeE X'. (3.74)

To find the mean velocity u, at a distance 7 from the
wall (7%=-1), the equation (3.71) must now be +integrated.
o -fq{ R7'- (cosh a - cash aq’ ' 3 '

=/, 1- - 7))+ 393y} d’,
where 1’ is a dummy variable.

Inﬁegrating the above equation by parts, gives the final
expression for the mean velocity profile for this particular

problem, in the form
U= 5 ROU-TD+&{L (V=12 cosha + L (7 sithag - siun a)

-._-(caskaq - Cosh a)} -l-B{-};C\-"Iq) C‘-“JS"\Q

a3

—é—("? Sinh QM - ‘SlﬂkQ)-— — (‘1 Cosh a']-cvsk&) (3.75)
a

+ &
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The first term on the r.h.s. of the equation (3.75),
corresponds to the laminar solution, while the remaining
terms represent the turbulent effects.

In a fully developed turbulent channel flow, it is known
that the effect of turbulence on the velocity distribution
is to slow down the flow i1in the middle parts of the channel
[29]. In the sketch below therefore, if curve (1) represents
a typical laminar velocity profile, then curve (2) is an
indication of the type o0f velocity distribution one could

expect if the flow was turbulent.

The extent to which the curve is flattened, is dependent
on the level of turbulence present in the flow.

The terms representing the turbulent effects in (3.753),
are expected to illustrate such changes in the velocity
curves. The model constants a, b and c, and the Reynolds
number R, can be varied to allow us to examine and observe
the flow patterns under different conditions and varying
turbulence level. The determination of the model constants
and their effects on the flow, is the subject of the

following sections.



3.4 Determination of the model constants.

To fit a set of numerical values to the model constants
a, b and ¢, in order to obtain the desirable mean velocity
profiles, we shall use the method called the
“overall-prediction® by Launder and Spalding [18]. The
technique would be to guess some initial wvalues for the
constants, and then improve them gradually in the process of
comparing the results with the experimental data. There are
however, disadvantages with this technique, namely that it
is time consuming, expensive on the computer, and it does
not usually lead to a unique set of values. But it is useful
in the sense that it can at least, provide a range of values
within which the constants may vary, and it allows us to
observe the behaviour of the velocity curves during the
process.

To choose the initial values, it is usually possible to
do better than a wild quess. As for instance, we know 1in
our problem that all the constants are positive and that b
is assumed large compared with unity. Although what 1s meant
by large, still remains a question.

It may also be possible to establish some approximate
upper or lower bound values for some of the constants, by
studying the equation (3.75) in the 1limits, as these
constants tend to their extreme values 1n different
combinations.

Taking ¢ as unity for simplicity, the possible cases
which could arise, as far as the constants a and b are
concerned, are examined below.

Case 1- small a, large b :

Letting b —» 0 , we have

37



8 ——d M andB——)O'

%, N
and (3.75) reduces to
Uf:.-:.-g_-(\-’l‘)-e- S, (3.76)

where

X 1 L ' - "
< ._:._i.(\-—”‘, )COS\\Q'" cl(”lg haq > \10*) (3.77)

- = (coshoan - cosh a).
Q

Since a is assumed to be small, the hyperbolic functions

in S and ¥, may be replaced by the first few terms of their

Taylor series, namely

and

S = (=7 +0(a"), (3.78)
and
2
- @+ 0(a%). (3.79)

Also for small a, the expression for o can further be

simplified as shown below.

R(n=-V)
Y N\

ol 25

where

Q

AN=\-4Re 7
2

= \-l\-E(\—Q-i-—g-'——'--}("’gT a:.).

Hence

TR
N Vo Ra+ocad), (3.80)

Replacing \ and ¥, by their respective series in the

above, vields

4.5t s R e
o B '5_9'_ " a *
But \ + '6/51 Ra

by the Binomial series, provided '%.Rtf’( l1 or o 4 ‘S/ilR'
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Thus ‘

oL = R (-3 G S ) (3.81)
Hence ) 2
n
dS:-;-P:Q_o(""?l)-l-O(O‘)
Finally, combining (3.76) with the above, we obtain
R 1 thkl 1\2 L
dx - O=1) - <=0 =-9)" » 0Ca ). (3.82)

Since u > 0 and O s*fg 1 , the following (approximate)

relationship can be deduced from (3.82).

0 < @ g J(6/R). (3.83)

Case 2- small a, moderate b.

Here the assumption i1s that b 1s not very large, and
therefore the contribution from the third term in (3.75) is
significant. Thus

U=R(-1)+aS+BT, (3.84)

where S is given by (3.77), and

\ 3
T"—'-"':;'(\-”]“) cosha -&--5-(1 Swh Q1 -
-%(‘11¢as\\ M - cosha) +
_-%( coshk\ an - cosha ). - (3.85)
Q

Once again, since a 1s small, the expressions for S and
Y, may be simplified as in the previous case [see (3.78) and
(3.79)], and by applying the same technique, i.e. using the
Taylor’s and the Binomial series, we can approximate the

expressions for T,Y¥,, & and 3 as follows.

b 3

T '5.917 (27°- 3,744_')1*_0(30-))

J p 2 ROL" 4
Ly RI(-TF v gtk R+ 2 o) wo(at),
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The condition of convergence of the series for o and B is
a’ < 15/2R.
Forming the products o4 and BT from the above equations

and substituting them in (3.84), leads to
(\- ")-— (1-7)(\-—-}—-

\O K2
2_1
+%(2q‘-3q9+c3+o(a“‘). (3.86)

Since u > 0, -then
:a.l 2 : 1 L
"%—'(‘_ 7*) - 2 (\—ﬂ‘)z(\'m',)_p Ra("q"?’? "’")2’0-

As R >0, b>1 and 0 £1* < 1, then every term in the

above 1is positive, and we require this inequality to hold
even when the second term (the one with negative factor),

has its largest value, i.e. when 7 = 0. Thus

Riai
o5 )T 32 b? >0

p X

R dkl(ﬁ'-

or

a’ (\V+ ls-,b’ ) \<—§- , approximately. (3.87)

The situations in which a 1is large have little physical
significance and do not give much information as far as the
equation (3.75) is concerned, as in such cases, the presence
of the negative exponentials in a, reduce this equation to
the laminar flow problem.

The approximate relationships (3.83) and (3.87) obtained
above for the special cases, can be used as a guide in
choosing the initial wvalues for the constants. As for
instance, they provide the information as to how large or

how small the constants can be for a given Reynolds number.

Once we have a set of initial values, the equation
(3.75) can be fed into the computer, which on inputting R,
a, b and c, would enable us to plot the mean velocity curves
across the channel.

The computer results and the behaviour of the curves
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when the constants are varied are presented and discussed in
the following section.
3.5 RESULTS AND DISCUSSION.

We examined the solution (3.75), with many different
values of the model constants and the Reynolds number. It
appears that although b can take any value greater than
unity, the parameter a can only take small values. The
relationships (3.83) and (3.87) seem to support this
statement. It was found that for Reynolds numbers up to 107,
we can expect a to be of 0(153), approximately. As far as
the parameter ¢ 1s concerned, 1t seems .that the mean
velocities deéért from their parabolic profiles for large
values of c.

Figure 3.1 is typical of the many profiles we obtained
for various values of a, b and c¢. It shows the variation of
the mean velocity with the Reynolds number, for a=0.005,
b=10 and c¢=0.01. It 1s noted that when R=103, the solution
describes the laminar profile. Beyond some critical Reynolds
number which is of 0(10°), we know that turbulence sets in
and the profiles become fuller in the middle parts of the
channel. This effect is clearly visible in figure 3.1 as R
is increased from 10° to 107,

The effects of the parameters a, b and ¢ on the mean
velocity, are illustrated by fiqures 3.2, 3.3 and 3.4,
respectively. The solution appears to be very sensitive to
small changes in a, whose limiting value (in this example)
was found to be about a=0.01, i.e. for values less than 0.0l
all profiles can be presented by the same curve. Such
limiting value for b in the example shown by figure 3.3, was

found at about b=10 .
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The variation of the mean velocity with ¢ is examined in
figure 3.4, and the departure from the parabolic profiles in
this example appeared for values of c<2.5 .

In figure 3.5, a velocity profile, given by the equation
(3.75), is compared with the universal velocity distribution
laws for turbulent channel flow (equation 3.88), deduced
from Von Karman’s similarity hypothesis, and equation (3.89)

deduced from Prandtl ‘s theory:

e
Umay— U - / - 7 /
T":"DH'"[‘—/U ZERAERA) (3.88)
Mrap= % — l—\n—h- )
u, x 7 (3.89)

where y 1is the distance from the wall, u, is ﬁhe frictional
velocity and the dimensionless constant X is determined from
experiment. The maximum velocity u.,, 1s the velocity at éhe
centre of the channel, [29, pp. 553-555].

It can be seen that the velocity profile produced by the
equation (3.75) 1s in good agreement with those given by the
above universal laws. It 1s also noted that wunlike the
universal laws which show indefinite values for the velocity
at the wall, our prediction shows a finite value there.

In plotting the equations (3.88) and (3.89), we have
replaced y/h (=7%) by l-y/h, so that y measures the

distance from the centre line.
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R= 10 (lam{nar)

R=9x\¢

R=10

Fig.

3.1
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< 3 3 8
P

Variation of the mean velocity (eqn. 3.75)
with R, for a=0.005, b=10 and ¢=0.01
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Fig. 3.2 Variation of the mean velocity
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b= 1§

b> o

Fig. 3.3

: i = & d

Variation of the mean velocity (eqn. 3.75)
with b, for R=10% , a=0.005 and c=1.
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4. FULLY DEVELOPED STEADY POISEUILLE FLOW
THROUGH CIRCULAR PIPES.

This type of flow is <chosen to examine the model
further, for its great practical importance and the many
experimental results that are available for comparison.

The governing equations are transformed into
cylindrical polar coordinates, and an approximate analytical

solution is presented in this chapter.

The method of solving the equations with the aid of the
integral transform method and asymptotic expansions 1is
described in detail.

With the appropriate numerical values for the model
constants, the predicted mean velocity profiles and the skin
friction coefficients, are compared with the results

produced by similar models and experiments.

The governing equations and the method of solving the
equation of motion for this problem are basically similar to

the one discussed 1in the preceding chapter. Therefore,
unless otherwise stated, the definitions and the assumptions

made 1n the previous chapters, remain valid here.

4.1 The governing equations in cylindrical polar coordinates
Let r, © and z denote the radial, azimuthal and axial
coordinates, and u,, u, and u, denote the components of the

mean velocity vector V, in the respective directions.
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Since, in the Poiseuille flows, the only non-zero
velocity component is assumed in the directin of the mean
motion and depends on the distance from the wall [sée ch.3],
we have

v =1{0,0,u(r)}, (4.1)
where

u{r) = u,(r),
and the time-average momentum equation (3.3) can again be
used here,

Transforming this equation 1into c¢ylindrical ©polar
coordinates r, @ and 2z, by means of the following
transformations,

X =r cos® , y=1rsine , z = 2z,
x'= r'cos® , y’'’=r’sin®’, z'= 2z, (4.2)
and dx’dy’dz’= r’dr’de’ 4z,

together with (4.1), we obtain

0
E;:(szthL)‘= o,
t 0
:'1;34:5$L+F23==‘3;
and 1
? _ u T 17
3z (7o w P = Vga+ = o7)

Once again, the weighting function F, represents the
correlation between the point r and any other point r within
the flow, and may be presented as the product of a shape

function F, and a position function F, [see ch. 2], i.e.

F=cr/rF,(r)F,(|2-£1), (4.4)
The shape function varies with 1r alone, and to meet our
requirements, as outlined in chapter two, the following form

for E‘is introduced. -
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F(ev=[1-¢ -(h-r)/)\- -b—'-.;—':—c-hh], (4.5)
where h is the radius of the pipe, 9 is a characteristic
length scale, and ¢, is to be determined experimentally.

The position function is again presented by the Gaussian
distribution function (2.12), which in the cylindrical polar
coordinates has the form

Fa (1£-21) = exp(-

The reason for introducing the ratio r/r’in the model is

[v‘-u-r -2e¢' cos(0-00+(2-2°) 1}. (4.6)

that 1f we have a small volume of fluid at a point A with
the coordinates (r’,0 ,z’) and another at point B, at some
distance away, with the coordinates (r,®,z), then the eddies
responsible for turbulence at point A would affect the
volume of flow at point B, and the correlation between these
points is in fact presented by F. S?nce we are trying to
correlate the effects at a distance r with those at r}, and
if r'is of moderate size and r is small, we are °‘packing’
the effects in. The ‘crowding” is thus in the ratio of the
rings, i.e.?*f/r¢’ or r/r. This ratio would remove the
singularity at r=0, which is the result of the focusing
effects of the eddies originating at a radius r’around the
centre of the pipe.

The equation (4.3), combined with (4.4), yields

U
C ’ar

+ == 2 {rn JRUL -t \)"“ de'dedz’}. (4 4,

ar Jr vol

%(P/ﬂ-bﬁt) V( grz + —

L]

Consider the volume integral on the r.h.s. of the above
and denote it by.n . Then substituting for F, from (4.6), we

can write

- = fhexf{-—'—.("z-!-f"l)} du de’ " ‘e’ ‘ ’
/ pe T /l cxP{-;; r @5(9'9?’(19)
iy - 4.8

/ exf’{-;f,,-,(z-z’)’}dzi



The third integral in the above can easily be evaluated

to give

/ exP{-ILo-_‘(Z—z,)L}ch' = O‘/(lﬂ')- (4.9)

- O

The second integral 1is more complicated and the method
of evaluating it, using the Bessel functions, 1is described
below.

" \ ’ ’
Let ., .-=./_'” exP{ rriceste -0} de”
If we put X = rr’/,*, then the integrand can be written as
exp{ ¥ cos(e-e} ,
which is equivalent to
exP{i[-cY cosCa-06"] }
This can be expressed as a series of Bessel coefficients

of order n, J,(z), using the result
(Z Cos &

= =J (2)+3¢cCos ZT(2)+ 2¢° cosC18) T, (D% )
[35, P.351]). Thus
exP{¢[-c¥ cosCo-07] = J, (- ¥)+12¢ cos(O-6")J(~¢¥)
+2¢? cos[ 200-6] 3, (~cY)aee
since the  above. Bessel coefficients have purely

imaginary argument, 1t 1s convenient to replace them by the

Modified Bessel functions, I_.(z) , defined by

K
T (2)= "t 4.10
" ( J. (12) E K‘ (ﬂi’k)‘ ) ( )

[35, p. 366]. Thus
exp{ i[-¢Y cos( 9-9')']}

= L(-¥)+2c cosCe-0°) ¢ 1,(-¥) + 26" cos[ 2 (6-8"] ¢t I, () a e

- [n {I,(-r)+2. f ‘.’“ T (%) cqus[n(e-é')]} d 9’,

na\

Using the identity

Cos{n(e-081)= cos(ng) cos(n 8 + Sin(ng)sin(ng" |,
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we can write

g W 4
=1,(- v)f dg's 2 Z *" I () { costney [ coscnerde
=\ -N

+ Sin (n @) fns;.,(n Q) d 6'} .
- K

and

f sming) o8 =0 for all n.

- &
Hence,the second integral reduces to

~fl. =2nIo(""r),

r 8

where, from (4.10)

I,(-¥) = I_(+Y),
and § =rr’ /ot
Therefore
o, = ﬂ];'(rp'/a_z), (4.11)
where
(/o) = Z &%TO-_ (4.12)

Combining (4.9) and (4.11) with (4.8), reduces the

volume integral to
r &

n 11\‘)3/‘0-/ Q*P{-""(”—"'z)}l ( )3-;'.0'?(4 13)
Recalling the -equation (4.7), since the volume
integral is a function of r, then the r.h.s. of this
equation is a function of r only, whereas the l.h.s. varies
with z alone. So we can write
l(P/p +P) =
% (a—' - O‘u) +/a X 3/’Cor-;--;|?-l-{r1ﬁ(r)ﬁ(r)} =k, (4.14)

r
where K is a constant, and

g0 -fherP{- (oML (S S de
o oo g O (4.15)

Note that the partial derivatives have been replaced by

total derivatives in (4.14), since u 1is a function of r
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alone.

Multiplying throughout (4.14) by r and integrating once
w.r.t. r, yields

vedusg o+ Flc, o-r*FE(r) F() = TR+ ke,
where K, is a constant.

Putting r=0 in the above, implies that Ky =0, and we can
divide throughout this equation by r, to find

SdU/y, + e mc, o FE(R) A= L k. (4.16)

This is the equation of motion for the steady Poiseuille
turbulent flows through circular pipes, the dimensionless

version of which is presented in the following section.

4.2 Equation of motion in non-dimensional form.

A

Define the dimensionless variables u4'l,“fﬂ a, b and c,
by
u = ueu(1) , r = h1 , r'= h1,
h = aa\ r 0 = bh , R = u,h/y , (4.17)
K = -2uf/h and c.= /2 H%c, h* /u,,
where u, is the friction velocity (as defined in chapter 3)

and R 1s the Reynolds number.

If we combine (4.16) with (4.17), we find the

dimensionless equation of motion in the form

-'-'{da/d,,‘ + C b~ ﬁ("l) ;3(‘1)=—'1. (4.18)
where : A

A ,1 ' Ju ’

gm),_.[ ee{- 7o (T} L(T) g7 471, a9
and

A -G(l"”’) - Q

F'(ﬂ):, | — € - QA € .(l—"]) . (4.20)

The boundary conditions for (4.18) are

4(7) = F (1) =0 at 7= 1. (4.21)
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4.3 An approximate analytical solution.

To solve the equation (4.18), a similar method as that
discussed in section 3.3 may be used here to approximate the
products of ﬁ(1) and Z(1) by a series expansion in powers of

1, before performing the integration. Removing the

circumflexes for convenience, we multiply throughout (4.18)

by

R[E!F{"';';a ( 31'*"11)} Io ( 3’1/[,") d“1] )

and integrate from 0 to 1. Thus

g+ & [ Fen Ao e -5 (P} L OUD d

_______%S(D ’ (4.22)
where
207 =fo‘?€'f’{-;';;'i (31*12)} L(M/b‘) %“‘;"' ‘J"J y  (4.23)
q(%) = l‘qexP{-;'t':(I:""’l’)} I (33)dn . s 20
and
£ = Reb. (4.25)

The equation (4.22) is equivalent to the (3.17) of the

preceding chapter, and the chosen method of solving this

equation, is again dependent on the size of € .
The situation in which € is smaller than the lowest
" eigen value, may be approached by a similar method we

discussed for (3.17), and we shall not go into it any

further here. Instead, we shall again concentrate on the
more interesting case when € is large and seek a solution in
the form of an asymptotic series.

The Hankel transform, as opposed to the Fourier which
was used in the previous case, seems more appropriate for
this problem.

Define the Hankel transform pair E,(s) and f,(x) by

o4



>

-?9(53=[ {,(x)]‘vcts)xolh (4.26a)
and -
b, (0= / [T,y sds | (23, (4.26b)

©

If we extend the definition of F () to the positive
real line‘and put
F.(7) =0 for 71> 1,

then transforming (4.22) in accordance with (4.26a), yields

B+ € [Tdy 3¢50 ] [“7 £ Aen e - J5 (D]

where
— e ‘ a 2
ﬁ(’S):Of d}J (IS)I l e;P{-;;;(}-b-"] )Iq(b‘:)_d_(:-_:c],'f4 28)
and
SCS)L—f OII 3.9 (} 5)3 j’? eff’;- "L';(J +11)Io(%_z)d1
o O ) (4.29)

The expression for g(s) can be presented in a simpler
form by using the following result
fm -P"‘t’ t \ P -_l-(al b‘l I ab N
J e Jp( at) J'v(bt) dt = ?-E-z e X {-— Y + )} v( /2P )’
(4.30)
where Re(v) > -1 and |arg p\< "/4, [34 , p.395].
To apply the above result to the equation (4.29), we
need to rewrite it as
AR 0 _ 42
ib J/ﬁbl

- '
o =.£ J"]C’ . " ‘/o‘ e J‘v(Js)Io(S"l/Be)}dJ.

By putting v = 0, and using (4.10), the second integral
in the above becomes
f@ 3 -
;/a. e JQCIS)J‘(‘J1/bt)345’
and by comparing it to (4.30), can be written as
1
b exP{-4 L' (st %—;)} 1,(é57),

which i1s equivalent to



Hence

- X -%4; .
g¢s)=b ¢ S[qj,(sv)d';_

Replacing J(s9) by its expansion, using

oQ

»2 K
J (2= Z (- ()" |
" k' (n+k)) [35 , p.350], (4.31)

Kzgo

and integrating, we find

- R PY K,
§Jisd =< b e #5's i (-0 (5s)
KY (k+1) ]

~Lbst ks
."."..-%‘l;e‘stCS)_o (4.32)

-

2k«

The second term on the 1l.h.s. of (4.27) may also be
simplified in a similar fashion, by putti*ng VY =0 and making

use of (4.10) and (4.30), to find
) __k_b:sa o0
Eb e ‘[ 7E(7)ﬂ7)3.(57)d'7:

or i1f we put

= F (1) g(1), (4.33)

we have
£h’ e 2 (),
(4.34)
where #(s) is the Hankel transform of « (%), according to

(4.26a). Hence, the equation (4.27) becomes

ﬁCS):"'Ja-Rg(S)-Cb’ c-+bs ’;CS). (4.35)
To find -+ (s), where

qz'cs)==/; 13,39 F(1) 2(9) d1,
we use (4.26b) to replace g(1) by

gf"):! ,5'(0')3;(70-)9- d0’,
so that |

-— oC o0
2 (CS) = /; dm 7 Jo(sq)ﬁ(q)fo g(r)] (1) 0 oo,
If we replace g(e) in the above by (4.35), we find

a
! o_l

v(S) = d u"'"L 9 N
P = [T LDEOD [ {-10G00)- b & #(2)} ], (16 o dlor.

It is convenient to write the above as
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£Cs) = §C+ P(s), (4.36)

where

— R [ | 2 |
f(s)=-7 [ d11 3¢DFE(D [ §@ ] (Yoo, (4:37)
and °

_ bs (4.38)
PCs) fb‘/ SRSLLUY IS # Ler] (1) 0o
To solve (4.36), we once again make the assumption that

b>>1 and look for an asymptotic solution of the form
o0

Z(s) ~b° 2 Io't,;:tcs), (4.39)
where the constant 2 will ;;adetermined in the process. But
first, we need to evaluate f(é) and p(s) in the forms of
asymptotic series.

To find f(s):
Consider the second integral on the r.h.s. of (4.37) and
denote it by I. Replacing J(17¢9) and g(e) by their series

expansions, given by (4.31) and (4.32), respectively, and

simplifying, gives

I =fm§(o-) J, (M) o do,
w ~xbo o 1,33 s
- bzf - e 1 Z (-l) = & Z (-\Y 1 p- dO"'

/ — k'(k-t-l)' = 31 ’
o -tk
=b o- e i { 5: (- (- )J-N -2k )
- J=0 Keo ke ("‘*')‘ 23M (- k)“ 2=2l }0— .
- [; j i . 23+ -'-.’;510' (4.40)
s A; (1) oM ¢ ol o- |
where
3 )
B (=) 13-2k
A: (1) = E—; 22740 et (ke i) (51012 1 (4.41)

Applying Watson’s Lemma [6] to estimate the above

integral for large b, and 51mp11fy1ng, yields

I ~ Z A; (1) [T(3+1) 93 -’-J

JIO

Flnally, substituting the above back into (4.37),
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together with (4.41), gives

F Lo S 3 (Ge) T ” '
(S) A = R ( 1) J j 1J-2 ke .

To find p(s):
A similar method as the one described above, may be used
to find p(s) in an asymptotic form.

Let L denote the second integral in (4.38), then

0 L pisd
L=/ e Z(0) 3, (70) 0o dlo-. 14-43)
Since
(o) = /o M 3.C07) (1),
and

J, (=oo1)=3,(e ),

then 4 (¢) is an even function, and its Taylor expansion is

At Pt )(a) o .

(arm))

(o) = 2
Replacing &£ in (4.43) by the above and J, by its series

expansion (4.31), gives
o __,_blo_l oo -Cam) 91 m oo (—l\k 71k .3k

L = - e - (e O o~ Jdo
" ; (2m)! ?:.: kd g *k
' ® L)t kK = Cam Kew Lkegm
- 3 A o) (<)Y 1 1k
= o
7 AL Tan Gemppre o de
oQ . 2 g
- / 2kel - b
0 ; Bk(q)a- c : cjo—) (4.44)
where
- i—aﬂgo) S 2k=2m
— G Y Y
B, (%) = ; oy Oyt (V1) , (4.45)
and from (4.39),
(- wy 0 "'t - ™
d/(l )(o) = bp ; b t\}ftc‘i )(0)- (4.46)

Using Watson’s Lemma again, the integral in (4.44)

reduces to

L ~ 2. B (ke a* b

Kz2oQ

Combining the above with (4.38), together with (4.45) and

(4.46) an simplifying, we find
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_ w0 _k 00 ok e
P(s) ~ =€ ZZZ Peiean 7777 7 T 2870

Ks0 ms0 ¢3z¢0 (k-“ﬂf’ Cam)!

1K=2me\

[ INSACIE dv.  (4.47)

Having established the asymptotic forms for f and p, we
now compare the orders of magnitude of each term in (4.36).
From the equations (4.39), (4.42) and (4.47), with € = Rcb ,

we get

2 CS) = ?Cs)-;-ﬁ(.s) . (4.48)

Lol

oY  o0¢)  ecb™*

)

Since we must at least have two terms of equal orders in

this equation, we choose P = -1, and the terms 1in (4.48)

become
— - m - L
qus)ub'“Z‘ b ¢ b, €3,

- Co J J "’j
f(S)N—R/qZZ _&Q_ﬁ_(.mL___ MI' k(S);
- 3d Kkt (ke (§-KI? 7

00 K o
™ _ tmek _akel ¢ kem 2 (2m)
PO~ =R Y 5 ) Rl 2T TR0
where Kro ™20 ¢3¢ (k_m)! (ﬂ"“): 1.
I ‘
M (s) = Im=-ine (4.49)
— A J‘(S")) E("l)" Ja, .
Note that
M, J(s) = F(s) if m = n. (4.50)
The solution we seek is of the form
- -l oo -t
+ESH b S b A,
€30
and since b>>1, this can be approximated to
PCSY 5 A (S) vy RS+ A +0(VBY) . (4.51)

To find ~,(s), for t = 0 to 2, we can again use the
method of successive approximations, by collecting and

equating terms of equal orders from either side of (4.48).
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If we take terms of 0O(l), then

0= -8 M, (-Re Ersymg, sy,
Hence
#, (0)=<-V/ye * 4.52]

Terms of 0(l/b), yields

#, () = = RC % (0) My () (4.53)

Putting s=0 in the above and comparing it with (4.52), we
have

L(0) = !

%0 = YVretm, (o) (4.54)
and subsequently

Ay (== Moo () /e m, (o) (4.55)
Terms of O(1/b*), gives

% (D m Ry M, ()+ Rhg. M, ($) = RCH, (0 Mo, ($)

+ % RC /;;(O)M.JQCS) - Rc ’“;,(’)(0) m',‘CS) .
Combining the above with (4.52) and simplifying, yields

'P(S) = - RC 4 (0) Mo,o($) + { Kr¢ = Re ﬁ;m(o)} M,"(S).
But from (4.50),

, (8) = m\”(s)_ (4.56)
Hence

F(s) = {=Re A (o) +RNg -Re A, ) Mg, oS (4.57)

Differentiating (4.53) twice and putting s=0, gives

7. D) = -Re F¢0) M, (0,

Substituting the above in (4.57), ‘together with (4.54),

gives

()
,p(s) = { Re IP (O)-!-Rlls ¥ R/q. lm__cﬂ).} ‘m(g)_ (4.58)

M,
If we now put s=0 1in this equation and compare it with

(4.54), we have

-} \ Mg, 0

Finally, substituting the above back in (4.58) and

simplifying, yields
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: (4.60)

7D = TRET W,.2 o)
Terms of O(1/b*), yields

% (5) = -RE Fy (DM, () + LRCAOM, () = REEPAa), ()(4.61)
Combining the above with (4.54) and (4.60), together with

(4.56), gives

(3)
2 (SY=-RC A A Mo(SY v Moo (0 s).
7 ’f’,(O) Mo,a(S)+ Yz Mo, o (0) & Mo,: ( 0) mﬂ,ﬂ(

If we again put s=0 in this equation and compare it with

(4.59), we get .
\ 0)

- RC ; (0) = - '——"T"'i"""""?'—' 3- ......_......'..........__ - M2£ z(a)) — M“a(’. .

3 “R%c* M, (0) 16C Mg qo(@d 2¢6mM % (0 3¢ M-, (0

®,0

Finally, combining the above with (4.61), yields

A (S) = ' [ =) .1_-'___”1;2&.4.&:.:2@}“ (3)
§ YC Mg, (D" R¥e*M2 () @ 2 M, ,(9) Mo,. (9) *9
+ Mo €Y (4.62)
¥c M, (0)

It now remains to evaluate M, .(s); mn=20and 1, and
their derivatives, which appear in the expressions for %, ;

t=0,1 and 2.

Consider
* m—2an«+|
Mm.n(” = [ J;(S?) F'(7) 72 cl"’ ,
where
ea(l=") _a
F(n=1'-¢ -aec . (1-1).

From the equations (4.26a) and (4.50), we have
M,"(S) = M‘”CS) = F, CS).

Hence

- )
Feo=/ TGDEMTdr= [16DEnT1dT,
' o A

since F(7) =0 for 73 1.

Substituting for F(7) from the above, and for J(sv) from

(4.31), gives
- i (- s*" j' . -a(1-7) -4 1k+t
f(s) = e kit g2k a{ =€ - ae ('-1)}7 o).

Therefore

E($)= ma,ecs) = M, |($) =
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- Q 14t o (an n

(-\\ s l-ae (=) (aka\)) a
£ k' 4 2 k 2k 4+ 2 1k+3 _EZ Cak +1-¢)) ,-_,(,,,,,,*‘3,,.}-(4.63)
X - 28 98O ‘
The method of evaluation of the above integral is

presented in the appendix A4.

Putting s=0 in (4.63), yields ron
Mﬂ;'(a)""ni..\(o)r- {'(‘\-&e-&)-f-‘s ae ZZ (=) a

(veed ) (nefn) n!

"

Cs) Neg9

[+ '
o n<4+! nfl]

AsQ (n'l'ﬁ-)!
The above equation can be written as

Mo,0(@) =M, (&)= 2+ - ae®_ 1 (e ® _ (4.64)

Now consider

A similar technique as the one used in evaluating M, (s), is

again applied here, to find

M, (= S L0 st l-ae”® ae
wot S = ; Tr{"I'ETJ'_ aaliery pw
i' i (1) T2k 2"
e N A $14.65)

Putting s=0 in the above, yields o
+ "

_ - 3 o0 \
Mo = (rmae Y stge? y ) 3. a 4.66
o m ac )+ea (3-¢)) ¢ (n+tr1) o) ( )

fzO0 AN<c0

o l ca & (Va"
T - ETQC = Z Y
nso y

4 _ v - {-Oa

neo
We can write the above as

[ ' 3 U S ]
Ned Ne) Ney neY

Q
M',o='tl¢-—?‘3ae - o (C -\+a-—a+ ) (4.67)

Finally, to find M:‘: (0), we differentiate (4.63) twice and

put s=0. Hence

n
Mo, (a) -—{ (\—-ace )-r..--cw:"'ﬁ| E S (-0 3' a }
(3-¢)" ¢! (nq-r-rl)ni

ts0 Nz
Comparing the above with (4.66), we can write
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(32)

Ma.a (0):—-‘;—["‘\"0(0), (4.68)

and the equation (4.62) reduces to

- | -1 ' (o) M, (9
" (8) = ——————— —_— e — S Y
* ) < Mo,a(a) QlclM‘:.(') M Nlc(o) }M ‘s D ¥C MQQ(O) )
At this point let us put
M

for convenience.

o =My (@ and M = M, o(0)

With the expressions we obtained above for *#, ¢ t=0,1

and 2, the equation (4.51) becomes

¥(S) v ("%“’fﬁ.‘ ‘E%‘) H.,,(S)+-f‘}ﬂ,.,(s), (4.69)
where
- -\ I
+-c M, ’ H|= ;,,Rclmi ’
' - \
A= [ ),
r 8 "PCMQ Rlc fﬂ. Y M-] (4-70)
and
\
Q3= Sec M,

Note that A, = -A,/2.

Returning to (4.35) and substituting (4.69) in this
equation, we find 3 3
- - 3 """:T'ES Ao
PO mw- R =B {ErErBINL-TE N (0],
Combining the above with (4.32), (4.63) and (4.65), together

with (4.25), yields )
ﬂ(s)ﬂ-—gb t:."""I b's

a 00 (—I)J st
: 37«

Jeo 27 31 (Jed!

-1 s :." 2
- Rce Z {(ﬂob +n,b*ﬁz)Ek'iﬂ, El‘ﬂ‘],(‘ﬁ-?l)

where
n

Keo
-Q - aX+\ o0 TN\
. I-Qe & é “ (_|)+ (2k+\)! a
Ek = + — . (4.72)
1ke2 = 2k+} Cakat=edl el (Narpy) n)

Ffzg nsze
Note that

E, =N, &e E,. =M (4.73)

\ o

We can now find f£(1), by taking the inverse Hankel
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Transform according to (4.26b). 1.e.

2(1 =,{ T I 19 FCo s ds .

Hence 7 o L pig? il
) 2 - (""'|) e--;-
ﬁ("):—;—Rb j:w -___—_luj!(jﬂ\‘. “[ J‘;(']S) S ds
= (=) - -8 k
-} AKX e
-Re)_ F——{(H.Bq-ﬂ.b-.-ﬁ,)f -1AE fm»e s e
.dS .
To evaluate the integrals in the above, let
oo ,bzs: .
- N 1]+
I [ JL(s?) e S ds .
and put %s= {’ so that ds =_u df,
Then
og --!—-i bl{l lj ’ oo bl.‘l
_ 3% g + .\ 33+ - TE

To evaluate this integral, the following result can be used.

"-*“" -s't’ L(v
S e gy s LG} ppaee Ly,
o p

v+ i¢ 4V

2 S
where z

Re(«+9 )>0 and |arg s <7/4 [31, p.173],

and ,F, is the confluent hypergeometric function [31 'p.112].

Comparing our integral with the above, we find

T 23 [1(3n1)

bij+2

FoCiar 50 5 =170), (4.75)

where

\F‘(i'-i-! HE R - '7'/”;.) =

00 . :
l L L1 ™ ¢
i ey A (a6

P(i+) !
Combining (4.74) and (4.75) and simplifying, yields
R (_.)3 a
FMN=-%) ————7 F3n v =7/0)

tso 23 (341)) K?7?

'RC:%{(W B e.?:“ b ab“‘*‘ £V (kouns=Tr)ca.77)

k=g

To be consistent with the assumption we made at the

beginning of the analysis, we shall ignore terms of 0(1/b“)
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and smaller in the above equation and approximate it to

g(‘?)’;’.} -%{IE(‘ili-"zba - — F(l.}l;"'zéa)}
— QC{(H,-!- ﬂ'/b"'n’/b’)sc - 9';5’ E‘} FOV; g "'7}25:)

+%RC{(RVE>1*H'/!)3)EI} 15(2.“3 "ﬂ’/ib‘)""O( '/bq)- (4.78)
Recalling the equation (4.76), we can approximate this

equation to the same order, so that

R =) =2 FCT) 2 1= T+ 00,
and ’

. _m? _ leva) w2, ¢ 2 :
JR(2 s ) = ; o CAw) 1=/ +0 07w,
Combining these equations with (4.78) and simplifying,

yields
9(("7)‘#"9{"';",'"1‘51 "’C(H'-i-—g-" +—3}'—)E,-C3-f-£‘-cﬁ',—f,}

(4.79)

where E,= M, and E, = M, [see (4.73)].

'

If we substitute for E, and E, from the above, and for

A,, A, and A, from (4.70), the equation (4.79) simplifies to

¢ bcm, Rbe M, 2b* M, ?C‘bsM,, (4.80)

201 = -

This equation can now be substituted back 1into the

equation of motion (4.18), which together with (4.20)

becomes
du R {(\ ag’) M'q'l fa('-ﬂ 3 (
= =R+ (v~ > - 7 +31%) + 02,
/dn HATAT) #1s. 81)
where
= l o . RM,
'*Ma { R bc Mo, QBIMO } '
R
= M



and M,and M, are given by (4.64) and (4.67), respectively.

To find the mean velocity u, we simply integrate (4.81)

~a(l-1) -a(1-17) .
-*{'é"’!e —j;'e }+-:-;f3(""a¢ )"?q
e ¢
« e m3_nta 3a(9)  ,_a(-9) y . =ali=1)
e A T T P

where K is a constant of integration. To determine K, we use

the boundary condition u=0 at 7=1, to find

Q a?*
- L —-‘--——- o SN ®
l-ae ) s-2¢ & ﬁ(a = 1'0-5-; ~

Hence, the final solution for the mean velocity in the
steady turbulent Poiseuille flows through circular pipes,

has the form

-a (1= , _a.(l-'l)
S AL s P J)
- 3 . _)
_R{tmac (-1 et ac Ty - 2 [1-7 )
3 2 -q(t=-1) ¢ -a(1-7)
roliTe maali-te 7 (4.82)
where +B£;[\_¢'a("'n] } ’

Mo bem. 3 m, P b m>
- Q - &
M.=-§--{z—ae - (e -—|+&),
al
and 3
\ \ -Qa 4 - & al a
Mi=g 1% —Z (€ 1va-me3)e
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The approximate analytical soluticn presented above,
includes the laminar solution as well as the terms represen-
ting turbulence effects. The laminar profiles emerges when
the tubulent effects are small, i.e; when a and b both tend
to infinity in (4.82), in which case

% —> R/2 and 8 — 0 as a and b —» o ,

and hence

U= -f—-(\—ﬂ’) - -;e-(\-":‘)

<=1,

which is the velocity distribution in the laminar Poiseuille
pipe flows [29]. The remaining terms in (4.82) are expected
to illustrate the effects of turbulence on the velocity
profiles. These effects which were discussed in the previous
chapter, depend largely on the Reynolds number and the model
constants a, b and c¢. In the next section, we discuss how

these constants may be determined.

4.4 Determination of the model constants.

The same strategy as the one described in section 3.4,
may be used here to fit a set of numerical values to the
model - constants. S0 once again we need to choose some
initial values for our parameters, and then by observing the
plots of the velocity curves, try to arrive at the optimum
values for the constants.

To assist us with choosing the 1initial values, the
equation (4.82) was examined as a and b approached their
extreme valués, in order to see how they may be related to
one another. But unlike the case we discussed in the chapter
three [see (3.84) and (3.87)], the constants here did not
appear to be dependant on each other or the Reynolds number.

The reason for this 1is that although the equations (3.75)



and (4.82) are similar, the model constants and the Reynolds
number appear in different orders in each eqution, partly
due to the difference 1in the shape functions used in each

case.,

In view of this situation, it seems that the best choice
for the starting values would be those which have produced

satisfactory results in the previous case.

Before examining our solution with such values, let us
look at the coefficient of resistance for smooth pipes and
its relation to the velocity distribution in turbulent
flows. Such relationship can further assist us with choosing

the model constants.

4.5 The coefficient of resistance in smooth pipes.-

The frictional resistance in smooth pipes has been the
subject of numerous investigations, both theoretically and
experimentally, since the beginning of this century. Among
the first to establish an empirical formula for the
dimensionless coefficient of resistance A , 1in fully
devéloped turbulent pipe floﬁs was Blasius, who 1in 1911
discovered that this coefficient 1s related to the Reynolds

number, in the form

A= 03164 R, * [29, p.56l], (4.83)

where R,=Gd/5 is the Reynolds number in which U is the mean
velocity over the cross-sectional area and d is the diameter
of the pipe. The experimental values obtained by Nikuradse,
shows that this formula produces accurate results up to
R=10°.

The relationship between the coefficient of resistance

and the mean velocity profile can be obtained by considering
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'the balance of forces due to the sum of the laminar and
turbulent shearing stresses on the circumference and the

pressure difference on the end faces of the pipe. This

relationship 1s
=9/ g)’ (29, p.573], (4.84)
where u, is the friction velocity.
If the logarithmic mean velocity distribution law 1is

combined with the above, we obtain the Prandtl “s universal
law of friction for smooth pipes as

|/J)‘= ’-‘O‘j(RoJ\)-—a'?; [291' PP-572-575]. (4.85)

We shall now try to arrive at a similar relationship by
using -the velocity distribution given by (4.82) instead of

the logarithmic law, to see how it compares with the Prandtl

and the Blasius equations.

The mean velocity of flow u, over the cross-sectional

area is given by

n
U =-%—[anud~;_

On substituting for u in the above from (4.82), integrating

and simplifying, we obtain

11 — R (4.86)
—-:-016'—(36»1 )
where
-Q -Q
GSJ—-—'—QC _..:.-1--—"%--—2-—4--!'—(\-—6 )
' 4 20 Qa a al al ¢
and
\ l -aq | o] 90 (o 120
Ga é & 2 a Q? a’ at a¥
\10 - G
+-a—6-(l-¢: ).

The Reynolds number R, in (4.86) which is formed by the
friction velocity u, , and the pipe radius h, may be

rearranged as shown below.

R Yeh L U i o _ L Meop
Y 2 U v "2&' °
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where -~
U o

R, = =5

But from (4.84)

/.

o 1[2
Thus J
— YA
R = /3 Ko, (4.87)
and (4.86) becomes
21 — R’c/’h —aG, — B 6 (4.88)
/A 16 /a B Ga
where
RaJ) { /1 M‘ .}
4 M, 1 ol ’
ang ‘n/l Re /A beC M, b’ M,
R = — R :
WL RN,

Finally, combining the above expressions for « and f3

with (4.88), and simplifying, we find

NN (4.89)
where | |
- __'__ B '\ M., _ G
o (4[‘ ( M, zb’M:)G' 2b? M, l’
and |
_ Gy
R, /2 be M, 2

The above relationship is compared with the Prandtl ’s
universal law of friction (4.85), for Reynolds numbers
ranging from 103 to 2x10 (Fig. 4.la), and 5x10°  to 107
(Fig. " 4.1b). The agreement appears to be fairly good,
considering we are comparing a logarithmic relationship with

an asymptotic one.
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4.6 RESULTS AND DISCUSSION

In comparing the frictional resistance (eqn. 4.89) with
the Prandtl's formula, we found values of o, and,, for which
the best least  square fit was obtained. These values are
shown in figures 4.la and 4.1b for wvarious values of the
Reynolds number. To assign numerical values to the model

constants, we look for values of a, b and ¢, such that

* and  4.197¢<8,<8.995 .

2.582x10 <¥,<6.925x10"

One set of values which satisfies the above constraints,
is a=2.6315, b=8 and ¢=0.009, and it gives ¢.=2.945x16¢-and
R,=5.525 .

In figure 4.2, the solution (4.82) is examined with such
values for Reynolds numbers ranging from ldzto 10’ . The same
effects which were observed in the study of Poiseuille
channel flow in the previous chapter are also noted here:
The velocity profiles become fuller with the increase in the
Reynolds number.

The effects of the variations in a, b and ¢ on the
profiles are shown by figures 4.3, 4.4 and 4.5 respectively.
It appears that the solution is most sensitive to small
changes in these parameters when they are of small order of
magnitude.

Comparison with the Von Karmdn’s and Prandtl’s Universal
velocity distributions for smooth pipes (eqns. 4.90 & 4.91)
and with experimental results,is made in figure 4.6 .

The agreement appears to be fairly good in the middle
parts of the pipe. But as the boundary is approached our
profile seems to deviate from the universal profiles.

However, we note that at the boundary where the universal

laws can not describe the velocity, our profile is capable
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of determining the velocity there.

Una = _U 1
Ua,— U

where y is measured from the wall, h 1is the radius of the -

pipe, u, is the frictional velocity and the dimensionless
constant ¢ is determined from experiment. The maximum

velocity wu,,, 1is the velocity at the centre of the pipe,
[29r Pp-570'571].
Note that in figure 4.6, the wall distance y/h (=7), 1is

measured from the centre of the pipe.
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5. BOUNDARY-LAYER (B-L) THEORY.

The final problem to be examined with the aid of our
model, is the steady incompressible turbulent boundary-layer
flow along the surface of a solid body. This type of flow is
more complex 1in comparison with the Poiseuille channel and
pipe flows, for the equations governing the motion of a
fluid in the B-L are non-linear. The non-linearity arises
from the fact that in the regions close to a wall, the
inertia and the viscous terms in the N-S equations are of
the same order of magnitude, regardless of how small the
viscosity might be.

The B-L concept was first introduced by Prandtl in 1904,
when he realised that the change in the velocity from 1its
zero value at the boundary, to its maximum in the free
stream, takes place in a very thin layer close to the wall.
Therefore, the space rate of change of the shearing stress
is large in this layer and the viscous terms may no longer
be neglected. This thin layer which 1s known as the boundary
layer, has a thickness § , which increases as the distance
from the leading edge of the wall increases, or when the
flow becomes turbulent.

The number of exact solutions to the N-S equations,
where the inertia and the viscous terms are both present,
are very limited, even when the flow is laminar. Examples of
such solutions may be found in [9 ,ch. III]. It appeérs
therefore, that the N-S equations need to be approximated,
i1f the problem of boundary 1layers is to be treated
mathematically. The method of approximation as suggested by

Prandtl, is developed and described by Goldstein [9]. The

resulting equations are known as the B-L equations. A number
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of exact and approximate solutions to these equations in the
case of laminar boundary layers are presented and described
by Goldstein in the same book, and by Rosenhead [27 ,pp.
222-252)]. Among them are some of the original and classic
solutions given by Blasius (1908), who arrived at the
similarity solutions for the B-L flow along a flat plate at
zero incidence, and the more generalized solution of the
Falkner-Skan equation (1930), applicable to laminar flows.
Blasius: fm(”][ + 1/2 ££"= 0. (5.1)
Falkner-Skan: £”(q) + ££7+ 6 (1-f ) = 0. (5.2)
Solutions to these equations satisfy the boundary conditions

f =f'=0 at 9=0 and f—> 1 as q—o . (5.3)

" The above well-known ordinary differential equations
which were obtained by transforming the B-L equations
through the similarity variables, may easily be integrated
numerically. Analytic solutions to the Blasius and special
cases of the Falkner-skan equations are also possible. An
example of such solutions is given by Yang and Chien, who
solved the Falkner-Skan equation for B8 =-1 [37].

More recently, Hastings and Troy derived an analytic
solution for [ <-1 and proved the existence of periodic
solutions for B >1 [12]. Further discussions on the
existence and on the behaviour of the solutions to the
Falkner-Skan equation, for both positive and negative values

of # , may be found in [9, 10 and 11].

"In turbulent boundary layers, two distinctive regions
may be identified across the layer. An 1inner part,
containing 10-20% of the B-L thickness, and an outer part
making up the remainder. The inner part may further be

divided into three layers: a very thin laminar sub-layer
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next to the wall, a layer where the transition from laminar

to turbulent takes place, and a fully developed turbulent

layer.

Since, the fluid experiences different shear and pressure
gradients in different layers, most of the existing methods
of calculating the turbulent boundary layers, treat each
layér separately. They assume negligible turbulent stresses
in the laminar sub-layer of the inner region and negligible
laminar stresses in the outer region. Only in the turbulent
parts of the inner layer, are the laminar and turbulent
stresses both accounted for. These methods therefore,
require different closure assumptions in different regions
of the boundary layer.

An example of such methods is the Cebeci~Smith
differential model, in which the Reynolds stresses are
related to the mean velocity through an eddy-viscosity

approach which assumes different forms in the 1inner and

outer regions. i.e. In the inner part:

Ve =(XyY [ 1 - c"l:(?_y/ﬂ\]z U/q,

where X =0.40 and A is a constant, and in the outer part:

\)'L' = 0.016% U, S*X »
where
¥

) "'""‘/ [\-U/uw] dy,

o
and

€ 4~
X =[|+S'_S'(Y/S) ] r [S1].
Another example is the popular A - € model discussed in

chapter one. It assumes an eddy-viscosity representation of

the Reynolds stresses, in the form

A_’{:C/?’/C )

where ¢ is an empirically determined constant. An immediate
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set back for this model is that the model parameters do not
remain constants 1n the near wall regions and adjustments
are required there [18 ,section 5.15].

Methods using this kind of approach can successfully be
applied to certain types of flows such as the incompressible
two dimensional and axisymmetric boundary layers. However, a
high degree of accuracy may only be achieved if high speed
computers are available.

These brief notes on the similarity solutions to the
laminar B-L°s and the difficulties associated with the
calculations of the turbulent B-L°s, are presented for the
purpose of introduction, for our aim in this chapter is to
arrive at equations similar to those of Blasius and the

Falkner-Skan, which could make the calculations of turbulent

B-L s more efficient.

It should be noted that the concept of similarity
solutions for turbulent flows, does not quite fit the
definition given for the laminar profiles. Broadly speaking,
the term ‘similarity solutions®, implies that the velocity
curves are similar at different stations downstream along
the wall and may therefore be presented by one curve, if a
suitable scaling factor is chosen. Furthermore, the
solutions are independent of the Reynolds number. In the
case of turbulent boundary layers therefore, we require to
make the assumption that the flow 1s already turbulent at
the " leading edge of the wall. This assumption also
eliminates the difficulties of describing the complex
process of transition of flow from laminar to turbulent. In
addition, it satisfies the requirement that the B-L

thickness should be kept small for the B-L equations to
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remain valid.

The equations we shall present, however, will depend on
-the Reynolds number, but will be independent of the space
coordinate, in sections along the mean flow direction [see
(5.42) and (5.45)]. We might therefore, call our solutions
"semi-similar’, to avoid any possible cénfusions with the
general definition of the similarity solutions. The presence
of the Reynolds number in the equations is due to the fact
that the viscous-dependent and the Reynolds stress-dependent
parts of the profile require different 1length-scaling
parameters [5].

The similarity solutions have been shown to exist in the
past 1i1n the case of free shear turbulent flows. Such
solutions 1in the similarity regions have been found by
Vollmers and Rotta (1977), Wood and Leal (1983), and others,
using various turbulent models.

In the following sections, we shall describe how the N-S
equations may be approximated in a way analogus to that
described by Goldstein. It will also be shown that the B-L
equations may be transformed into an ordinary differential
equation through the similarity variables.

We shall begin by conside;ing the more general problem
of B-L flow past a wedge, in which the pressure gradient is
present. It will be shown that when the pressure gradient
related parameter, /3 , 1is removed from the equation, the
problem reduces to the special case of B-L flow along a flat
plate at zero incidence, for which an equation similar to
that of Blasius is obtained.

The numerical method used in solving the equations are

presented in section 5.5 . In section 5.4, we describe how
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an analytic solution may be obtained for the Falkner-Skan

equation with additional turbulent terms, when RB=-1,

5.1 Turbulent B-L flow with pressure gradient.

Consider an incompressible steady flow past a wedge of
an included angle 78, as shown in the sketch below. Let the
X-axlis be parallel to the direction of mean motion and u, v

and w denote the respective components of the mean velocity
vector in the x, y and 2z directions.

+

The time-averaged N-S equations 1n the Cartesian tensor

notation, have the form

d
. >
u, 2ui 2Py Y L 9 5.4
T 3% P K M DRs IS P ¥ T‘] ' ( 2}
J J J J
and
*905A9”,==<9, (5.4b)

where u; 1s the mean velocity in the direction denoted by i,

and.rE represents the Reynolds stresses, defined in chapter

two, by
o '
Tij = =Pk 85+ JFX, 1-x) 030X dY,
where ver

o;j(}:) = 5( 9u'79t} -+ a”’/?x})-
(The bars above the mean quantities are dropped for
convenience.)
The 2z-component of the mean velocity, and the 2z-
derivatives of all the velocity components may be neglected

in the equations (5.4), since their contribution to the mean

flow is quite small. This would reduce the momentum
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equations (5.4a) to

y ¥ 8
U 2U v 2P Au , Ju L. - Y7 ’
u 24 U L4,y 2250 DRI ou
y +V3)f S 5y <’31" '3)")+'3x{ fia—y{;F%‘_d!}
2 2u , 2V '
T ASTASE AR TOL N
p
v DV v 2P PV AVN. 2 [ AV AU :
usv yov _ _+ 2oF [ AV, DUy
1 +V y y: '3)' 'H)(ax,* 3,,}*9,{1;/;F(.“,+ 3" ot
2 A gy
+'ay{"P+—*/F' dy" )
and vel
o=_.L._9_f._3Pf
© 3z 23z
and the continuity equation to
ou oV
A Dy 9.
where

u = u(x,y) and v = v(x,y).

The method of approximation we shall apply now, is based
on the fact that in each of the above equations, some of the
terms are of smaller order of magnitude than others and may
be neglected. This method assumes the fluid has a small
viscosity and the B-L thickness remains small.

To work out the order of magnitude of each term, we
begin by taking u and 2%4/,5, to be 0(1) and y. to be 0(¢§).
Then u=0(1) and 9% /9y =0(1) =» x and 'U say2 = 0(1),
The continuity eqn. together with 2Y/4y =0(1)=> 9"/3),= 0(l).
?V/?)f= O(l) and y = 0(8§) == v = 0(§) and 'a“’/o;‘= o('/g).

v = 0(§) and x = 0(1) == 2¥/3y and ? Y4y = 0(§).
u = 0(1) and y = 0O(§) =>9"/3;= O('/8) and ?z“/ay‘= o(1/¢%).

Since the viscous and the inertia terms are of the same
order of magnitude in the boundary layer, then Vv =0(§?%*).
Similarly, as the laminar and the turbulent stresses are of
the same order here, we have F = 0(f). It then follows that

,a@x_ (% +P,) = 0(1) and 59;-(% +P,) = 0(5).

It can now be seen that the x-momentum equation is 0(1)
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and the terms of O(§°), may be neglected in this equation.

The y-momentum equation is O(§) and terms of O( 8} ) may be

neglected here. Hence, we obtain

DX ax (34 2y By Na Dy’
p §
2 /P = - u oY —V-?_Y_ 9_%__"__ L u ¢
TARGRI Y A TIE A il
+2 [Fr2L Jy,
'3)’ Vol 9}" ~
and (5.5)
?
53 (e +fe) = 0.
Since —%,- (P/p +P, ) = 0O(8 ), then the total change of

pressure throughout the boundary layer normal to the wall is
O0(§*) and may be neglected. Hence, the pressure may be taken
as constant along such normal and equal to its value just
outside the boundary layer. We can therefore put

-,;—3;(')/,0+P¢) = 0,
and from the potential flow theory

2 (U th) = U, G, (5.6)
where wu, is the velocity of the main flow outside the
boundary layer. However, 1if the velocity of the potential
flow is constant (as in the flow along a flat plate at zero
incidence), then

= (P/o +P) = 0.

In the neighbourhood of the 1leading edge of a flow past

a wedge, the potential flow velocity is proportional ¢to a
power of the distance, measured from the stagnation point
along the wall and can be presentéd by

Ug(X) =m x",
where m and n are constants. The pressure gradient along the

wall therefore, is given by



"T("/p+ﬂ)=—umﬁ;%9 = —nwm 2" (5.7)

and the equations (5.5), reduce to

T 2an-i qu Y ? !
T ugt Y gy =V Ty S gy dX . (sa

with the boundary conditions

u=v=0 aty =20 and u =u_, aty =o0 .

The correlation function F, has the usual form

F=cF (y) F(|X - ')5'1) [see ch. 2], (5.9)
where the position function F, 1s given by the Gaussian
distribution function, (2.12). The expression representing

F. , will be presented later on.

Next, we shall present the equations in dimensionless

forms. |

5.2 The B-L equations in non-dimensional form.

. ‘ . ‘ A a A
Define the dimensionless variables u, Vv, X, X, b and c,

by
u=uu , V=V
x=dx , y=dy , z=4z,
x’=dx , y=4y9 , z'=4a72,
=db , c=-d;—uc—;- andR'-'-d%*-- (5.10)

where u, and d are characteristic velocity and length
scales, respectively.

Inserting (5.9) into (5.8) and combining the resulting
equation plus the continuity equation with the above, we

obtain the dimensionless B-L equation, in the form

2 an-\ QU 2U y o U
-nm y +u——-+v—-—--—--——+c—-—-f-’
A y R 2r2 ;éF&‘ay-
and (5.11)
2u IV
— = Q
X 24 ’
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with the boundary conditions
u=v=0 at y=0 and u=u_"at y =oo , (5.12)
The position function, with the dimensionless variables,

becomes
F, (| X-X'|) = exp{-;-;;-,:[ (x-x’)* +(y=-y’ ) +(z-2")"}]}. (5.13)
The circumflexes representing the dimensionless quantities,

are removed for convenience.
Now the guestion is, can we obtain similarity solutions
to the above system of equations. To answer this, we shall

adapt»a technique similar to that pioneered by Blasius and

introduce similarity variables.

5.3 The similarity variables.

The idea behind the transformation of the equations
through the similarity variables, is to reduce the number of
independent variables to one, so that the partial different-

ial equations can be transformed into an ordinary

differential equation.

Let us introduce the similarity variables <% and ¢ and

define them by
'7=A)Ix1 and '{-‘l (5-14)

and look for the solutions of the forms

u=gHUM) and v= w($) V(. (5.15)
The z variable remains unchanged and the constants A and

Awill be determined in the process. From (5.14), we can

write
U _ou A o 0U U _agr 22U
Ax 2% "5’797 Y hy 37
and ,
3"_ ¥ m'bzu
Tl S e (5.16)

Equations (5.14) and (5.16), transform the equations
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(5.11), to

Ch h 07 Vol 27
and (5.17)
ou -f DU A DV
— 4 — 4 A — =0,
A1 AT 27 : 7
where J is the Jacobian of the transformation, given by
] - A, v ({ “’) }-\
‘a(f‘:v') C Yo,y
-}
= ’ | - \ . , \
! '3'7’ ’ ’ ) A
31/3 4! /oy 2y . AX (5.18)

Under the similarity transformation, the position function,

becomes

E o= exp{- [ (£- ¢V k(1572 2'e 7Y etz =231 ]}

(5.19)
From (5.15), we can write
u_, 42 U _pydU_ Fu_dU
sV dag 0 e Py =2
.?LL:V.EJ_?.‘. and ...B_v_.u CIV . (5.20)
S d 27 ’P d1

d{ d7
~ 2 artzax d'U A2  dU '
K gdl ens °1ﬁ,{,5g(f & d,
and (5.21a)
47 ¢ dU , a¢?,, 9V _
Ud{-i—b”’lﬂ“d’-!-{ =9

(5.21b)

where dg¢’ =d¢’ dv'dz’.

If we assume Z(¢) is a regular function and divide
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throughout the continuity equation (5.21b) by Gi{), we find

1o 4 dU N 2 dV
U+7\§ ‘9,,0'1 "l"A{ T.CT‘;Z_ =0, (5.22)

where g’ = dﬁ'/d{.
Choosing @( ), such that

-1
5’ H/ﬂ’ = constant,
and integrating the above w.r.t. {, we obtain

pig)=2" (5.23)

where oo 1s a constant.

On the other hand, differentiating (5.22) w.r.t. 7 ,
gives |
":5??"' {{* */g:} =0,
which implies

';)7‘/,6" = constant.

Substituting for @’ in the above from (5.23) and

rearranging, yields

f}b(f)-:-Xf

where ¥ is a constant.

e A=
, (5.24)

The equations (5.21), together with (5.23) and the

above, become

1n=\ a -\ -

—Am + o U {ad +7~‘7f1d ‘U-c!—q +A¥§1d-‘v_’du

d1 T
\ 9 R
= A gz‘n d'u A" A ;
and (5.25)
-1 a=\ dU a-1 dY _
ol'{ U'*')"'{ -;7"+A¥! , = O

At this stage, we need to evaluate the volume integral
in the above, so that the equations can be simplified
further.

Let

I = j F:, g:d‘_c.‘_(l_ df’dﬂl'dzi

Vol o[q’
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Substituting for F, from (5.19), yields

0 e o0
1 = f// exp{_;‘gt[(g_ {:)1+ _Al:(‘?{-‘l_ 7,;,-1)1*(2_2*)3]} g'df:‘l—l-"-; d-[:
0 0 ~w - 4
The z-integral can easily be evaluated and reduces to b/(uﬂ_
The remaning double integral, however, can only be evaluated
approximately. We shall estimate its value, by making a

series of transformations and using power series expansions.

This method is described below.

Under the transformation

f'=f(1+s) and  7'=7(1+¢), (5.26)
we have dg"’-’f ds > d"?'-: ~1 dt ,
and
X .00 tet

L=b/ang™ [ [ ee{-mml s's 5 17 (0= 1)

d o
(s Ul at)d s de, (5.27)

Assuming t<<1, the term d/dt{u( 77+ “t)} in the above,

can be presented by its Taylor expansion

d U( d < 7¢ de(‘l) = ’7k Thid dku( )
—_— M1T+7t) = & A —_ 1 .
dt dt ; ki dq” Ke) (k-1) d"lk
Substituting this expression back into the integrand, we
get
o\ O k i
I-..-:!o/(”){"“z 77 o U
Kzt (k-')' d'7*
& o0
. AN ST RS It 920 & WA L S oA K-\
{‘[‘ cﬂ'{ 351[!$+A17 { (‘ (\-\-S)X)]}O*S) t (5.28)
If we further put .dsdt.
- 1+ ¢
X=@S and Y “3["__(“3))] , (5.29)
where
n=f ) 0‘1""'5"7 {'-)\ and A <0,
then



and ds clt::]'c;lXO\Y.

The Jacobian of transformation J, 1S

_ [206Y) ! | LY ) X /. \A
J—{'B(S.t)} =—0‘01(\ S) _-Ql‘l(\-'_ /a')'
Under the above transformation, we obtain
= o+l , 1 = "7" dkum
I=b/cam ' (a,at) (ko) __—_d": -
a0 - 00 k:l
,[ j 9(X,-Y) ep{-;z (X*+Y)} dxdy , (5.30)
-a, ‘.

SCX,—Y) = (I + X/a‘))w.f [("‘Y/Q,)(H' X/a')%_‘]k-‘. (5.31)

The equation (5.30) can also be written as

wd ot 2 Ik K
I=bJnya g™ °L"7 Yy (ko) -3;%

s\

0 oo
. _1_ a 3
/a /a gix.Y) eP{- 7 (X'« YD} dxdy . (5.32)
*a, V-a,
If we assume b to be small, so that 1/23’>>1, then the
double integral in the above may be regarded as of the

Laplace type. The major contribution to the 1integrals

therefore, arise from the neighbourhood of the origin, where

g(X,Y), may be approximated by
9(X,Y) % (_l)k" [\+( ne o) x/:‘---][\ — (k=) \+ Y/a;)(\ N X/a‘)'l.,...']_

The leading term in 'the above expansion (when k=1) is unity.

Thus, to the first order we have
g(X,Y) 2 1 + higher powers of X and Y.

Hence, (5.32), approximated to the same order, becomes

Lo b/amAad " QU 1

where d'l
I" = 4 [a e!f’f"j'i;:(xll-k- Yz)} dde ]

We may now put
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X = r cos¢d and Y = r sing.
Assuming [a;| <la,l , then

e o/“*/-' e—r’/’btrdrcl,ﬂ = _b’/aajﬂ; e—’/"’;r /ﬂndp’

0 ;
3
- Q 3
- -zrrbz[e ‘/’L_l] ~ b

|
-l 3
with an error of O(be 'Ab), which is asymptotically small as

1/2b1 > 1. Hence, the volume integral, to the first

order 1s givenh by
I~ (2“)311- l-: Arf“d dU/d,l ' (5.33)
From the physical point of view, since we have taken b
to be small, then the points 3_(_: ( {l, ‘7',2' ), whose effects on
the point X(¢,7,z) we are averaging, are located fairly
close to X. So in effect, 1t 1s the small scale eddies
formed at these points which influence the behaviour of the

flow at the point in question 1in this case. It is after all,

eddies of small scale which determine the characteristic of

a turbulent flow in the boundary layer.

Recalling the equations (5.25) and replacing the volume

integral by the above expression, yields

_nm '{J""+ O{Ua {Zd-\ » 2" g’d-‘ U du/c:"] 'l-Agf'“'-\ VdU/d-l
—_ 2 2N 4d 213 02N +dl
=g KT Ay e ALY j'!:;{ﬁ"'“/o!'z}’

and (5.34a)

oL U + "\ du/a“] + Axdv/d,7=o 5
(5.34b)
where C, = (2“3%C.

In order to make the above equation independent of f} we

choose n, o8¢ and AN , such that

InN-\= 2 =\ = 92 N+

b
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which implies
n=d = 2%x+1 . (5.35)

Hence, the equations reduce to

- (1)~+\)‘“1+(1\+|)U1+ A1 U c,U/Ol., +AYV dU/Gl'l

="1R" Az dzu/olql-»-caﬂzbs.a%{ﬁ du/c"'] , (5.36a)

andg

. v dU A de =0 .
(234U + N7 /dn + /°l7 (5.36b)

To eliminate V from these equations, we put

(1) = f U(1) d‘?,

so that
{:'=U ’ an clU/ol"l , ate.
where f is the stream function, f is the velocity aﬁszf”
represents the shearing stress.
On integrating the continuity equation (5.36b), we find
AYV ---'7\‘1{'—(‘)»*!){-?‘( ,
where the no-slip conditions at the wall, make the constant

K zero.

Combining the above with (5.36a), yields

L8

e

A d ' 2 ,3 2 3 Ol
T A+ e {5 4 (22 )(m - *) s caA’b S {Re"}=o0.
If we choose A, such that A= R, and put w= 1, then the
above equation reduces to

1) ” R d o
T 4 (A= ff (22400 ¢ )*CQT‘{F'F } =0, (5.37)

where £ = R C, bs.

Since

W= gd)ulr) = fd‘ £(7),

then for negative values of «, both u and u_, become infinite

at § =0, and the solution is artificial [9 ,p.141].

24



If we put |
WYY = (2" §¢1) , Y =(re)' M,

and 0 = (‘1‘\*0/().4-\\, (5.38)

then (5.37) becomes

d*w J’w (OW YL d fg o'W (5.39)
dY3+de1+‘3[‘ (dY)]+ {F-———}:O.

An appropriate form for the shape function F, ,is all

that required now to enable us to solve the above equation.

Let us try
- Q9
(1) =\-¢€ , (5.40)

where the scaling coefficient a, determines how fast the
profiles fall in with the free stream flow.
The shape function with the Y variable, has the form
FCY) a2y (5.41)
It 1s convenient to make a change 1in the notation and
rewrite (5.39), with W replaced by £, and Y by 7, so that it

can be presented in the standard form

.Fm-* F-F”-pp("'f'z)* j{_{{ﬁ{.u}zo, (5.42)

where YA
—a(2+) . 1

FF=\—-¢ (5.43)

The boundary conditions to be satisfied by the solutions

of (5.42), are
f =f =0, F=0 at 7 = 0,

and f'>l as « —spo00- (5.44)

We note that the equation (5.42) 1is identical to the
Falkner-Skan equation, except for the presence the terms
representing turbulent effects. Furthermore, if we choose

A =-1/2, so that (from 5.38) B =0, then the equation (5.37),

reduces to

" ” d ;
f «38f +¢ m—{ﬁ{}-_—.o, (5.45)
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where

h=\-e (5.46)
which 1is the Blasius equation, with additional turbulent
terms, applicable to B-L flow along a flat plate with zero
pressure gradient.

It is worth pointing out that in order to arrive at
(5.45) from the original equations (5.21), we choose & to be
a constant, rather than a reqular function of §, since we
require that the free-stream velocity be independent of the
space coordinate along the wall.

Numerical solutions to the equations (5.42) and (5.45),
with the boundary conditions (5.44), are presented in
section 5.5 . In the following section, we show how an

analytic solution to the equation (5.42) may be obtained for

the special case 6B =-1.
5.4 An analytic solution when [3 =-1.

At the beginning of this chapter, it was pointed out
that analytic solutions to the Falkner-Skan equation have
been found in the past. Yang and Chien for example,

presented two types of solutions when 8 =-1 [37]). The

boundary conditions they used were
£(0)=Y , £7(0)=0 and £’ (@ )=l,
where Y is the suction velocity.
For Y ;,..b, f*(0)=/(}r'-2), their solution is in terms of
exponential and error functions, with f%(7) in a dominantly

exponential asymptotic approach to unity. When 0¢ Y ¢/2, then

£ (0)=0, and the solution is given in terms of confluent

hypergeometric functions, with an algebraic approach from

above,



Since the equation (5.42) is an extended version of the
Falkner-Skan, it is worth investigating how solutions to the
latter may be extended in connection with finding a solution

to (5.42).
If we take P =-1, then from (5.38), N =-2/3, and (5.42)

becomes

f"'a-ff*-\*f'l*C'ad?{ﬁfq}';f’. (5.47)

where

(5.48)

On integrating (5.47) once and using the no=-slip

conditions at the wall to find the integration constant, we

obtain

fraff - £ +EFf =o0. (5.43)

3

Since € = Rc,b’ and b<<l, then for moderate values of the

Reynolds number &€ <<1 and we may assume a straightforward

expansion for £, in the form
F=f.«6F «0(EY), [26]. (5.50)
Combining (5.49) with the above, we get
e e (href) Sl 2 - 1-[f.(@r £ (0]
+t EFCE +E6) =o.

Equating the coefficients of equal powers of £, gives

£+ 4.6 -1 §,(0) = o, (5.51)
and
s ed T LR~ R =0 3+352)
The boundary conditions for (5.52) are

£°(0) = £ (e0) = 0, (5.53)

£, (0) = £ (0)
Equation (5.51) can be integrated once to give a Riccati

equation
(et (f-M-f"@1=2 { (0. (5.54)

Solutions to this equation are given by Yang and Chien.
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Equations (3.10) and (3.11) in their paper represent the
confluent hypergeometric function solution for 0<Y<J/2 . The
exponential and error function solution for Y3/2, is given
by equations (4.5) and (4.6) in the same paper. From either
of these solutions we can substitute for £, and £, in (5.52).

First, let us simplify this equation further.

Substituting for F from (5.48) into (5.52) and

)

integrating the resulting equation, we obtain

’ _/3&1 ¢ L -/Jd7’

faff +(1-e )¢ -ha [ e Flardr=Kk,
where 91’ is a dummy variable and k, 1s a constant.

Multiplying throughout the above by the integrating

factor
#(1) =ep{ [ £ d1},

and integrating once, we have

T +
-J3a7* / 1 '/317' ' ’ ¢
'F.”“"o/{-(\-c )'f.""&a‘[ ¢ f.(‘l')d‘l*kn}d’(?’)d’) (5.55)

where #*is a dummy variable.

If for example, f, 1s given by the exponential and error

functions [egqn. (4.5) Yang and Chien], then

() =] crg(-"'—""/’:‘-‘-'l:!-’-)-e]‘eﬂq';, - 1} (5.56)

where

> 2 --L(Y‘_I.)
X - x - 3
S (L kel _

The solution (5.55) is presented in an integral form,
which together with (5.50) constitutes an approximate analy-
tic solution for (5.47). We make no attempt to evaluate the
integrals in the above, for there are efficient numerical
techniques which can solve (5.47) easily. Such numerical

solutions for different values of 8 and £ , are presented

below.

98



5.5 RESULTS AND DISCUSSION.

To solve the equations (5.42) and (5.45), which are non-
linear ordinary differential equations (0.D.E.) of order
three, we represent them by sets of first order 0.D.E. s,

which may be solved numerically. To this end, we rewrite

(5.45) as
(\+£F‘)-Fm+(-—‘;-{+£ﬁ'){"=o, (5.57)
which may be reduced to the following system of first order
O.D.E. “s.
('F)lr = ‘FIJ
(£7) = ¢,
and ) T “ (5.58)
(§°) = - (X286 yep”y,
\ +EF
where
A
Similarly, (5.42) reduces to
(‘F),": 'F’)
\’ //
and (-F) t ' (5.59)
'’ F / , &
({‘)=—(‘°“€ —)f7) - ( L Y- ¢h),

where
fo= 1= exp]- aC2-p)"n ] .

The above systems are solved by the NAG Fortran library
routine (DO2HAF), which solves the two-point boundary-value
problem for a system of N ordinary differential equations in
an specified range (A,B), using Merson’s integration method
and a Newton iteration in a shooting and matching technique
[38]. This routine requires that the N known boundary values
and an estimate of the remaining N boundary values for the

dependent variables at A and B are specified initially.
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By using the actual and the estimated values at A, the
routine integrates the equations from A to B, and compares
the values from integration with those specified at B. The
differences (usually known as residuals) should be zero for
the true solution. The generalised Newton method is used to
reduce these residuals to zero (or near zero, depending on
the size of the acceptable error), by calculating the
corrections to the estimated boundary values. This process
is repeated iteratively until convergence is obtained.

The order of error we specified for the residuals was
16‘. In most cases the convergence was achieved after a few
iterations. The results were checked by varying the order of
error and also by reproducing the solutions of the Blasius
and the Falkner-Skan equations, i.e. putting & =0.

One difficulty we experienced was that since the range
of integration goes from =zero to 1infinity, we had to
approximate the endpoint at infinity by a finite value,
where the solution was expected to reach its asymptotic
state. After many trials, it was found that for an upper
range of integration of about "1=8, rapid convergence was
achieved in most cases.

Let us first present the solutions to the simpler system
(5.58), with the boundary conditions (5.44). This system
represents the turbulent boundary layer flow along a flat
plate at zero incidence, and contains two parameters, namely
aand € . The former, as mentioned before, determines the
rate at which the profiles fall in with the free-stream flow.
The parameter € can be thought of as a measure of the level
of turbulence present in the flow. When £ or @« are zero, the

problem reduces to the laminar flow (Blasius Eqn. Fig. 5.1).
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Since £ =Rc,_b‘ » We note that while the parameter b was
assumed small, R may take large values. Hence, 1if c, is of
moderate size, then £ 1s not expected to be of very large or
very small magnitudes.

In the following pages, the effects of € and a on the
solution are illustrated. Figure 5.1, shows the laminar flow
solutions, in which the stream function £, the mean velocity
f°, and the shear stress (per unit of viscosity) f* ,are
plotted against the distance from the boundary. Figures 5.1,
together with 5.2 andi5.3, show the variations of £ and its
derivatives with £ , fér a fixed value of a. The effects of

the variations in @ , while ¢ is kept fixed, is shown by

figures 5.3, 5.4 and 5.5.

It can be seen that as £ increases, it does not bring
about a great change in the stream function, f. But the f“
variable which represents the sum of the laminar and
turbulent stresses, appears to be increasing with € near the
boundary and diminishing at greater distances away from the
wall. This confirms the fact that in the vicinity of a wall
the 1laminar and turbulent stresses are both contributing,
and hence the increase, whereas 1in the outer regions where
éhe laminar stresses have diminished, the turbulent stresses
are still present and decaying at a slower rate. The effects
of €'and @ on the mean velocity, are better illustrated by
figures 5.6 and 5.7, respectively. It is observed that for
larger values of &€ and a , the velocity approaches its
asymptotic state at greater heights, which implies that the
boundary layer thickness becomes larger in turbulent flows.

The variation of the turbulent shear-stress 1;" ,» which

is given by
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- s - R

RT¥=¢ -7y £, (5.60)
where £ is the distance along the wall, measured from the
leading edge of the plate, is presented by figure 5.8. As
expected , the turbulent shear-stress rises sharply near the

wall, and gradually decays as the free~stream region of the

flow 1is approached.

The expression (5.60) is obtained by taking the second

term on the r.h.s. of (5.25), (which represents the gradient

of the turbulent shear-stress), and replacing the volume

integral by its estimate (5.33). We note that for this

speclial case « =0.
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Fig. 5.1
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Fig. 5.5 Plots of £ and its derivatives,
eqn. (5.45), for ¢&=10, a =10,
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The system (5.59), corresponding to the equation
(5.42), describes the turbulent boundary layer flow past a
wedge. The solutions to this system satisfy he boundary
conditions (5.44).

In addition to the parameters @ and £ , the solutions in
this case, are also dependent on the <choice of # . This
parameter varies with the angle of the wedge, and hence with
the pressure gradient along the direction of the mean flow.
It may take both positive and negétive values, depending on
whether the flow is accelerating (8>0) or decelerating (A<0)
For f <-0.1988, separation occurs in laminar boundary
layers, and a point of inflexion appears in the velocity
profiles [29].

To demonstrate the effects of the parameters, we shall
again present the solutions by a number of plots, in which
the values of the parameters are varied. To avoid having
page after page of curves, only a selection of different
values of @ are included, and they appear in figures 5.9 to
5.13 in decreasing order, ranging from 1 to =-1.5 . The
parameters @ and ¢ are kept fixed at &4 =1 and & =10.

As 3 decreases, it can be seen that up to Al =-1, while
the stream functions grow in amplitude, the velocity
profiles® approach to unity becomes slower, and the

shear-stresses which decrease at the wall, decay at greater

heights away from the boundary.

when R =-1.5, the whole pattern of the solution changes,
and the velocity profile overshoots. For the same values of
R and a , no such overshoot occurs, when ¢ is raised .to
about 50, and.the profiles we get 1in this case are almost

identical to those presented in figure 5.12 .
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The effects of @« and £ are similar to those observed in
the previous case. As an example, the wvariation of the
profiles with £ , for fixed values of # =-0.1 and a =1, may
be seen by comparing figures 5.14 and 5.15, in which € 1is
chosen to be 0.1 and 10, respectively. Figures 5.16 and 5.17

show the effects of a, when # and ¢ are unchanged.

in figure 5.18, the behaviour of the velocity profiles
with the variations in § 1is compared. The effects of the
variations of A on the velocity are illustrated in figure
5.19 . As can be seen, when /@ =-0.2, the corresponding
profile exhibits a point of inflexion, which indicates the
occurence of the boundary layer separation.

The influence of the parameters on the turbulent shear-
stress T¥*, are shown by figures 5.20, 5.21 and 5.22. The

expression for the shear-stress, at any distance ¢ ,from the

forward stagnation point, 1is

_aq(2-p)P s

* 3 p-t Y
/R T =W[‘-e ] ¢ £ . (5.61)

It is noted that an increase in 83 , causes the turbulent

shear-stress to rise near the wall, and the rate of decay

becomes slightly faster.

The above expression is again obtained from the second

term on the r.h.s. of (5.25).
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Fig. 5.10 Plots of f and its derivatives, eqn. (5.42),
for £ =10, a=1 and 3 =0.
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Fig. 5.12

Plots of f and its derivatives, eqn. (5.42),
for £ =10, a=1 and @B =-1.
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Fig.

5.15

Plots of £ and its derivatives, eqn. (5.42),
for ¢é=10, a=1 and A=-0.1.
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