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D. J. Wood; Complex boundary integral techniques for
turbomachinerv blading

Integral equation techniques are used to solve interior
and exterior (including cascade) Neumann problems. The
equations are in terms of the boundary values of the
derivatives of the harmonic function sought. The equations
are derived using the complex variables forms of Green*s
theorem. They are solved numerically using low order
complex polynomial approximations. The solution of
problems defined on regions with corners i1s considered,

A complex integral representation which enables a
regular function to be generated from i1ts derivatives 1is
derived. Approximations to the representation are given for
the case when first order derivatives are known. These
approximations are geared to the utilisation of the
numerical solutions of the aforementioned integral equations.

Beam element solutions of stress and vibration problems
require knowledge of such section properties as torsional
stiffness, warping stiffness and shear centre co-ordinates.
These section properties are usually expressed as integrals
taken over a uniform beam«s cross section. It 1s shown that
they can be written as boundary integrals involving the
beam*s torsion and warping functions. These functions are
determined using the previously mentioned integral equations
together with the representation of a regular function.

The major practical application of the above techniques
IS to the analysis of turbomachinery blading at an early stage

In the design process.

Finally, the solution of plane elastostatic problems
using complex potentials i1s considered, A 1st Kind integral
equation for the fTirst derivative of one of the Goursat
functions 1s introduced. The equation i1s shown to be derivable
from a 2nd Kind equation due to Muskhelishvili, The solution
of the equation is discussed In terms of a simple numerical
method.

Where appropriate the numerical methods described iIn
this thesis are i1llustrated by examples.
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Some Comments On Notation And Terminology
Any notation peculiar to this thesis is introduced as

and when 1t i1s required. However, the following comments may
assist the reader
1) H'5") denotes a function of the real and imaginary
parts of * do- , 1.e. FCT) = h -
This function i1s not necessarily regular anywhere 1in

the T*— plane.

11) K1) denotes a function which is regular throughout a
specified part of theb5-plane,
111) Suffix notation TfTor derivatives i1s frequently used, e,g.
c?>Ss ~
bx

All references to published material are enclosed 1n
square brackets. Thus ¥ 13 refers to the paper numbered 1
in the list of references while [4, pp-245-24?] refers to
pages 245-247 of the book numbered 4 in the list of

references.
Finally, the numerical solution of a speciftied problem

always involves.the description of boundary data 1n a standard
form. This description of boundary data i1s termed
"1dealisation” throughout this thesis.
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Chapter 1
Introduction

In the last two decades much research has been carried
out iInto the solution of two dimensional elliptic partial
differential equations by numerical techniques based on a
problem’s equivalent boundary integral equation (b.i1.e,)
formulations. That iInterest iIn these techniques has
continued throughout this time 1is, 1In part, due to the
constant attraction of formulating the solution to problems
in terms of boundary data alone. Indeed, when one considers
the i1ncreasingly complex geometries over which solutions to
regularly occurring problems are required, 1t iIs not surpris-
iIng that b.1.e. methods are becoming of much more importance
as an engineering tool. This fact is illustrated by the
effort put iInto the implementation of these methods by
General Electric [1], Pratt & Whitney [2® and Rolls-Royce
[3] > the world’s three main Aero-Engine manufacturers.

Recent research into the application of b.i.e, techniques
to problems iIn solid mechanics has mainly been concerned v/ith
+he solution of problems In two and three dimensional
elasticity by techniques based on Somigliana’s integral
formulae [4, pp-245-247] . In this context the re”*searches
of Cruse [s, 6, 7] , Lachat and Watson [8] and Cha”™onneret
[9] are worthy of being mentioned specifically since tney
have led to such b.i1.e, techniques being applied to an
Iincreasing number of Stress Engineering problems
[2, 3,10, 11, 12].

Recently some research into the solution of non-linear
problems i1n solid mechanics, notably plasticity and visco-
plasticity has also been reported [I3, 14] . Again, the
techniques used are based on Somigliana’s integral formulae,

Xhe references given above relate mainly to work
carried out since 1970, An alternative approach to the
“classical'" problems of linear elastostatics is to represent
"the recuired solution of a problem by real or (in two
dimensions) complex potentials. Because this approach often
enables the equations of elasticity to be written In a much
simplified form, e,g, as Laplace’s equation or the
biharmonic equation, 1t has been very widely applied (for
examples see extensive bibliography given by Jaswon & Symm[I15]).



That the equations governing the behaviour of most
elastic potentials are so straightfonvard has meant that
considerable effort has been put Into the representation
of these potentials by boundary integrals, V/rth regard
to complex variable methods for two dimensional problems,
the representations used by Muskhelishvilit 716, pp,405-
433] and Mikhlin [17, pp 191-219] are perhaps the most
widely knovm, A large number of real variable represen-
tations (covering both two and three dimensional problems)
have been considered i1n detail by Kupradze fis] and
Jaswon and Symm [loc. cit.] , More recently, Hamson [19]
has given a survey of b,i1,e, methods for solving Laplace*s
equation In two dimensions.

An attractive feature of these potential type b,1,e,
methods 1s that they are applicable to other branches of
mathematical physics viz, hydrodynamics, electrostatics,
etc. OfF these alternative applications, the use of b,1,e,
techniques 1In hydrodynamics has been of particular interest
to the author. Indeed, this present work is chiefly con-
cerned \vith the analysis of incompressible potential flow
past one or more aerofoils and i1ts elastic analogy, the
torsion of a uniform beam twvisted by couples applied over
iIts end sections.

That both of these problems can be reduced to the
problem of finding a function <p which satisfies

P - Y No

within some domain D, and whose normal derivative takes
prescribed values on the boundary of D, i1s well known and
will not be demonstrated here. Problems of this type are
frequently known as Neumann problems and, as i1s shown by
the previously given references, have usually been solved
by the use of some boundary iIntegral representation of the
potential function ~ , An alternative approach which has
been used by the author, and i1s detailed iIn the present
work, 1s to solve for the boundary tangential derivative

of the potential function. In hydrodynamics, where <
iIs the velocity potential, this approach has the attraction
of yielding the flow velocity both on and off the aerofoil
iIn a straightforward manner. Similarly, the shear stresses
in a uniform beam which are due to pure torsion can readily

o] °



be evaluatéd froni the knowledge of the appropriate A
In this latter case ™ 1s the beain»s warping function.

The author presents the governing b,i,e, of the above
alternative approach to Neumann problems in Chapter 2 and
bases his derivation on the uses of the complex variables
forms of Green’s theorem [20, pp-133-134] previously
reported by Payne ™1, 22J - The hydrodynamic application
of the derived equation appears to have been given initially
by Martensen fT2S] v/hile the elastostatic application
appears to have been first given by,. Rieder [24]. It should
be noted that both Martensen and Rieder based their
derivations on the superposition of suitable singularities
and neither they nor subsequent authors f25, 26, 2?J seem
to have appreciated that their methods are in fact
specialisations of a single technique.

In most of the cases of practical interest one cannot
write down the closed form solution of the derived b,1,e,
and numerical solutions must be attempted. The numerical
techniques for solving the b,1,e, which have been developed
by the author are described in Chapters 3 and 4, In these
two chapters the author has continued to ivork in terms of
complex variables and, by writing the local derivatives

terms of the global derivatives , has
been able to apply a modification of Atkinson’s work on the
numerical evaluation of Cauchy integrals [2S]. The complex
approximations used still result iIn a system of real linear
equations fTor the unknov/n approximations to the boundary
values of ,

An attractive feature of the techniques described 1is
that the integrations required In assembling the coefficient
matrix of the above system of equations are all path
independent. This is 1In direct contrast to real variable
aoproximations to the same b,i1,e, which require geometric
approximations when the boundary contour does not comprise
of straight lines and/or circular arcs [e,g, 15, pp,143-155j,

A number of examples covering problems defined on both
simply and multiply connected regions are included in these
chapters. These examples i1llustrate the solution accuracy
that has been obtained by the author using the techniques
described.
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A useful :-eature of the solution of Neumann type problems
by the techniques described iIn Chapters 2 & 3 of this thesis
iIs that knov/ledge of the boundary derivatives of a harmonic
function N enables the generation of the function &‘together
v;ith 1ts harmonic conjugate ~to be accomplished. The
Generation of the complex variable function

FCV) =~ 4-ch
can be accomolished either by integrating

4 ro along a path

joining some point to 'S, so that

>
or through the boundary integral representation given 1in
Chapter 5. Although this representation is analogous to
one attributed to Vekua by Muskhelishvili 729] pp-192-201J
Its use in a problem solving context appears to have been
neglected.

In the complex form used by the author, the represen-
tation offers a straightfo3m.";ard numerical technique for
evaluating <f0) from the boundary values of i1ts first
(or higher) order derivative. Indeed, utilisation of the
complex approximations used iIn the preceding chapters
enables all of the necessary quadratures to be accomplished
in a closed and path i1ndependent form.

So far in this i1ntroduction the solution of the
torsion problem for a given section has been considered
achieved once the capability of generating the torsional
shear stress and warping function at points In the section
has been attained. This is not the case i1In turbomachinery
applicationsv/here few (1f any) of the problems arising 1In
the stressing of turbomachinery components can be reduced
to the torsion problem alone. Nevertheless, the solution of
stress and vibration problems arising in turbomachinery
blading by beam element methods [30, 3I] do require the
knowledge of a number of blade section properties (the
sections of iInterest being talcen at various stations along
a blade*s longitudinal axis). Of these section properties
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the torsional stiffness

warping stiffness

and shear centre co-ordinates

i - N L N ac.aelic.
Xx o S
- "L X. Cx.3)<iIxci} N
= SS
i€

cnj _ :3§

are probably the most difficult to evaluate since they
depend upon the manner in which a uniform beam, of given
Cross section R, warps under pure torsion,

Whereas the so-called Dirichlet integral

T ePix,1> <, ¢S

"c
has been used by many authors as a boundary integral
representation for the term

iIn the expression given for Xj 1» the
determination of and (Ex>"") through boundary integral
representations has apparently been neglected. However,
their determination through finite element and "thin wall
techniques has been reported f£e«Qo 32, 33J =



That boundary integral representations of all the above
section properties can be derived i1s demonstrated 1in
Chapter 6» Here the author again makes extensive use of the
complex forms of Green’s Theorems iIn the derivations given,

VJith regard to the representations given for and
(fix,6™ )» these representations require the knowledge of
several regular functions each of which has known first
order derivatives. When these functions are not known
explicity, as iIs the case iIn most practical examples, the
rapresentation derived iIn Chapter 5 yields them implicitly.
This use of the representations of Chapter 5 is illustrated
iIn the examples used to validate the contents of Chapter 6,

A further topic which appears to have been neglected
by other authors i1s the coupling of iInterior Neumann
problems with exterior Neumann problems. This coupling of
the solution of the two types of Neumann problems does have
a design application where the various effects of changes
to an aerofoil’s geometry are of interest to both aerodyna-
micists and stress engineers. Accepting that the solutions
to the problems of plane, i1ncompressible, potential flow
and torsion can (by their very nature) only be used to give
an 1ndication of the true situation; i1t would appear
desirable that the designer/engineer should be able to see
the effects of design changes as quickly as possible and
with the minimum effort on his/her part. In view of this,
the author has extended the techniques of Chapters 2, 3 &

4 1n such a way that the approximate solution of the two
basic problems, i1.e. flow and torsion, can be obtained
through the numerical solution of a single b.1.e. Details

of these extensions are given in Chapter 7 where
problems defined on both isolated and cascade aerofoils
are considered,

VJith the exception of a chapter drawing together results
and conclusions relating to the complex boundary integral
xnathods developed by the author and their suitabilit}/ for
turbomachinery blading applications, this thesis closes with
a chapter detailing further applications of the complex
forms of Green’s Theorems to problems appertaining to the
mathematical theory of elasticity.
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representation for the term
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their determination through finite element and "thin wall"
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That boundary integral representations of all the above
section properties can be derived i1s demonstrated 1in
Chapter 6, Here the author again malces extensive use of the
complex forms of Green®"s Theorems iIn the derivations given.

With regard to the representations given for X,v and
(ex,e], ), these representations require the knowledge of
several regular functions each of which has known first
order derivatives. WYen these functions are not known
explicity, as iIs the case In most practical examples, the
representation derived in Chapter 5 yields them implicitly.
This use of the representations of Chapter 5 is i1llustrated
in the examples used to validate the contents of Chapter 6.

A fTurther topic which appears to have been neglected
by other authors is the coupling of iInterior Neumann
problems with exterior Neumann problems. This coupling of
the solution of the two types of Neumann problems does have
a design application where the various effects of changes
to an aerofoil®s geometry are of iInterest to both aerodyna-
raicists and stress engineers. Accepting that the solutions
to the problems of plane, i1ncompressible, potential flow
and torsion can (by their very nature) only be used to give
an indication of the true situation; 1t would appear
desirable that the designer/engineer should be able to see
the effects of design changes as quickly as possible and
with the minimum effort on his/her part. In view of this,
the author has extended the techniques of Chapters 2, 3 &

4 1n such a way that the approximate solution of the two
basic problems, 1,e, flow and torsion, can be obtained
through the nuimerical solution of a single b,i1,e. Details

of these extensions are given iIn Chapter 7 where
problems defined on both isolated and cascade aerofoils
are considered.

VJith the exception of a chapter drawing together results
and conclusions relating to the complex boundary integral
methods developed by the author and their suitability for
turbonachinery blading applications, this thesis closes \;ith
a chapter detailing further applications of the complex
forms of Green®"s Theorems to problems appertaining to the
mathematical theory of elasticity.
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In fact, chapter 8 considers
the derivation of a complex boundary integral equation from
which the first derivative* of one of the Goursat functions
[17, pp-179-184] can be determined. The integral equation
obtained by the author is a 1st Kind Fredholm type equation
and the question as to whether or not it possesses a
theoretical solution presents the difficulties normally
associated with equations of this type. However, the author
does show that a 2nd Kind Fredholm type equation due to
MuskhelishviJd i1 [“oc.cit.] can be obtained from the
previously mentioned 1st Kind equation and discusses the
question of the existence of solutions to this latter
equation making use of the relationship between the t©/0
equations.

In common with many of the boundary integral equation
formulations for plane problems iIn elastostatics v/hich
involve formulating problems in terms of Alry’s stress
function ™M, pp,204-207] or the Goursat functions, the
integral equation derived by the author appears to be suited
only to problems without mixed boundary conditions. This has
meant that from a turbomachinery applications standpoint the
author’s integral equation is of limited iInterest. Because
of this only a rudimentary numerical scheme for the solution
of the equation is described and the results for an atypical
problem are given.

Frequent mention of the use of the complex forms of
Green’s Theorems has been made in this iIntroduction. These
complex forms seem to have been introduced by Milne-Thomson
who frequently used them in his work on hydrodynamics
~Moc,cit.J and elasticity 36) , More recently these forms
have been used by Payne £loc,cit.] and Dyer £37J ,

From Milne-Thomson then, the complex forms of Green’s
Theorems are:-

Fct.1) N 5
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F G, )<t> (12)

\""—=re "tha function F®,)J) i1s a function of the complex
variables 5,> defined over some region R v."hich 1s bounced
by the contour C. The conditions of Green*s Theorem require
that the function Fa,>) together ;7ith 1ts first order
derivatives be continuous, A full statement and proof of
Green’s Theorem is to be found iIn Apostol £s8, pp.25S3-292j.



Chapter 2

INTEGRAL EQUATIONS FOR THE BOUNDARY TANGENTIAL
DERIVATIVE OF A HARMONIC FUNCTION

2.1) Introduction

An integral equation approach to interior Neumann
problems has recently been given by several authors
[25, 20]- In these works an integral equation for the
boundary tangential derivative of a harmonic function
satistying Neumann type boundary conditions is derived
either by the use 0/ elementary singularities |26 or by
Green®"s third identity ™25, In the case of the super-
position approach to Neumann problems occurring iIn the
mathematical theory of elasticity, viz, torsion and
flexure, the elementary singularities have been inter-
preted in terms of the displacements corresponding to a
concentrated force acting parallel to the longitudinal
axis of a cylinder and a screw dislocation.

Examination of the mathematical expressions for the
above displacements shows that they are equivalent to the
velocity potentials developed from the point source and the
point vortex occurring In plane potential flow. This being
the case, the previously cited works may be considered to
be extensions of certain superposition techniques which have
been developed in aerodynamics fe.g. 24, 27, 39J,

In the following sections of this chapter the required

for the tangential derivative of a plane harmonic
function satisfying Neumann type boundary conditions 1is
derived for both simply and multiply connected regions.
Some discussion on the conditions required for the existence
of solutions to the b,1,e, is included.

The derivations given In this chapter are based on the
complex forms of Green®"s Theorem (see remarks on pp.T-S,
chapter 1) rather than the previously mentioned super-
position techniques or Green"s third identity. This
approach has been used extensively by Payne floc.cit.]
and also by Dyer ([loc.cit.J for problems occurring in turbo-
machinery aerodynamics but appears to have been neglected as
a ""tool” for providing solution techniques to problems
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occurring in linear elasticity; As will be seen, the
complex variables approach is attractive for three reasons,
namely
1) It avoids the problem of the manner i1n which
singularities should be interpreted physically,
11) the free termsof the derived equations iInclude a term
allowing for the treatment of problems which are not

harmonic i1n character [21, 22, 37) (see also
Chapter 8)-

1}
1}
1}
o/

in their complex forms the derived equations can be

solved numerically by techniques i1nvolving path inde-

pendent quadratures (see Chapters 3 and 4),

Where they occur, the treatment of Cauchy integrals
broadly follows the work of Muskhelishvili [29] .

1 2,2) Integral equation for a simply connected region

Consider the typical region R, shown in Figure 2-1,

which i1s simply connected and bounded by the simple closed
curve C|l= In this region the function

ti» = 2.1)

can be constructed from the first partial derivatives of a
potential function ~(?). The function 2T(?) can be inter-
preted as the gradient of *

At the point to¢A, an integral representation for *A(t)
IS obtained 1n terms of the boundary values of "t(T), and the
function , by considering the function

PGUN) * - (2.2)
defined over the region R shown iIn Figure 2-2, The region

R 1s obtained from R by introducing the circular contour
c which y

1) excludes the point from R

i11) 1Is centred on <

1i11) has radius £ ,

10
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Provided that the function "t{%) defined by (2.1)

together with i1ts derivatives are
continuous for Ir6fKuC® , the function sind i1ts
derivative
FA(>,w) = )
> - 10
i N i N
are continuous for T~/ C) , Hence, In R the

complex form of Green’s Theorem

F(Tw) dF = 20 P (2,U>) Jx Jj

can be applied to the function defined by (2,2), 1.e.

Ci) JUi
co 4 VU Jl *>-CO

The required integral representation i1s obtained by
examining the contribution of

r(i)
-10

to the left hand side of (2,3) when ¥fco and by
showing that

Q.4).

11



The contribution to (2.3) of

(M

>-CO

when €,->0 i1s readily obtained by expanding as a
Taylor series about to so that

= ~(S)
= - Z-rrtr ng)-

The validity of the expansion comes from the continuity
of the derivatives for 6 R.
That (2.4) holds can be shown by considering

CC r.d) d*.dy

Nn-a

where R-S denotes the region bounded externally by o*.
In this region write

“9

CO = e*”

and note that, since "frCV) 1s continuous iIn R,

where M is a constant. Hence

" A
D _rr_inrdxdy i et - o
A-a

and (2.4) follows.

12



Therefore, for aeA but not on C, ,
may be represented by

r(w) = r(i) dv -

dxd|3

which clearly reduces to Cauchy*s integral formula

[35, pp-66-67] when =0 InR,

When aoJ tends to a point CJ, on the boundary, the
3®presentation (2*5) must be modified to allow for the

singularity i1n the integrand of the contour integral,
Note that

Chy dx dj dx jd ,

This modification is readily obtained provided that
i Holder continuous on C~ 729, pp,7-21]

two points T|,"sa on C] the function
satisfty

, 1.e, Tfor any
should

my:(\D) - r (@)

where H are constants and 0]

It should be
noted that this restriction on IS more restrictive
than the continuity of ,>6 uCj , required by
(2.5 [15, p-253] .

Consider the integral

"tC"h  ¢F-

Ndlr A T
21TL J



or, since €& R ,

_1_r - "o."1 Ac. + Tridi.) ,
2T, J ™ “ 1

Now let @-»tp Ffrom inside R so that

/iuj> = N _J_ r ~C>) - (2.6).

wB>—>u3* \ >—_Uuj

To examine the limiting form of the integral

FPo,ul) & 1 "Vew.;  j-v
ZITl . _ Q]

consider the difference

M. ~ ir(>)-~c20i3 (CO-Ui«) cli*.
air
C.
A circular arc of radius ~ and centre wo can be
described« As shown i1n Figure 2-3, for sufficiently small
YO this circular arc will only intersect the contour at
the two points -
Denoting that part of C, lying on the segment oo,urd3®
by X and the remainder by C - C|— , the I1nequality
1IP(UI™MI30) — N T+ X

may be written« Here

T Irch Uu il N
17-uil 1)/

(=

14



- 't(u,) !l oj-uio| 1Jil
C,-X Rral 1V-W)
and
<

|l - | | - Iclil ,

In order to examine the behaviour of Xj let
along the vector coo-ou , Writing

A » (Qfa C(0-079

and letting S-|u)w) | It can be shown that for > on
the segment OYu)o

- 1'7 S S A

while
|>-w| 3/ s slu/S
for on the
I, 1 . 1Js|

T gsng | o o,

and, on using the previously specified restriction that
*>9  should be Holder continuous on Cj, the i1nequality

X1 ...H.r idii + H
Zirsiriocc  J 2trsih/J
). L,

15



IS obtained* An upper bound ifor these i1ntegrals i1s given

by writing ~ 11-10ol and noting that on X Idsl 1 Kidrl
where K 1Is a constant*
Therefore
> R 6
v~ ! N\
sina
AjT
< Sl 'f

whence

Ii 6 Hk /0¢ I

2Vr yu sina

In order to examine the corresponding behaviour of

choose S™N/*/z so that, for , 1™-ul»lyo
and /7z.
Therefore
_ . C Usl ~ SL
v* J

where L i1s an upper bound on the integral*

Given some these bounds on X*fX2 enable /0 to
be chosen such that
X, ~V2
while (given”™) $ can be chosen such that
Tz N V2
Hence for these choices of S
(iPitO,iU0) - ~Auie~r<30) | ~ T

and

IS continuous onto the boundary as
from inside/"*

16



%p

Using this last result (2.6) may therefore be written
as

c + 1P(u)o,co0.)

whence the limiting form of (2.5) becomes

- J. re (%) IXj"j Q2.7)
wr JJ -5-uj.
when t©e=sfudc from Inside R . That 1P1 exists

in the ordinary sense when “CTR 1s Holder continuous
on C, 1s seen by considering

L r X Cty - thio.)) JV

_Zil"l_ J m] - H>
C..=Jl

(p% ] .

- « F N(>>-rcup”™ 1> rch- t(S) ¢S

FTTc T- - tO» —Hin
M.
with 9 taitken such that  |10&(,| Juwortta.d .
The form of the integral IS In fact

inconvenient for computational purposes but can be modi-
fied by considering the Cauchy principal value of the

integral

WD) " j I xi%) e 6 1|
I J

t-Mc

W

With the segment ©~ again chosen such that

n ol e e 3L !

17



I*e, as In Figure 2-3, the integral
may be written as

ji'(uio) = & - "7CS¢) J>

ZIVt TF “ 40

The last i1ntegral becomes

tcb6o0) r = Uoa (]
xFfc c,"i Tr-w* irrc C.-,

On writing

- omg( -w) 7

so that
BS1u)» s &1
I0reUJo * N N
the i1ntegral
XLCjo) I N
Xlye J  "Juio 1T
C,-1

IS obtained. Therefore

“C(OQ e

/9 Zir (;_I Z"iT

18



where YO 1s the local interior angle at u)©, in which

case the Cauchy principal value of Ciim) 1s given
by
N N AN + ACU3O) "b
2
Hence
= _J . r ilP - "twi®)
zV 27

so that (2,7) may be written iIn the form

tw.) IEj_ C I’(>) iy X% Ch JxJu (2.8)
r,i J >-"e r. JJ UJo

where the contour integral i1s taken i1n 1ts Cauchy
principal value sense. Note that for a contour which is
smooth at D = "I

For a smooth contour the required integral equation
relating the unknown tangential derivative ~Cl,

to the known normal derivative T 6C] , 1S obtained
in the following way. On C,

TrC1) ¢y -

= c)dx tRi A NN j - <H{i@IX)

A qch A <Fhii

A I* < " S d% Jj

where S i1s the unit tangent vector to Cj at
(Figure 2-1), If n 1i1s the unit outward drawn normal

corresponding to £ and «C» the aingle between the
positive real direction and n  then

19



Hence

dh

dx n cos/l C

XCij J> = 1 <A(Tr) + 1 0m\ As (2.9a)

and since

VAN

1ZCIr™C

-}

the relation

1.XCTP)e, - efiWr) (fincv (2.9b)
caul also be noted. The substitution of (2.9) iInto

equations (2.5), (2.8) yields the i1dentities

f ~J._fr (2.10)
1] >-»0 vy -9
G,
- &« (L
LU(o1»)
1/7iCh *-"~<PUh (i
AL
Moit)

fCxu xo (2.11),

20



which provide both a means of evaluating ,
T when and are known on C, aid,

more importantly, relationships between the boundary
values of these derivatives.

The i1ntegral equation of major interest iIn this
work @s given by the real part of (2,11) above. Letting
u)o S Xo ri'io , this i1ntegral equation may be
written as

pPiCW) - j r k (8o ,>) Js
o]
where
H (So™>) = CoJoMLs.)] - (2.14)
and
f-ch = ASGBF*,")) - 2-r~(T) (2.15)

has been taken as a real valued function.

An alternative derivation of (2.12) which i1s based
on Green"s third identity has been given by Christiansen
for the case when IS hazmonic in , i1.e. when
fCD-s-o0 for J€ER,9 2s3 , This derivation is given
entirely 1i1n terms of functions of a real variable.

When (2.15) defines a linear problem™equation (2.12)
may be considered as a Fredholm integral equation of the
second kind for the unknown function due to the

weakly singular nature of the kernel function KCu)«,!)

21



T17, pp-59-66) , That iIs 1In fact weakly
singular, 1.e.

WA, c(W7p) - O

can be demonstrated by writing

K(130,>) - | 2.
>0
where 4 denotes the normal derivative of the
distance function 2 N >-u)ej at <o* keeping
fixed. Hence
o U*A ) K (u3*,1) =
uo*
writing A so that a-F 175
X =-X. >sosh and 3 & s NS
one obtains
) S ce\LgCulo) ?5AO0SmT @O)LZ
in. C 5

= - CoSt " - 07N3*;]

which is Holder continuous on C] and equals zero at
where © j- QB> + "M .

That a solution to equation (2,12) exists and 1s
unique can be obtained from the first of the Fredholm
alternatives, viz* either the equation of the second kind
has a unique solution or the corresponding homogeneous
equation and its adjoint have at least one non»trivial

solution [ST p.ssj * The homogeneous form of (2*12) 1s

~s(U) - L as - O
i

22



which has as i1ts adjoint the equation

MZ.) - +C XPDDk(>,w.)Ji ~ o.

This last equation is the homogeneous ~orm of the integral
obtained from the representation of the solution to
Laplace®s equation, with Dirichlet type boundary conditions
on C] , by a double-layer potential of unknown density

>(>) [ 15, pp,32-33]- The equation is known to have
only the trivial solution A(»-0 so that, by the
previously given Fredholm alternative, the solution

Adrr of (2.12) 1s unique.

It should be noted that an integral equation of the
first kind for IS obtained by taking the
imaginary part of (2.12). In the notation used previously
this equation takes the form

. = L{~~(ij1<(0J0,MN)Js — c/uWc)
ir irJ
+ 3 Q1) K dxdn

but will not be considered further since a comprehensive
theory for equations of this t3rpe does not appear to be
available.
Note further that for problems in which the function
satisfties Laplace®"s equation In R, 1.e.

5 - 0

equation (2.12) takes the form
(AiZz,) - J_ r

“r 4,

H (u)o3) ds

23



8 Integral equation for a finite multiply connected
region

In the following let the m contours bounding a finite
multiply connected region« be identified by Cp, p=1 (I)m,
with CJ enclosing all the others« This nomenclature 1is
il lustrated by Figure 2-4.

The required integral i1dentity for when lies

within the region R iIs obtained in an amalogous
that used previously« The procedure may be

summarised in the following manner
1) exclude the point t from the region R by a small

circle centred on uj

11) apply the complex forms of Green®"s theorem to the
function
Fci,i0; -
1J0
defined over the modified region
111) evaluate the contributions to the various integrals

when the radius of the circle excluding uj shrinks

to zero«
In this way the representation

L

2

IS obtained«

Similarly, a repeat of the limiting process of the
preceding section on the above identity shows that when w

tends to a boundary point ud» from iInside A «

b)) A L B F jf- CC "tid> dxds

The boundary conditions are again incorporated by use
of the relations (2«9),

1 «e«

I e - <S5 @) v
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Hencey for y ma.y be generated from

Z(cos* 1 ¢ f *FcpA%) % - L fC
an ""—ukS

while the integral equation

ar) -~ "N o CTr> )<rCu)*,>>Js
> Jc,

g J (i> na, ,h Ji

" --- (@1

Ny used to find y the required tangential
derivativey fTor all W. on smooth boundaries. As beforey
i V. ¢8.3.7

- (X=x.jscVC<<<uj.)]
(fc—x.)"- <Ca-"s.)*-

H (w»,>)

and
Ny> - - 2"C51>)

Equation (2.16) was recently given by Kermanidis
[ 26] for the case when -fCTrJ-o and Is the
boundary normal derivative of the warping function
occurring in pure torsion (see Chapter 6), The derivation
given by Kermanidis i1s based on the superposition
technique mentioned at the beginning of this chapter.

Againy when (2.16) defines a linear problem the
equation may be considered as a Fredholm integral equation
of the second kind for the unknown values of the boundary
tangential derivative e The homogeneous form of

this equation 1s

25



1&

which has as i1ts adjoint

ACuS.) - j_ 2 | di - o (2.17) .

I»»-" 'ACf>

The equation (2*17) may be written as

? f Mh 1 I>-(00l JS ~ O
where denotes the normal derivative of
fixed and, T

ir Cc-* w*6 C
- Tr w*e C > |

it follows that (2.17) admits the non-trivial solutions

Xi>) (2.18)
where
conSFRt B >6 N
p -
0 e e/ Iora

This result could also have been obtained from the
observation that the equation

A JN Yy Xih) i jcis m@® * 00 AN, POV

corresponds to the homogeneous form of the double layer
potential representation of a fimction harmonic In an
infinite region bounded internally by Cp and which taikes
prescribed values on Cp, The solution of this problem

26



IS known to be unique to within an arbitrary additive
constant 715, pp«32-3sJ Hran which the uniqueness of
the solutions (2.18) follows.
The relevant Fredholm theorems to be applied here are
that
1) the homogeneous integral equation and i1ts adjoint have

the same finite number of linearly iIndependent
solutions

1}
1}
o/

a necessary and sufficient condition for the

existence of a solution to the non-homogeneous

integral equation is that its free term be orthogonal
to any solution of the homogeneous adjoint equation

1 5 p-58).

From this one may conclude that the homogeneous form of
(2.16) has m-1 linearly independent» non—trivial solutions
while solutions to (2.16) exist provided that for p-2CO>vi

X, g A n Hiwp ij els

— K Tasj, — O (2.19)

where I0peCp and d S denotes the arc differential
at uip.

The major application of equation (2.16) has been to
the solution of Laplace®"s equation under Neumann t3gje
boundary conditions. For such problems 1t is readily

shown that the orthogonality condition (2.19) is obeyed
since

27



by Fubini s theorem 738, pp.221-222] . Now for

N kQpbDhdah Nt >3] <=
for Se Cp
0 tixK

Hence
£ A AATA i) Hwpd; 5 (P

cis

and the orthogonality condition iIs satisfied.

It should be noted that a unique solution to the
equation

diy@) - i 2 A K Js
C

- L Vv C () HB.M;cas
or,

can be obtained by requiring that for p ™2 0>

CAC>J IS -=m

Here the constant is chosen to give a harmonic function
that 1s single or multi-valued as required.
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8§ 2*°) Integral equation for an infinite region with
internal boundaries

The case of an infinite region with internal
boundaries can be treated iIn a manner analogous to that
of the preceding section when the functions XF(1)
tend to a finite limit as ) 1Increases. In the case
nnder consideration» the multiply connected region is
of the form shown in Figure 2-5 where the contour C, 1is
taken to be a circle which encloses the remaining
contours.

The required integral equation for the tangential
derivative "NCIr) on the internal boundaries 1is
obtained by letting the radius of C, tend to infinity.
Hence» if

H
where or is a known complex constant» equation (2.16)
Is readily shown to take the form

where X n T are given by
(2.13)» (2.14)» (2.15) respectively and the contour
integrals are taken In the positive sense (i.e. clock-
wise since this an exterior problem). The integral
identity corresponding to (2.20) for a point which
lies entirely within R can similarly be shown to be

) A + 1 F  chich) Js
. i(V) dyed- (2.21).
- 1 u)
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Because of the manner in which (2,20) was obtained,

remarks concerning the existence and nonuniqueness
of solutions to (2.16) are again applicable. Hence it
can be concluded that the homogeneous form of (2,20) has

non-trivial solutions and that solutions to
(2.20) exist whenever

W) >> ¢S

| )sS. 1

ComM ~

Clearly, this last i1dentity is satisfied whenever

IS the boundary normal derivative of a
fxinction which 1s harmonic in the infinite region R
and satisfies

XCY) - (OKS

An equation similar to (2.20) has previously been
given by Payne [21, pp-l1-40] for the analysis of the
compressible flow through a plane, i1nfinite cascade of
aerofoils where a coth kernel function replaces the

~used above. Indeed, Payne shows how the form of
(2.20) appropriate to the auialysis of the plane

incompressible flow past a plane i1solated aerofoil,
r.e.

<, N J ctha)krez,Mar N -ZTANNer

where C is the contour bounding the aerofoil, can be
obtained by considering a cascade with infinite pitch.
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§ 2.5) Inte%rgl equation for a vertical cascade of
aerofoils

In two dimensions a vertical cascade of aerofoils
consists of an infinite number of congruent aerofoils
equally spaced In the y-direction of the complex
Tr —plane. Each of the aerofoils i1s assumed bounded by
a simple closed curve with a continuously turning
tangent except, possibly, at the trailing edge where
profile may be cusped or pointed. A typical cascade
geometry, centred on the profile , 1s 1llustrated 1In
Figure 2-4,

Restricting attention to Neumann trpe problems
defined on the region bounded internally by the aero-
foils, the required integral equation for the values
which takes on each of the profiles 1is
readily obtained using a technique analogous to that
used In g 2.4).

Consider the region R shown in Figure 2-7 which 1is
bounded on the inside by 2n-fl congruent aerofoils and
has for 1ts external boundary the contour ABC&A. The
27fl aerofoils are equally spaced 1In the y-direction
(with pitch t) and are centred on the aerofoil , For
such a region i1t was shown In ~ 2.3) that when v lies
entirely within/?, 1.e, not on any of the bounding
contours, the analytic function may be evaluated
at o> by

Xiy) I f (2.22)

Clearly this is just Cauchy"s integral formula applied

over the region R .
Imposing the conditions that

-—r i1 +pi-t) ; p* -1,72, ,,.7Nm

Xy —for XI>) =T(>a + )
111 vV
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"ALX 443 6 DA 't

< co«.s'fu>ct” M XU, s«in

the i1dentity (2,22) may be written as

H4
X(W) a 1 -ti) s
Lt

to 1 P

« ' Xu

The terms In the series

may be re-arranged to give

When »»Ae»0

cC -X-wJ

0-M)*

(as 1t must do for a verical cascade

of the tj”e considered here) this series can be summed

using complex variable techniques
whence

pr-im "V-10

and therefore

32
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coiL

" P o xat-wy

— r Cotlc 5~ (" X+*ch d 3 (2,23)
It 1 c t J
-Vt

To obtain an integral identity ainalagous to (2,21)
when an 1nfinite region R 1s bounded internally by a
vertical cascade of aerofoils 1t remains to consider
the behaviour of (2.23) when X

Consider the function

to-til {25 - € €
e* - g7’
.22
-2«
- e
For the denominator of this function

may be expanded by the binominal series so that

-2*1»
eofcUiI?5 +E£_TFF) EED £
A -2*1»
- 1+ 2 U e
wet/
Similarly, for > 0
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Using these expressions for co"bU (A «§-
and cotit 1T in (2.23) yields,
when X 00

oL 1%, (2.24).

The above expansions for Cotk™MtJ” can also be used
to show that

] = i (2.25).

That “Cuy) i1s periodic with period Cc (as 1t must
be for the vertical cascade considered here) can be
shown by substituting H for w In (2.24). The
result follows on using the relation

Co'6'it -= Cesl< A ¢oil> t Scu. N
iMU au Cov» T ¢scesilA Sowvb

and noting that in this instance b- IT,

The required integral equation for on
IS obtained by considering the limiting form of (2.24)
as > tends to a point U3»6C" from inside R (outside
the region bounded externally by CO). Without repeating
the analysis of the previous sections (notably [2.27")
It can be shown that

t(<%) »Tlc + L (2.20)

provided that ua» is neither a cusp nor a corner.

34



The relations

1169

¢™M(wo t

1
*
-
-
<
>
-\
o
o/

ti-v) dv - + k™1 1J7~d5

again hold on so that from (2.26) the identity

4 CA. (oMl = |(f£zﬂll> [ .

(2.27)

can be obtained.

As 1In the preceding sections of this chapter, the
identity (2.27) can be split into its real and Imaginary
parts to give integral equations (for ,ub#feC.)
of the second and first kinds respectively. In the case
of the second kind equation, use of the expansion

V. ¢ctUS irfi-u )? I Ny 29g-u0
* N J >-<0 /e

shows that the kernel of this iIntegral equation is
weakly singular so that the previously mentioned
Fredholm theorems can be applied.

In view of the manner iIn which the identity (2.27)
was derived, i1.e. extending the derivation used iIn "2.3),
one may conclude that solutions to the real part of
(2.27) are not unique. Since the homogeneous form of
the equation has one non-trivial solution, the condition

N ear — Ceas‘Ca,M:t
can be used to constrain the iIntegral equation so that
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3> ,b6 Co t iIs the boundary taingential
derivative of a harmonic function which i1s single or
multi valued as required.

That the real part of (2,27) provides the basic
equation used In a Martensen type analysis of the flow
through a vertical cascade [21, 23, 2?J 1is noted,

1 2,6) Treatment of Neumann problems in regions bounded
by contours with corners

The existence theory used In the preceding sections
has been developed specifically for problems defined
over regions bounded by smooth contours. In practice,
the boundary of a region may contain corners where the
direction cosines cosCx™h) auid are dis-
continuous, It follows from this that the kernel
function K(uio,T) given by (2,13) will no longer be

singular so that the Fredholm theorems cannot be
applied to the derived integral equations,

A fTurther problem arises from the fact (seen below)
that the derivatives may be singular
at a re-entrant corner © , In this case the required
integral equations cannot be derived since the function

i1Is no longer continuous and the complex forms of
Green’s theorems cannot be applied.

Some progress can be made i1f one assumes that the
function has a known representation dt
each of the corners. Consider the simply connected
region shown iIn Figure 2-8, which has a corner at '3, ,
and assume that in the neighbourhood of 'Jj the
functions , - » can be represented
by the functions respectively.
With this notation the equation (2.12) may, for 100 @,
be written as

">(0o> - (D) A

“ LA H (IOgP s — Z.25)
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where v = PAW>- 1]
Vi S NAE?; - A ar (U35

The kernel of equation (2*28) 1s once more
weakly singular for all us#"J ™ so that the previously
applied Fredholm theory is again applicable (in this
instance (2.28) can be written as a system of integral
equations). It remains to choose the representation

Although the practical details of choosing
for the case when IS the boundary tangential
derivative of a harmonic function will be dealt with In
some detail i1n the next chapter, some relevant comment
follows.

Consider the function

uar) ~ 2723 ¢~ ~ Ca%J j (2.29)
19 i i _
where and TT 1s the "interior'" angle
between tangents on either side of >, . This function

has zero normal derivative on the arcs
~OT all values of V while 1ts tangential derivative
may have a singularity of the type

when y-T- 7T.

Clearly the function must be such that
the above type of singularity can be modelled when
yylVv. Furthermore, consideration of uC?™ shows
that the two partial derivatives < Eiy)
are continuous when aind™for , can be
obtained explicitly at T, when ocMCyt) is specified
(see ™ 3.8).

From the above i1t can be concluded that the
behaviour of at the corner >, can be

modelled by the function

Xid) = Uj(s> +
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where Us(T> iIs the boundary tangential derivative
of (2.29) and Vv"sCii takes the values of
evaluated under the assumption that ~* Cs 1
are continuous at >, , The function 2MIr) is also
applicable to the case when °’V] [lies on one of the
contours bounding a multiply connected region.

When there is more than one corner to be considered”
the function ~5 (TP must be extended to allow for the

possibility that iIs singular at each corner
where Tiyts , Let there be a corner at Tk where the
<"Interior’ angle between tangents on either side of Tk
IS given by ., When differentiated the function
L & nftu

U (,=¢1 a ik (2.30),

where
"I-"1K ’\/t

will model the possible singularity in » C%> at
Hence, 1f the contour bounding R has corners at

Tk » k- KO S , the function may be

taken to be
S Clr) + V,(t) (2.31)

. . N a } _
where Uo> Is the boundary tangential derivative
of (2.30) and Is a function which takes at each
of the Tk the value of (t> evaluated under the
assumption that are continuous.

Finally, it should be noted that when
and ¢ raCTP are continuous at the Tk and bounded

elsewhere on the boundaries of a finite multiply
connected region R, the analysis of JY2,2) and " 2.3)
leads to the identity

& S,

= 1 ? F V) Hxa,>) ds

>v  F., Jcp

(?; k(L,i)ds

where IS a double valued.
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Chapter 3

NUMERICAL SOLUTION OF THE DERIVED INTEGRAL EQUATIONS WHEN
THE NUMBER OF BOUNERING CONTOURS IS FINITE

3ol) Introduction

When considering such physical problems as torsion,
flexure and plane irrotational flow, the solution of the
integral equations derived i1In Chapter 2 by any means other
than numerical could be expected to present considerable
difficulties for even the simplest of regions. Indeed, 1t is
unlikely that one would even formulate a problem iIn terms of
these boundary integral equations 1t the problem was such that
a closed form solution was obtainable.

However, numerical techniques for the solution of these
boundary integral equations do become important when considera-
tion i1s given to problems defined on complex geometries such
as occur iIn turbomachinery applications. The numerical
techniques developed by the author and presented here make
full use of the complex variables formulations given iIn the
preceeding chapter. These techniques are iIn fact an adapta-
tion of Atkinson»s numerical method for evaluating Cauchy
integrals £28J and are analogous to those used by Hamson
for solving Dirichlet problems by means of a potential of
the double layer [I7]

For convenience the numerical techniques are described in
detail for a finite multiply connected region. The modifica-
tions required when dealing with an infinite region bounded by
a finite number of contours are given in ¢(3.10).

Consistent with the manner in which the integral equations
of the preceeding chapter were obtained, numerical solutions
to these iIntegral equations have been found by working with
the complex equation

tCly p ~
* 1 r £ \ Js 3.1
[T > - U
rather than i1ts real variable counterpart. Noting the
relations on C

it(io)e (3.2)
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3ol) Introduction

When considering such physical problems as torsion,
flexure and plane irrotational flow, the solution of the
integral equations derived i1n Chapter 2 by amy meauils other
than numerical could be expected to present considerable
difficulties for even the simplest of regions» Indeed, 1t 1is
unlikely that one would even formulate a problem iIn terms of
these boundary integral equations 1f the problem was such that
a closed form solution was obtainable»

However, numerical techniques for the solution of these
boundary integral equations do become importaoit when considera-
tion 1s given to problems defined on complex geometries such
as occur iIn turbomachinery applications» The numerical
techniques developed by the author and presented here make
full use of the complex variables formulations given in the
preceeding chapter» These techniques are iIn fact an adapta-
tion of Atkinson*s numerical method for evaluating Cauchy
integrals 128J and are analogous to those used by Hamson
for solving Dirichlet problems by means of a potential of
the double layer [19] »

For convenience the numerical techniques are described iIn
detail for a finite multiply connected region» The modifica-
tions required when dealing with an infinite region bounded by
a finite number of contours are given 1in ¢3.10),

Consistent with the majiner in which the integral equations
of the preceeding chapter were obtained, numerical solutions
to these integral equations have been found by working with
the complex equation

o p "
- .6 \ h Gri)
C > -

rather than its real variable counterpart» Noting the
relations on C

;t(w)e (3.2)
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where — ~ic(oo) - c and

"fc(-»)v_ cATfv? (3»3)
dS
it will be recalled that (3ol) may be written as

t(o0) = _ "t(y) d> (3-9).
N\ >_UJ

It should also be noted that the boundary condition is
that the normal derivative “MCIF) be given on the boundary*
In many applications the specification of this normal
derivative requires that the direction of the (outward drawn)
normal be known at a number of boundary points*

T 3,2) Ildealisation of boundary

Let the m contours bounding the region under considera-
tion be identified by Cp, p=I (DM, with Cl enclosing all the
others* Each of the (0 contours is considered to be divided
into hp iIntervals (termed elements) with an element end point
(termed a node) the only point common with adjacent elements
When the boundary is not smooth, the idealisation should be
carried out 1In such a way that all corners lie at nodes* This
ensures that all of the elements are smooth arcs»

Using this form of idealisation equation (3.4)can be
written as

» YO B
tirr(ud) G.5)
pri J- 10
where ]jj denotes i1ntegration over the element of the pth

contour and the iIntegral i1s taken in the positive sense*
A numerical solution of (3*1) 1is obtained by taking
suitable approximations to ro) over each of the elements

8§ 3*5™ Piecewise constsjit approximations
The simplest form of approximation to X(Ir) , t 6 CF
IS obtained by assuming that XC) takes the complex constant
value over the element and attains this value at

the point ft Hence (3*5) may be written as

C
irt IpEn - u)
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so that, on using (3,2), the relation

where
_ I G:(A,*)
= e
IS obtained.

On the element the point can be specified
arbitrarily provided it i1s chosen to lie away from the
elements end-points. Usually the element*s mid-point
IS chosen.

Once the have been specified a system of complex
linear equations for the unknown # IS obtained by
neglecting the error iIn the approximation leading to (3,6)
fuid 1dentifying tw with each of the points , Since

i1Is real this complex system of equations can be decoupled
into two real linear systems by taking i1ts real and i1maginary
parts. Consistent with the mamner i1n which the second kind
integral equations of the preceding chapter were obtained,
cnly the real part of the complex system of equations 1is
considered here. Hence, 1if

the real system of linear equations

I'I-I- p‘i /\ | J | J -
o] t \J
which relate the known to the unkown
) IS obtained.
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so that, on using (3.2), the relation

iekizy Jl PF
G G.
irl B 7S,
(306),
where
-1 ("r>)
AV = €
) e W
IS obtained,

On the element the point can be specified
arbitrarily provided i1t i1s chosen to lie away from the
elements end-points» Usually the element*s mid-point
IS chosen.

Once the have been specified a system of complex
linear equations for the unknown Is obtained by
neglecting the error i1In the approximation leading to (3,6)
aind 1dentifying lo with each of the points s Since

Is real this complex system of equations can be decoupled
into two real linear systems by taking its real and Imaginary
parts. Consistent with the manner in which the second kind
integral equations of the preceding chapter were obtained,
cnly the real, part of the complex system of equations is
considered here. Hence, if

the real system of linear equations

m if
ir i
= L A A %
o & ° G.7
which relate the known to the unkown

IS obtained.
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where

p takes successive integer values from 2 to 8

There are several ways in which the conditions (308) can
be adjoined to equations (3.7) iIn order that a unique set of

CiKV) be obtained. First, the m-1 equations resulting
from (3.8) may be taken as extra equations for the determination
of the AN - unknowns. This yields an
overdetermined system of N+m-1 equations which may be solved
by least squares techniques [15,p.137]. Alternatively,
for each of the internal boundaries W may be i1dentified with
only of the t NN additional equation coming from
the foirm of (3.8) appropriate to the boundary. Thus a system
of N equations is obtained which may be solved by Gaussian
elimination. Finally, to each of the equations resulting
from i1dentifying co with the of a particular internal
boundary, the form of (3.8) appropriate to that boundary may
be added. This again yields a system of linear equations
which may be solved by Gaussian elimination.

All the results given in this chapter have been obtained
using the third of the above alternatives. The Tirst alternative
was rejected because the large systems of equations arising 1In
practical problems involving multiply connected regions pre-
clude least squares type solutions by computer. The second
alternative was rejected because In practice the equations
may be 1ll-conditioned rather than singular. This leads to the
problem of deciding which of the should be i1dentified
with.

It should be noted that the piecewise constant approxima-
tion described above can be used without modification when the
region of iInterest has corners,

3,4) Piecewise linear approximations |
For regions bounded by the ha smooth contours C*, p=1(Dm,

a more useful higher order approximation to C5), ¥r6Cp
IS obtained by assuming that XCIr) varies linearly over the
element For 6 Xj this assumption leads to the
approximation
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where and

again denote the start and
end points of the element

Using this form of approximation allows (3»5)to be
written as'

_ L C o R
f as

HAFf s (

I T - «
o ¢ O (2.9)
Writing >?,0 - enables (309) to be simplified to
ZS { n
s A _V-U
T 3.10
o e (3.10)
«ll-
This result depending on the continuity of "tCi) whereby
(e L ™
and
>M
& 7S

Again, the use of (3.2) enables (3.10) to be written
in the form

m e C Z Mc”H™ 1) (3.11)
P’> N\ N\

where, 1n this i1nstance.

u) -e f

Jy
— 61
V,\b
( (3.12)
7\ “i-UA
L —te



Val-ues for the unknowns Q, (y,J are obtained by
solving the system of linear equations resulting from i1dentify-
ing L with each of the points 7 A Again, only the real
part of the resulting complex system of equations is considered,

For multiply connected regions the condition

ds <  CowSheyrt s2COM

must be adjoined to the system i1f a unique solution Is to be
obtained* The piecewise linear approximation used here leads to

or, In terms of the * alone.
&
\ <Nj(bds A A ( "h-y dy
CF V | Ix w5
- >

Use of (3*2) i1n this last expression yields the required
numerical counterpart of the uniqueness conditions* Hence the

conditions for a unique set of can be written as
H “ oKitRKT < ¢J
where
w
J_ _W W
- Tr dir

and p takes successive integer values from 2 to ™

The evaluation of the coefficients «e IS
straightforward, examination of (3*12) shows that they are
given by
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for U. 7/

r g TN I, 3 N
 p & _ U
oM. - _
My o
for w = ©

A - = e - U3 3i:fﬂ__,/\ N\

cCVit - " ]

/0 .

w\ - )

Note that when the boundaries of the region of interest
contain corners, the above approximation technique requires

modification. The required modifications are given 1n £3.8)
and £3.9)e

£3,5) An alternative form for the approximations

When approximations of a higher order than those used 1In

133) and 13.4) are required it becomes convenient to consider
a more general formulation of the solution technique.
write

For

rin) » I%) K,1 (V "fc(VjTi)
where ~n A are the element *s end points and the

remaining are distinct nodes lying on the smooth arc
which makes up X-, .
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Using this notation (3*5) may be written as

51 - £.SE /iA<;<»Aj
pr <~ > V. £V —
and 1f this last expression may take the
form
ccs™) t
w/
-m:"~NZ H Z 51-
NnNc p7, /%-j N w Tr-"\c,N
(3.13)
where
-1-1CEE (3.14)
n e VI-r L
and
1(>S-0 -
o"bLo’ulise.
The use of relation (3.2) enables (3.13) to be written as
curp) |
.. . (3,15)
P*/(!/ﬁ'y%ﬂ N y]a’O’O
where
o
a;;;@p)-_1_e™ju a z ) - 1 M
nr, A v T -
(3.16)

The evaluation of the iIntegrals In (3.16) depends on
the form of the C and 1s, 1n general, straightfoirward
since the use of (3.14) iIn (3.13) avoids the cases when the
integrals must be evaluated in their Cauchy principal value
sense. The evaluation of c«J) 1is also straightforward.



=

It may be accomplished by taking =1 throughout the region
so that

\ (3.17)

This last result coming from (3ol3) auid where the iIntegrals
are, of course, those required in (3ol6)o

A system of linear equations for the unknown IS
obtained by i1dentifying e f with each of the (nhon-corner)

e in (3,13), noting the continuity required for

aind 1gnoring the error in the approximation. As iIn the previous
sections, only the real part of the resulting system of complex
equations 1s considered.

The numerical counterpart of the uniqueness condition

/e a (0 M

iIs readily obtained when the above approximation to IS
used. Thus, 1t may be shown that for ps2(l)rn

= constant - g t

where

- e 5 W Jir .

This condition i1s added into the real system of equations
obtained above i1In the manner described in "3.3),

The alternative form described i1n this section will now
be used In the following two sections where the piecewise
linear variation of will be reconsidered and a piecewise
quadratic approximation will be introduced,

3,6) Piecewise linear approximations 11
In the notation of the preceeding section, the piecewise

linear approximation (3,8) may, for ™6 be written as
where
&
(=
DY Do ar
and IS
& o (o4 O



The required system of linear equations is obtained

directly from (3«15),

(3016) and (3«17)o

The values of

the i1ntegrals appearing in (3,16) (3»17) are readily obtained

since

SO
-5-J
fv

and

The three cases which need

L) (GO JEATIN = and
of (3,18), (3,19) are well
A Jt ) + Cto-
and
<5 N + Sjilz-
C
i) when, because of
need be considered. Hence
\ MI™ ) 1
1ir) CJS when, because of
need be considered. Hence

51 (3018)
C > - WP
jJlt V- C cii
] S _
¢ « (3.19)
to be considered are
Q;ji- where the i1ntegrands
behaved so that
joar~>It — oll
IiL™ idoqgf - @1
J - - J
the use of (3,17), only (3,19
o - |
the use of (3,17), only (3,18)

- to

Clearly the formulation of
here.
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N SoT) Piecewise Quadratic Approximations

The technique described in Is readily applied to
approximations of higher order than the piecewise linear
approximation used in As an example of this consider

the piecewise quadratic approximation obtained by writing ®
for % e ,

M<§><»-

M, . Ci)

S+ and
situated at either end of the iInterval |

on the arc between them.
The required system of linear equations iIs again obtained

directly from (3,15), (3,16) and (3,17), The values of the
integrals appearing in (3,16) and (3,17) are readily obtained

since

5 -

X,r

M) I | J

with similar expressions for

m " (I)
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The four cases which need to be considered are:-
, u)/:>1h> and nif where the integrands
are well behaved and cam be evaluated i1n closed form.

when, because of the use of (3,17), we need
only consider

_ M _Jy ¢—\™)
g - T U3 -
and

ir 7=

both of which cam be evaluated 1n closed form*
i) wrj”™when, because of the use of (3*17), we need only

1> _ (-
>-<0
L ' o
Jt 7 (>71

both of which can be evaluated in closed form,
when, because of the use of (3.17), we need only
consider >

JP

Jri

both of which cam be evaluated in closed form,
~3,8) Solution of problems for regions with corners |1
When the boundaries of a region include points at which there
IS no unique outward drawn normal, 1.e, corners, the numerical
techniques given In section {34) to {3.7) require modification*
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The necessary modifications are straightforward when the
boundary values of the derivatives and are
continuous functions of arc length» In fact, the specification
of Neumann type boundary conditions enables the corner values
of these derivatives to be obtained explicitly»

Let there be a corner at the node ~ ) so
that the equations

iy )N
ro - ca;..) N i]
can be obtained from the boundary conditions»
Therefore
CF.rCc ) - Se,(tp
since 4T a corner.

This solution allows the tangential derivatives at the
corner to be written as

44 (>P= - 4cd,;MDsn[xJ;5:.)) + C®) csfai

These values of the discontinuous function”™ m a y be

substituted into equations (3»15) and the uniqueness condition
to give a reduced system of equations for the remaining
unknown nodal values of >S5\

An alternative modification has previously been given
by Kermajiidis 726j ,
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( 3«9) Solution of problems for regions with corners Il

Additional modifications to the previously given numerical

methods are required whenever the corners of a region are such
that the derivatives and possess singularities*
Consider the simply connected region shown in figure 3-1
which has a re-entrant corner at the point "ik-X>1lo .
As mentioned in t2.6), the tangential derivative of a
harmonic function satisfying Neumann type conditions on
the boun(ry of this region may have a singularity of the
type N when Y*">1n , Here N and TI 1s
the "interior'” angle between tangents on either side of Il«.

Using the notation of figure 3-1, i1t is readily shown

that the function
-r(» » (>)-1 A §

where A is a real constaoit, possesses, the form of singulariﬁy
necessary to produce both singular and zero

at T« e Letting eC1) denote the argument of the outward drawn
normal to the boundary at *7 , the relation

A
yields
A N\
A0 > -0
—for e
mhC-1) = 6y
and

5 ——b»

The required modifications to the numerical methods are
obtained by working with the function

30) =~ 1 "(y) » - "to;

rather than itself. Note that the derivatives ™ HI and
are continuous on the boundary.
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Returning to the rather general approach of £3.?)
and writing

VIG) + 1 \KTH) = e

equation (3ol5) becomes
c(>“f) 1 + 1 yr

(0]

<1
=E s 1. -s(7s -«)5b«r;)

...... (3,20)

A system of linear equations for the unknown
in (3,20) are obtained in the usual way, 1oe,

1) in (3,20) ® iIs 1dentified with each of the non-
corner
11) only the real part of (3,20) i1s considered
1i1) the error iIn the approximation is i1gnored
1Iv) the continuity of at each of the non-corner
IS noted.

Denoting by the number of corners iIn the contour
bounding R, application of the above steps (viz. 1) to 1Vv))
will result 1In a system of (Dh, — Ac distinct linear
equations for the (h-Dn,-f Ac unknown nodal values of @)

and A» Note that am additional equation allowing for the
determination of Ais required because the normal derivative

v; Ch IS given by
A <¥UCi)-AFil.ien S

where A 1s a problem dependent constant.

For each corner, two of the additional equations required
for a unique solution may be obtained iIn the manner outlined
in §83.9), A fTurther equation i1s obtained by relaocing the
condition that in (3,20) should only be i1dentified
with non-corner and applying (3.20) at the re-entrant
corner '5 (in practice this yields two equations only one of
which need be considered).
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= Y

Although only a simply connected region with a single
re-entrant corner has been considered here, the extension of
the above to simply and multiply connected regions with more
than one re-entrant corner 1iIs straightforward. Let there be
corners at the points , K- On extending
the previously used notation, the function

iIcO
possesses the form of singularity required at each corner*
The fTunction

g0) = tCS) - "ti1»

can again be constructed and a system of equations corresponding
to (3*20) applied at non-corner obtained* Similarly,
the additional equations which are required for a unique
solution (three for each re-entrant corner, two for each of

the remaining corners) are obtained by utilising the equations
of ~"3.7) and applying the equation corresponding to (3*20) at
each re-entraint corner*

Once the »k=o0(1)”, and the nodal values of ab
have been determined, the nodal values of can be recovered
from
K*o N
The work of Kermanidis ~Moc, and Symm

on the subject of how to treat corner singularities appearing
in the solution of Laplace*s equation by boundary integral
equation methods i1s noted*
3*10 Modifications required for infinite regions
When a problem is defined on an infinite region containing
a finite number of iInternal boundaries, the contour no
longer exists and the integral
j_C
Jc, "V- A~
iIs replaced by the term 2.cr where

o- A -r(i)

56



Hence, (3013) caji be written as

c(%r,)i(ii”y) 2

m éd<,iowdc - SN ;'-«)MO© U NM"-iv

while (30l5) is replaced by

C ~»cf) N ()N - 2co- £

..... (3.21))
The linear equations required for determining the
unknown values of are obtained In the manner given
previously. It should be noted that the discrete form of
the uniqueness condition, i1.e. for p»2(I)m
EC X-
(3.22)

remains unchanged.
3.11 Examples
To validate the numerical techniques described iIn this
chapter, the results obtained from three numerical examples
are given below. Each of these examples demonstrates at least
one of the following problem t}/pes:-
1} solution for a simply connected region
11) solution for a finite multiply connected region
) solution for an infinite region with an internal boundary
solution for a region with discontinuities in the
argument of the outward drawn normal.
These problem types are typical of practicailly occurring
Neumamn problems.

S
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N 301101” Flexure of a hollow tube

The problem of determining the state of stress iIn a
cantilever beam of uniform cross-section R which is bent by
~No”ces applied over its free end 1In such a way as to be
statically equivalent to a loadW acting through the section*s
centroid i1s described In detail by Love f4,pp.329-348j .

Let the aocis of jJE lie along the central-line of the
beam, with 2. =0 at the fixed end, and take the axes of x and y
as being parallel to the principal axes of the beam*s cross-
sections at their centroids* For a beam of length A and W
acting parallel to the axis of X Love shows that the stress
system i1s given by

= - W (-¢-2)x
-3)- w
20-hinNZ;
—C S +(2+0-) XN
20+a-)Ta

where N aid ™ are the cross-section*s warping and flexure
functions respectively,

R
c'' = Poisson’s ratio
= modullus of rigidity
aind i is determined such that the couple
N X

R
vanishes* Love also demonstrates that both the warping and

flexure functions satisfy Laplace*s equation iIn R,
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together with the boundary conditions

~ cow(x,n) - x.cos(y,h)

— (2+-<y)x<icos5(y,h).

For a beam whoseicross-section is the annular region

>N+ Nor/
the boundary condition reduces to
- 0
for 7 = lying on either inner or outer boundary*
t the boundary condition reduces to
@ = -0+ 0 *~A (0i 20
> - e $ 1ee* /S5'lying on the outer boundary,
ithiVv; = v
for -i - <je t i

It 1s readily shown that, for this region, the harmonic
functions

= constant
ANNCANT)) - LW + "firH) aK)N + S 9
+ N akstoKT

satisfy the above boundary conditions* The boundary tangential

derivatives appropriate to the bending of a hollow, tube-like
cantilever beam are therefore

- 0
ZsCh - ~N"¥*"31P)\ *Z"TI\s\n& s\y<29
X9

for “J-C,
~Ci1) - o

for
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together with the boundary conditions

<, = - X.c.=.s(y

For a beam whose cross-section is the annular region

£ 5C° +
the boundary condition reduces to
- 0
for "1= lying on either i1nner or outer boundary»
Writing , the boundary condition reduces to
- (2~
Tr- e t ice, lying on the outer boundary,

#S 5"

for L vre .
It 1s readily shown that, for this region, the harmonic
functions

= constant

- (_H
+ CjAize CoNTEL*CE

Noall)

satisfy the above boundary conditions. The boundary tangential
derivatives appropriate to the bending of a hollow, tube-like
cantilever beam are therefore
- 0
“1(h - +2°¢JsIin & - s 19

\a
for

for
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The problem of determining the boundary tangential
derivative for an annular region with =1
and It = ™ has been solved by computer programs based on
the techniques described in ¢3.0) and {3.7)> The co-ordinates
of the boundary nodes were obtained by dividing the total
arc length for each contour into N equal intervals# For the
piecewise linear approximations of £3.6) each of these intervals
corresponded with a boundary element (see £3.2) for a description
of how the boundaries of a region may be described In terms
of nodes and elements)# This contrasted with the piecewise
quadratic approximations of £3.7) which required that an
element be obtained from a pair of adjacent intervals#

The i1dealisation for the case N = 20 is shown in
figure 3-2 and i1llustrates the element difference described
above# The results obtained using both the piecewise linear
and piecewise quadratic approximation techniques for the
three cases N = 20, N = 40 and N = 60 are shown in table 3-1#
Only the results at nodes common to the three idealisations
are given# . Further, symmetry has been used to reduce the
number of results given to a minimum#

Examination of the previously given expressions for Cl)
and leads to the conclusion that the regular function
with boundary values

IS given by

"TCT>>= -(~-h ) . T

That this function includes a term of the form means
that this example can never be solved exactly by the techniques
of 13.6) and 83.7). However, the results given iIn table 3-1
demonstrate that an acceptable level of accuracy can be obtained
for problems whose analytic solution includes a function with
a singularity "close" to a boundary of the region under
consideration# As expected, successive refinement of the
idealisation Improves the accuracy obtained#

In this example 1t i1s worth noting that the advantages
one might expect to arise from the use of the higher order
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approximation of |3.7) are most noticeable In the results
obtained for the boundary nearest to the singularity. However,
the results for both boundaries i1llustrate that successive
refinements of the idealisation, together with the use of the
higher approximation, do yield results which rapidly converge
to the (in this case known) true solution.
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{ 3,11,2) Test problem for an L-shaped region

As far as the author is aware, the boundary tangential
derivatives of the warping and flexure functions for an
L—shaped region cannot be obtained from a readily computed
mathametical expression. This being the case i1t was found
necessary to apply the solution techniques described iIn this
chapter to an atypical problem defined on an L-shaped region.

The problem chosen was that of dg&ermining numerically
the boundary tangential derivative “CIF) corresponding to the
boundary normal derivative N

55R #-6 (>->°) JE n

on the L-shaped region shown in figure 3-3, Here To 1s
the point (1,1) which is marked as C in the figure. Be -
and . Clearly, the analytic solution to this problem

is
10iCIr)

The technique used to solve this problem numerically

was that described iIn 83.8) and "3.9), The piecewise quadratic
11V approximations of "3*7) were used where required. An

idealisation of the boundary was obtained by dividing each

of the region*s sides, iInto N/6 elements of equal length.

The i1dealisation obtained for the case N = 30 is shown

figure 3-4,

The results obtained for this problem can be considered

In two parts, viz. the approximation to the coefficient (or

i strength) of the singularity at T» and (in the notation of
§83.9)) the approximations to the nodal values of
Results obtained for the three cases N = 30, N = 60 and N = 90
are given in tables 3-2 and 3-4,

The first of these tables, 1,e, table 3-2, gives the
approximations to the strength of the singularity. In this
example the technique described in“”™™.9) "picked out" the
strength of the singularity to an acceptable degree of
accuracy even when the crude N = 30 approximation was used.
The N = 60 and N = 90 approximations demonstrate the marked
improvement that can be obtained by successively refining
the mesh (the N = 60 case reduced the relative errors obtained
for N = 30 by a factor of ten).



Sebx
\tr>

Comparisons of the approximations obtained to the
nodal values of ~d) with their true values are given in
tables 3-3 and 3-40 Here results are only given at nodes
common to the three cases N = 30, N = 60 and N = 90» Further,
these comparisons are only given for the sides DA (where
*C>) = sin (x") ) and AB (where - - SmK 12.x)co5(X"y*")).

These comparisons again demonstrate how successive
refinement of the mesh yields considerable Improvements 1in
the approximationso This appears to be particularly true
when one halves the size of the elements iIn the initial
idealisation (the improvement is approximately the same as
that given above)-
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8§ 3*11*3) Flow past on isolated aerofoil
To demonstrate the application of the techniques described

In this chapter to problems defined on Infinite regions with
internal boundaries, the flow of a plane, irrotational,
incompressible, inviscid fluid past an isolated aerofoil will

be considered. It i1s well known e.g- 20, p-153)] that the
flow of such a fluid gives rise to an analytic complex conjugate

velocity
X(C-%) = - C

hose real and imaginary parts give the (flow field) velocity

components i1n the global cartesian directions.
The condition that there be no flow across the profile of
the aerofoil gives rise to the Neumann type boundary condition

& @u»)= O
whence, 1f iIs the argument of the outward drawn normal
at UJ,
@) -
From this last expression we conclude that IS just the

velocity component directed tangentially to the profile at Wb
For aerofoils whose bounding contour is smooth, i1.e. has
neither corners nor cusps, two additional conditions on the flow

must be specified. These are [21]

)) t(f) , the complex conjugate velocity of the
unperturbed flow

i) the circulation about the
aerofoil

When the bounding contour of a conventional aerofoil i1s not
smooth the first of these conditions remains and the second
replaced by the Kutta-Joukowski condition, 1i.e. the speed of
the flow remains finite at the trailing edge [20,p.1993 .
That there i1s a unique circulation (and therefore lift) associated
with the upstream flow condition and geometric configuration 1is
implicit in this condition.

To handle an aerofoil with a cusp at the trailing edge
the numerical method of y.lI0) has had to be modified since (3.21)
does not hold when lies at a cusp. Because"™ the speed



of the flow remains finite at the cusp, the tangential velocity
components will take equal and opposite values at the cusp» Thus,
use of the real part of (3«21) for — away from the cusp
leaves the generated system of equations two equations short«

For the piecewise quadratic approximation of this
problem of insufficient equations for the determination of a
solution has been overcome by requiring that be a linear

function of ‘V over a boundary element which includes the cusp
and by i1ncluding the Kutta-Joukowski condition explicitly« The
circulation has been evaluated using an appropriate form of (3«22).

As an example of the numerical method given above,the flow
past the Jocikowski aerofoil obtained from the circle

Z = <556
by the transformation
, -J
T ~ 2 . o.1 ==02ZS" (~ . 0.1
will be considered. The casewhen ~ N previously

been considered by Jaswon and Symm £15,pp«184-1873 and will serve
as the limiting value of the complex conjugate velocity used iIn
the fTirst part of this example. Using Jaswon and Symm*s expression
for the complex potential, which can be differentiated to yield
or Milne-Thomson*s circle theorem (see apgrcdix |I) 1t can be shown
that the speed of the flow at the cusped trailing edge (see
figure 3-5) is 0,8333, The circulation for this example is
zero.

The i1dealisations used for solving this problem were
obtained by placing N equally spaced points around the circle

=0,6, The transformation had the effect of packing
nodes iIn the vicinity of the leading and trailing edges» The
idealisation used for the case N = 40 is shown in figure 3-5,
the nodes being circled

Approximations to the speed of the flow at the cusp, >
say, Tor various values of N are given iIn table 3-5, Here it
Is shown that the relative error for even the coarsest i1dealisation
(N=40) i1s less than 2%, the relative error diminishing to less
than %% for the finest idealisation (N = 120),

In figure 3-6 the actual values of the signed speed
on the aerofoil are compared with the approximations obtained
when N = 40, Here i1t has been assumed that:-
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1) 5 lies on the aerofoil *s suction surface when

i) A lies on the aerofoil”s pressure surface when
<o
111) the i1dealisation obtained for the case N = 120 is
sufficiently refined to allow the total aerofoil
surface length to be calculated by joining the nodes
by straight lines and summing the lengths of these lines*
iv)  the maximum Flow speed occurs at 'B'= 0*74559 + 0*20463t
and has the value 1*3695*
The aerofoil surface length (alternatively arc length) has been
tcdcen to be zero on the pressure surface side of the cusp and
incremented as the boundary of the aerofoil 1s described in
the positive sense* Furthermore, all normalisations are with
respect to the appropriate maiximum*

Figure 3-6 i1llustrates how well the above numerical method
"picks out" the general trend of the speed versus arc length
plot for even a coarse idealisation*Tit«, s, approximations
to the maximum speed of the flow, say, Tor various values
of N 1s demonstrated in table 3-6 where the maximum relative
error obtained (for the case N = 40) is shown to be less than
0+ 2+

A fTeature of the numerical technique described In this
section is its ability to solve problems involving a flow with
circulation* This is i1llustrated here by taking the isolated
aerofoil considered above together with

~C-V) ,

i*e* a unit flow with an iIncidence of 10°*

Using the previously obtained N = 40 i1dealisation, the
actual values of the signed speed are compared with
their approximations i1n figure 3-7* Again, the general trend
of the speed versus arc length plot obtained by the numerical
method i1s quite good* However, the plot does indicate that
the approximations to the speed of the flow at the cusp and
the maximum flow speed are more inaccurate than those obtained
in the earlier part of the example. This 1s confirmed i1n table
3-7 where the appropriate values are given together with an
approximation to the circulation* That the error in the
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approximations obtained for this example are higher than those
obtained when IS not unreasonable

when one compares the rapid variation iIn speed over the suction
surface shown in figure 3-7 with that of figure 3-60 Again, the
above errors can all be reduced by improvements in the i1dealisation,



approximations obtained for this example are higher than those
obtained v;liinh IS not unreasonable

when one compares the rapid variation in speed over the suction
surface shown i1n figure 3-7 with that of figure 3-6» Again, the
above errors can all be reduced by improvements iIn the i1dealisation,
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Chapter 4

NUMERICAL SOLUTION OF DERIVED INTEGRAL EQUATION FOR

A VERTICAL CASCADE
§ 4,1) Introduction

When a problem is defined on a vertical cascade of
aerofoils one may either consider an infinite region with
some large, but finite, number of internal boundaries,
assume that the influence of aboundary remote from a central
profile i1s negligible and use the techniques of the
preceding chapter or iIn some way utilise the cascade
equation derived iIn Chapter 2, Because the former approach
can only lead to extremely large systems of equations, the
latter approach must be preferable. It 1s the cascade
equation, viz (2,27), which 1s considered here.

It 1s probable that the only practical problems which
involve cascades arise from the analysis of the flow through
a particular cascade. |Indeed, In turbomachinery applications
interest 1s directed towards such an analysis rather than
the flow past a finite number of aerofoils. This situation
for exterior problems contrasts with that for interior
problems where each aerofoil can usually be considered 1in
isolation.

In view of the above practical consideration attention
will be restricted to the flow of a plane, i1rrotational,
incompressible, i1nviscid fluid through a vertical cascade.

It is well known []20, p.issj that the flow of such a fluid
gives rise to an analytic complex conjugate velocity.

TO) -

whose real and imaginary parts give the velocity components
in the global cartesian co-ordinate directions. Denoting
the central profile iIn the cascade by C|] (rather than the
Co used iIn Chapter 2), the condition that there should be
no flow across C] gives rise to the Neumann type boundary
condition

Ir 6 C,
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whence

ir(»e =

where d(.If* 1is the argument of the outward drawn vector
normal to C| at . Similarly,

T6C, .
&S

That iIs analytic in the region bounded internally
by the cascade* s profiles allows Xiw), loeC, , to be
generated from

oY) -'‘Qu+'t, L r rCe<lihrGtu)y)> @4H A~

'r,

1,e. (2,26), where ‘“t 1s the cascade pitch

—Cu =

Further, the Neumann type boundary conditions lead to

A r 7
<A(u»)=-<_.e

+ e ips(%)cotu ds (4.2)



and the uniqueness condition

N or(y)dlr - |
C c,

The relationships

- L " 4.3)
CA-Tu- (4.4)

which were obtained in ™ 2.5) should be noted. Observe
that (4.4) demonstrates the ability of a cascade to turn a
flow since the upstream and downstream flow conditions only
agree when the circulation IS zero.

In the remaining sections of this chapter discussion
IS centred on the solution of a restricted problem. The
numerical techniques described for i1ts solution are readily
adapted to the solution of more general problems, e.g,
the three problems making up the Martensen technique [23]
N 4.2) A restricted problem

A problem of particular iInterest in turbomachinery
applications occurs when rather than and
IS given Tor a cusped blade. In this case the problem
becomes one of determining the complex conjugate velocity

of the flow through the cascade together with ,
Letting

“ UL LW
and

- W 1Y

it follows from (4.4) that
O = Uu - Ut
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Substituting these expressions Into (4.3) shows that
can be expressed as

z-t
whence (4.1) becomes, for away from the cusp.
"Nud) = £ HUu +1 df
- or-uU +I.C + L r X(")o tUWiy-<a)Ui
V Je,
(4.5).
Similarly, i1t follows that (4.2) may be written as
(PLN =Zie fu- e | - tcti, ds
........ (4.6)

As i1n Chapter 2, the solution of the real part of this
equation 1s not unique since no extra condition has yet been
built In. This condition is obtained from the Joukowski
hypothesis T20, p.199j which requires that the speed of
the flow be finite at the cusp. Because (4.6) cannot be
applied at the cusp a further condition is (in practice)
required. This further condition can be obtained by speci-
fying that, i1n the vicinity of the cusp, the speed can be
approximated by some simple function. In this context the
work of Wilkinson [2?]J 1s noted. The need for an additional
condition is analogous to the requirements of £3.9).
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Note that once a solution to the real part of (4,6)
has been obtained, the circulation can be found from

n <A(") Js

and obtained from (4,4),
N 4.3) Numerical solution of the restricted problem

The numerical method for obtaining a solution to this
restricted problem is similar to that described in the
preceding Chapter, 8 3,5 to ~ 3,10), For this reason only
a piecewise quadratic approximation to the boundary values
of x (v will be considered in detail.

Let the contour Qi be divided Into N, elements each
of which i1s considered to be specified by nodes at the
start, 'mid"* and end points of the element. Further, let
the i1dealisation be carried out iIn such a way that the cusp
lies at a node. Numbering these 2 n, nodes iIn the mariner
described Iin N 3,5) and approximating “tr) over each
element by a piecewise quadratic function In 'S enables
(4,5 to take the form

where

(- ->'CO(X'
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As 1n Chapter 3, a more convenient form of (4,7) 1is

c(w) t M

where

Cup -

ni AR (FE B V) & Oy 1-

and

¢ _ o

Similarly, i1t may be shown that (4,6) can be approximated

by
LNid)
zirucC

- ( /\4 - 8 )

M

3
1 Z £
Yol

where

A,é"?co) = expi ld*(to3-I
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For convenience let the cusp occur at ( (and
hence at ) so that for ~ r 2 h
~U> A T3

(4.9),
A system of 2n-1 linear equations for the£n unknowns

1cOh together with

IS obtained from the real part of (4.8) by
1) 1gnoring the error In the approximation
i11) identifying uj with each of the 2n-1 nodes away
from the cusp
111) applying the continuity condition (4,9),

Two additional equations that can be adjoinHed to
the above system of equations are obtained from the
Joukowskil hypothesis and by assuming that over the fTirst
(or last) element the complex conjugate velocity is linear
iIn Tr . Thus, the Joukowski hypothesis leads to

C> N\

while a linear <"Xih) provides

(e

i 'to;;.")
-3/~
S
ix> = / N

>»,1 -
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whence

= exi ! Cth

(>4

exp[M(CH1--riv)OVAM"(»TO

The fTull system of linear equations can be solved by
Gaussian elimination so that the problem reduces to one of
quadrature.

The use of XLV [linear iIn the vicinity of the cusp
can be contrasted with Wilkinson*s constant speed
assumption [27J

In (4,8) the evaluation of the coefficients of the

IS straightforward when u) corresponds to

one of the 9% , mF say. It will be recalled that
cannot lie on the cusp,
Consider Ffirst the evaluation of @Y The
result
TT ~ CotU”2L (4.10)
ot

Is readily obtained from the i1dentity (2.26), i1.e. for 6
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Since for *I" 6

the i1ntegral (4,10) may be written as

2l £ e N » coth "2L ("i_T‘| icj = - tt:
PJ

On adding 2.7 to both sides, and dividing through by
il this last expression becomes

J 1. r . -
2.i CL .b)(>)00t|-5 Ji
AV J
'

whence

, _NE E s5- r MG, wj|G—5V) di

% »/ o Is] i

| M-L £ t S(<v coti OJt (i -ii;;)?2IN



Similarly i1t can be shown that

‘r M\ N

3 ) >
D ] S“" \ M.1. (1)df
N1 ™ML
X T

from which 1t follows that

CCir.p

=z 4,1 ¢ D-8(Va- &)\ alii  a-wp .

= m. N L

(4.11)

For computational purposes this form of the coefficient
C IS more convenient than the alternative given

earlier.
To evaluate

w,t, (i) J- cotMj g (G->."p)jldlr

=" ,t
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when e fi , the only case required due to
the use of (4.11), write

S _
£li G- YPdf

(>)dl r) coMi|r

(4.12)

and consider separately the two iIntegrals on the right hand
side of this expression. |If, for convenience, the previously
given expression for ~W?~ replaced by

MR Q) =

(t-0Cc-b)

then i1t i1s readily shown that the first of the iIntegrals
on the right hand side of (4.12) 1is given by

Cca.))(cb») L

WA~ Tm @tL) 4 ab

c oo (4.13)

It would appear that the integrals
C M"t Ci) Cc+tU~X (i- @.1%)

cannot be evaluated in closed form. However, approximations
to 1ts value can be obtained by use of the various
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expansions available for coth One such
expansion is obtained below,
N ,4) An expansion of coth 2

Consider the expansion

CoOfch 2 ‘'l I ]
z* + p*irr

which, for some as yet unknown K can be written as

1
co-tU H =_i_ + Jl
2 ) + p-im™

n-1
2 2

£ oit-r *(#)]

For 2 satisfying h | kITA where K 1s an integer
and k™l, each term of the form

can be expressed as

2
2 g P
‘4 te. \1-Tr
whence, for 12{ ~ kT ~»
e © -
EZ r < /_Ir Zm+2
k4 _
22 F 1 . +2z F c-1Ir
- U
P, >3] 05K
f the form
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® 2n

S fe)
are related, to the Bernoulli numbers by
Q In 2n-1
7 1\ = 2 B,
N u="=/ (2n)!

Y, P.12J leads to the expression

2N+2
2:2 t H r z - £ /.
nyc W
K1
(-0 Z 52 a
miet (2 »)! |
Hence, for 14 KIT » coth H can be expanded
as
K-1
Co-th Z =1.
E N\ g v/\
psi 4- pNIr
MY 2% ]
D N -r 1-Lf?
(2m)! U-rr/ J

@1

When Keal the expression (4.14) is readily shown to
simplify to

-ir” i211s=-7 4.1f1)
ni I (2m). i

co’rh Z
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That the e™ansions (4,15) and (4,16) can be expected
to converge quite quickly i1s demonstrated in Table 4-1,
Here values of the coefficients

(-1) i2 B
are given for and n> IO)IE , Values of the
coefficients
2N 8,
1,e, the coefficients corresponding to the case 1,

are also given for 1(0*2. .



A~

8,4.5) Numerical solution of the restricted problem (contd.)

The coefficients (4.14), 1i.e.

which are required in the numerical solution of (4.8) are
readily approximated i1f use iIs made of the expansion given
above. Because (4.16) 1s only a special case of (4.15),
consider the substitution

in (4.15). This expansion then yields

- . 0, 27«
cotk N jr (i-v')<
“4.17)
oP*
where
Am N (-1 (4.18),
which 1s valid for
4 k-t (4.19

From the condition (4.19) i1t can be concluded that
expansion (4.17) 1is valid for chord: pitch ratios of less
than k <« Also, (4.19) should be used to determine k.
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Note that for a cascade with infinite pitch, 1i.e.
an 1solated aerofoil, (4,17) yields

as expected.
Returning to the evaluation of (4.14), which shall be

denoted by > and making the change of variable
2 — it follows from (4,17) that
k:-» 1
" E (| <<
* T-1

(4.20)

where gi
()

The i1ntegrations in (4,20) can all be performed iIn
closed form since the case ¥ IS not required.
Hence, 1n (4.8) the coefficients of the
can always be evaluated using either (4,11) or (4,20).
Clearly, the infinite series In (4.20) requires truncating
when some sa;iggagtory level of accuracy in the evaluation
of the ’ - been reached. Table 4-1 1s
useful for this purpose.
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A cascade of symmetric aerofoils which have both
finite thickness and a cusped trailing edge i1s obtained by
applying (4.21) to the circle

|-tv1l = £t -t,] =1, a.
where 4®© lies on the negative real axis of the -plane,

b ~ho o and b-"t6”~ 1 . In this case the complex
velocity potential in the "t plane i1s given by

W2. ) — Uudr ;02" (=X N t"62. £ I-f-tg) )
-tz,-h 1-f60? _ ~VDzx ‘;o0a t~£i
y+ti .0-"ton
where ‘Tt r *t, - o
The complex conjugate velocity for the flow

in the *t]-plane i1s now given by

1 1 +H < N \
zir L +17~0 a"+trO-fi0) —a.-1
— | -"fco 7 4 iVu'tr S | | t Hao

HO0-)-a*) Zritel o

-1Vt ? I - >— * 7
21r C -1+t ClI-to) - a™ i
(4.22)
where "bi-to .
The above expressions for > and , viz (4.21)

and (4.22), allow the complex conjugate velocity ") to
be evaluated at all points iIn the physical plane. Hence
the tangential velocity component (alternatively signed
speed) can be obtained for all points lying on
the contour bounding each aerofoil iIn the cascade.
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Finallyy in problems of the type considered here
only the upstream flow condition "fu 1is specified. To
obtain the downstream flow condition '- note that the
Joukowskil hypothesis requires

Xv(ei*) = O (4.23)

in which case Ve can be (kgained from (4.22). That u» = U»
has already been stated.

The numerical procedures of £ 4.3*to £4.5)were applied
to the cascade of aerofoils obtained by applying (4.21) to
the circle

i 0.1j45 6~

in which case a = 0.5, and taking -t= 4. The upstream
flow condition considered was

rac =. I-C ,

1.e. a flow having speed and an inlet angle of 45®.
In this case equation (4.23) yielded a downstream flow
condition of

"g> = J- <0.058?2¢

1.e. a flow having speed 1.00173 and exit angle 3.3660®.
Figures 4-1 and 4-2 show a t¥*ical aerofoil iIn the
cascade and a plot of against arc length for the
problem under consideration. In Figure 4-2 the and
arc length have been normalised to approximations for the
maximxim speed on aerofoil (=3.6786) and the total arc length
(=6,33234 )respectively.
Examination of the mapping (4.21) showed that the ratio
of chord to pitch was approximately 0.745. This resulted
iIn the use of expansion (4.16) throughout the computations.
The boundary nodes required by the idealisation of
8 4,3) were obtained by taking N (N even) equi-spaced
points on the circle

lt, k0.1 - 0.4
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Finally» in problems of the t3“e considered here
only the upstream flow condition 'Wu 1is specified. To
obtain the downstream flow condition ") note that the
Joukowski h3rpothesis requires

(4.23)

iIn which case Vp can be ghained from (4.22). That m> U»
has already been stated.

The numerical procedures of £ 4.3)to £4,5)were applied
to the cascade of aerofoils obtained by applying (4.21) to
the circle

Pi 0,1 5. 6~

in which case d = 0,5, and taking € = 4, The upstream
flow condition considered was

=. 1- C ,

1.e. a flow having speed and an inlet angle of 45®.
In this case equation (4,23) yielded a downstream flow
condition of

> T 1—- 0.0SS"Zi

1.e. a flow having speed 1.00173 and exit angle 3.366®,
Figures 4-1 and 4-2 show a typical aerofoil iIn the
cascade and a plot of against arc length for the
problem under consideration. In Figure 4-2 the and
arc length have been normalised to approximations for the
maximum speed on aerofoil (=3,6786) and the total arc length
(»6,33234 Jrespectively.
Examination of the mapping (4.21) showed that the ratio
of chord to pitch was approximately 0,745. This resulted
In the use of expansion (4.16) throughout the computations.
The boundary nodes required by the idealisation of
8 4,3) were obtained by taking N (N even) equi-spaced
points on the circle

I, +o.1j3- 0.7
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Because the point -, = 0.5 maps into the cusp iIn the
physical plane, the point *j = 0.5 was taken as the first
point on the circle.

The nodes lying on the boundary of the aerofoil (in
the physical plane) for the case N = 60 are shown 1In
Figure 4-3. The nodal approximations to are
shown In Figure 4-4 and should be compared with Figure 4-2.
That gross errors were occurring, particularly for

Tk« (5)70 1s clearly i1llustrated by these figures.

In an attempt to reduce these errors the problem was
solved for the case N = 120. The resulting positions of
the boundary nodes used and the approximate
obtained are shown iIn Figures 4-5 and 4-6 respectively.
Comparison of Figure 4-6 with Figure 4-2 shows that
although gross errors were still occurring they were
confined to the region extending from ) 0,75 to
the cusp. Indeed, these figures show that good approxi-
mations to the location of the leading edge stagnation
point and maximum nodal j can be obtained
despite the gross errors local to the cusp region.

N The approximation to the downstream flow condition,
say, for the N = 120 case was

iI- o . I5T6"3 1

1.e. a flow having speed 1.01219 and exit angle 1.902®,
N 4,7) Modified Cusp Model

The disappointing results of the preceding section
suggest that a more detailed examination of the behaviour
of (4.8) when the point CJ lies close to the cusp should be
undertaken.

Consider the cascade aerofoil shown iIn Figure 4-7,
Here the aerofoil resembles a plate in the vicinity of the
cusp, 1.e. the aerofoil reduces to zero thickness between
the point A and the cusp B. The analysis of Chapter 2
shows that the complex conjugate velocity evaluated
at a point lying entirely within the flow region R,
satisfies the i1dentity
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cu +
+ 1\ fe( a2 (4.24)
otl J

lere tO06.R but UWo~C|] , *

LI-J >»-

It should be noted that the path of iIntegration in (4.24)
involves traversing both the suction surface and pressure
surface sides of the line AB and that may take

different values on these surfaces.
Let G Dbe the iIntegration path obtained by omitting

the line AB from the contour C, . Writing ~(S:+) &
for 'S on the suction surface side of AB and
for on the pressure surface side of AB, the i1dentity

(4.24) may be given as

N\

= "u. + xX-p +-1 \ ¢kircsr) nr Ji-
1 C W (4.25)
where A = Xi"i*") - "T.CV)

Following the analysis of Chapter 2, the limiting
form of (4.25) as tends to a point g™ on the curve C
iIs clearly

rCoo.) = L. r co-tUS$ir
-tL JMw ;Ic

+ 7 (4.26)
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However, when U), tends to a point U)j. on the line AB the
limiting process can be shown to yield

YA +Zp + 1N Zh") odn JV
J. \ AzZd) Gl 4.27)
Ab
where 57X ol

It should be noted that the iIntegrals

Cox-U 1 JT J-J-

and

N A*"N0) oK 1 JT <5

JA& «J
in (4,23) and (4,24) respectively, need to be interpreted
in their Cauchy Principal Value sense.

Although the aerofoil of 7™4,6) does not have a
portion of i1ts suction surface coinciding with a portion of
Its pressure surface, examination of Figure 4-1 shows that
~or 1,3 the suction and pressure surfaces do lie very
close to one another. Indeed, for x>1,3 the distance
between points on the boundary which correspond to the saime
value of ¢ 1s less than 0.01.

Apparently, as sc increases towards the value i1t takes
at the cusp, there is some value of x beyond which equation
(4.27) should be used to evaluate the complex conjugate
velocity. This use of (4.27) 1is i1n preference to the use of
either (4.26) or the limiting form of (4.24), i1.e. equation
4.1).

The proposed use of (4,27) does present additional
problems when one returns to the consideration of the
restricted problem described in 8 4,2).
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Consider again the aerofoil shown in Figure 4-7,
For this aerofoil use of (4.26) and (4,27) enables equation
(4,5 to be replaced by

NG =2tu a1 N

C
+ j. N AL (DN - OethiON (4.28)
/4
when Q= D] e 6
sS"t(0J>N +J fl1-Cotl, Jt-
+ 1AZCf)) I- AV (>-W,)jZel> (4.29)
AS

when co:=26A5. Similarly, equation (4,6) 1i1s replaced
by

f,uid=le -w - e\ SAP2-cCILSii:(—iN,)2/ds

_ a 95(>)]i- cotuna, ds (4.30)
2<i<iiu3d) = 2 se tu -e \ <f>,(1)ii-0ith  (i_jooress
IS f NN
- 6 \ 1- cotl (4.31)
AS

91



*ij e ek =

where owvtX)j> denotes the argument of the outward drawn
normal to the suction surface side of AB evaluated at the
point ,

IL "Ffi(Mt) = i e S "tCooO

and for T 6 A 8

A K P = ¢ A - ATC(T) ~
d5

It 1s when one considers jJust the real parts of
equations (4.30) and (4.31) that the additional problems
introduced by the proposed use of (4.27) become apparent.
Clearly, taking the real parts of equations (4.30) and
(4.31) yields just two coupled integral equations for the
three unknown functions C>6A5)
and 21 C?~A8) . Thus an underdetermined
system of coupled iIntegral equations is obtained.

The coupling of the imaginary part of either equation
(4.30) on equation (4.31) to the underdetermined system of
integral equations does appear to be one way of providing
the additional integral equation required before a solution
can be attempted. However, this additional equation would
be of the First Kind type and could be expected to
complicate the analysis somewhat.

An alternative to the above use of a coupled system of
equations i1s based on the observation that (in practice)
the ratio of the length of the line AB to the aerofoil’s
chord can be expected to be small. When this ratio is small
It 1s not unreasonable to expect to be approximately
equal to for Ir6 AB . Indeed, the shorter the
line AB the more likely this is to be true since *CA") 1is
single valued at the cusp. Setting ™) for

6-AB yields O whence equations (4.28) and
(4.30) become

"yrCi:")) - <Lct (4_32)
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and

- I-ootLifTr <\, ds (4.33)

respectively.
Clearly, equations (4,32) and (4,33) are just
equations (4,5 and (4,6) with the line AB omitted from the
path of iIntegration, A numerical method for the approximate
solution of the real part of equation (4 .6) had been
described in detail iIn Sections 84,3) to g4,5). This
numerical method is based on the approximation of the complex
conjugate velocity In equation (4.5) by piecewise quadratic
(complex) polynominals. An approximate solution to the real
part of equation (4.33) can be obtained in a similar fashion.
There are two major differences between the numerical
solution of the real part of equation (4,33) and that used
earlier. These differences are:
1) only the contour C igh&g¥§ged into elements, the

start node of the first " being taken to lie at the
point A.

i11) rather than treating the point A as a cusp and
stipulating that ( A 59 , the variation in

the complex conjugate velocity over the last element of

the i1dealisation may be approximated by a function which

iIs linear iIn the complex variable

Note that the nximerical method of 84.3) to § 4.5)
already requires that the complex conjugate velocity of the
first element be approximated by a function which is linear
in

Finally, cusped aerofoils which have suction and pressure
surfaces which are nearly co-incident over part of their
length, 1.e, cusped aerofoils which have negligible thickness
in the vicinity of the cusp, can always be approximated by
aerofoils of the type shown iIn Figure 4-7, When such approxi-
mations are considered the problem includes that of choosing
the point A, In practice a point on the suction surface
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corresponding to the point and a point on the
pressure surface corresponding to the point A” need

choosing.
5 4.8) Exajnple (contd)

To 1llustrate the improvement iIn results which can be
obtained by making use of the modified cusp model of the
preceding section, the example of section g 4.6) was re-
considered.

Figure 4-8 shows the positions of the nodes used 1In
the first attempt at finding an improved numerical solution
of the specified problem. Excluding the node at the cusp,
which now plays no part in the numerical method and is only
shown for convenience, there were 55 nodes iIn the idealis-
ation used. The i1dealisation was obtained from that shown
in Figure 4-3 by omitting from that figure the four nodes
nearest to the cusp. This meant that for this example the
points and A were not co-incident but were as shown.

Recalling that the upstream flow condition for this
example was "Tu. - I-c , the results obtained for the modified
cusp model method applied to the idealisation of Figure 4-8
are shown in Figure 4-9. By way of contrast to Figure 4-4,
Figure 4-9 allows direct comparison between the nodal values
of the normalised (drawn with a solid line) and
their numerical counterparts (shown dotted). That the
normalised arc length is again measured from the cusp and

not from A to should be noted.
Examination of Figure 4-9 shows that the relative error
of the approximate iIs less than 0.1 for Xx < 0.26.

Further examination of this figure shows that the maximum
error on the suction surface occurs at the point A “* and
that the error at this point i1s approximately 22% of

The maximum error for the pressure surface i1s approximately
19% of ~s(A") and occurs at the point A*“.

True and approximate values of such flow-field para-
meters as maximum speed on the aerofoil, exit speed and exit
angle are compared in Table 4-2. This table shows that even
the coarse idealisation of Figure 4-8 yields approximations
to the maximum speed on the aerofoil and exit speed which are
within 3% of their true values. The approximation to the
angle through which the flow is turned is not as good; the
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coarse 1idealisation yielding an angle which is only within
17%% of the true value.

In order to reduce the errors seen In the above approxi-
mations (and to test the convergence of the numerical method)
the problem was then solved using 113 nodes iIn the idealisa-
tion, Figure 4-10 shows the i1dealisation which was used.
This i1dealisation was obtained from that illustrated in
Figure 4-5 by omitting the six nodes nearest to the cusp
(c.f. the manner in which Figure 4-8 was obtained).

Figure 4-11 demonstrates the marked improvement in
results which use of the improved i1dealisation yielded,
Indeed, this figure shows that the approximations to
and ) were obtained to within 10% of their true
values. That the points and A i1llustrated 1In
Figure 4-10 are not the same as those given in Figure 4-8
should be noted.

A comparison between the true and approximate values of
the previously mentioned flow-field parameters is given 1iIn
Table 4-3. This table shows that the improved idealisation
reduced the relative error Iin the approximations to the
maximum speed on the aerofoil and exit speed to less than
0,005, The relative error in the angle through which the flow
IS turned was also much reduced (from 0.17058 to 0.04693).

Additional improvement in results were obtained by
refining the i1dealisation of the aerofoil even further.

Figure 4-12 shows an i1dealisation of the aerofoil which
comprises of 229 nodes and has the points and A
coinciding with those shown iIn Figure 4-10. The results
obtained using this new idealisation are shown iIn Figure 4-13
and should be compared with those shown iIn Figures 4-9 and
4-11.

That the modified cusp model does provide a means of
improving the results obtained from the basic numerical method
of sections ¢4.3) to ¢4.5) can be seen by comparing
Figure 4-9 with Figure 4-4 and comparing Figure 4-11 with
Figure 4-6, The improvement is most marked iIn the vicinity
of the cusped trailing edge.

At
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Chapter 5

THE GENERATION OF A REGULAR FUNCTION FROM THE
BOUNDARY VALUES OF ITS FIRST DERIVATIVE

i Introduction
So far In this thesis, the author has been

concerned solely with the determination of the boundary

tangential derivative of a harmonic function
from knowledge of the values taken by the boundary
normal derivative , In the case of the aoialysis

of the flow past an isolated or cascade aerofoil, a
problem can usually be considered to have been solved once

has been determined because of the relationship
of to the speed of the Tlow.

This i1s frequently not the case when interior
problems such as torsion and flexure are being considered.
In these problems knowledge of Is often required.
Indeed, Chapter 6 demonstrates how both and 1ts
harmonic conjugate are required when the evaluation
of the torsional properties of a plane section i1s being

attempted by boundary integral methods.
In view of the importance of the facility to obtain

interior and from their boundary normal and
boundary tangential derivatives, the author describes in
this chapter a number of techniques by which this may be
accomplished. The techniques described fall iInto two
categories, viz,
)) the evaluation of the boundary values of and
by an integration taken around the
boundaries of a region followed by the use of

Cauchy*s integral for evaluating y) and
/°ir,™) at interior points,
i) the evaluation of and at either

boundary or interior points by a boundary integral
representation derived iIn this chapter.

The niimerical methods associated with these techniques

are discussed but only one example i1nvolving i11) 1iIs given
here. However, 1i1) iIs used to obtain the results given iIn

Chapter 6.



The boiindary integral representation for evaluating
and yx."p) from knowledge of and is,
in fact, a particular case of a general representation

involving derivatives of any specified order. This more
general representation i1s also discussed,

85,1) Use of path i1ndependent integrals

Consider the region R which i1s bounded by the m
contours Cp”™jjs*KOM and when w> | , 1,e, the region 1is
multiply connected, let C|] be the contour enclosing all

other contours. When and y'o¢b)are single valued iIn R
the regular function

G-1)

may be defined for + 6."N.

Denoting the fTirst partial derivatives of by
CSr> and , the function

W PRI
iIs also regular and i1s related to -fC") through
NNCIfF> 1~ £ F
Hence, given and either iInside R or on
the contours Cp> " ~(v) can be evaluated at the point
by iIntegration, 1,e.
N fci.) * \ Xcin (5.2)

where -F(1,) 1s a complex constant giving the value ofF-f("S)
at some specified point "e and the integral is path i1nde-

pendent 735, pp, 65-66] , In many applications may
be assigned an arbitrary value.
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When and o lie on the contour (] the path
of integration may be taken to follow the contour and
the known relation

G-3)
"5-6 N used to evaluate H () on the contour C] . As
in earlier chapters, denotes the argument of the

outward normal to the boundary at 'Ir ,

For the case when w2, "706Cj and to lies on one of
the remaining contours, i1.e, ©06-Cp with I , a path
of 1ntegration passing through the region must be chosen.
The necessary integration can still be performed since
Cauchy®"s integral

2ir: rc>: ¥z G.4)

can be utilised to evaluate when Ir™ Cop ,

p-) , When any part of the chosen path of inte-
gration lies on one of the contours Cp”™ (5,3) can again be
used to provide the necessary values of Til), Cp ,

When evaluating (5,2) numerically, use can be made of
the boundary idealisation of ~ 3,2) together with boundary
approximations to "(le) of the form given in ~3,5), 1,e,
each of the contours Cp 1s divided into the Mp boundary
elements and for e an approximation of the
form

5.5
. G-3)

<0
IS assumed. For convenience let '5* -

Figures 5-1 to 5-3 show that there are three cases to
be considered
1) (Oc6X1*  with the path of Integration taken to be the
union of the arcs X,, together with that
part of the arc X¥§ which lies between and .
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Since

U
wf(5)
Vv
(5,2) may be approximated by
ar + U ¢ tetroi
©
N G.r k>
* 2 N AMNTHEAN Ye3 (5.6).

When the piecewise Iineag@gpproximation of $3.6) 1s

used 1n (5,5 and Loslr, , the formula (5,6) gives a

complex form of the trapezoidal quadrature formula,
1. e.

fcst:) ’\jE. %

== G.D

11) when oo Ilies within the region a suitable path of
integration i1s obtained by locating the point on ,
'M say, nhearest to w and which can be connected to
to by a straight line which does not cross any of the

contours. With this integration path (6.2) may be
written as

sigj> = fa) + 7 jtt (5.9)
where, Tor N-13 ,
approximate

The remaining integral 1n (5,8) may be approximated by
splitting the line joining "M to t into a number of
intervals aind applying the composite trapezoidal

rule (5,7). Here the and are replaced by
the start and end points of the iIntervals, ™ 1is

(5.6) may be used to
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replaced by the number of intervals and

replaced by zero. The use of this quadrature rule
requires the knowledge of at points on the

line "SiiO . These values are readily obtained from
(5,4) and (5,5) 1T the previously used boundary
idealisation i1s kept. Hence

L E E .9

where the i1ntegrals can be evaluated in closed form.
Note that the integrals required by (5,9) are given
in £3,6) and ~3,7) for the cases when the boundary
approximations to *(2) are piecewise linear or
piecewise quadratic,

when I the technique i1s similar to that
given In 11) above. Here the straight line which
connects at Td to Cp at 'Bp and does not

cross any of the other contours is chosen as part of
the iIntegration path. With this line included in the
path of integration, (6.2) may be written as

.

(5.10)

and the numerical iIntegration along the chosen path
to '\ may be performed as iIn ii1) above. The final
integral on the right hand side of (6.10) may be

performed along that part of joining to t
and can be evaluated using a suitably modified form of
('5,6), i,e, if 'Pbs ,\3 and to6L  then
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@

N 5,3) Use of Cauchy*s integral when evaluating at
interior points

When the boundary values of the regular function
have been found by the method described In £5,2) - or by
some other meauis > Cauchy"s integral

fCo) = | y r fci (5.11)
a—tr.L i i
may be used to evaluate provided that oj lies
entirely within the region of interest.

IT 1t i1s assumed that values of have been obtained
at the may be approximated in a similar
fashion to 1,e, -fC may be written in the form

(5.12),
2N P VS ‘a— Q0

and the necessary integrations may usually be performed in
a closed form (c.f. Chapter 3), One possible drawback to
the use of (5.12) 1i1s that the approximation

fo) ~ 1

\

iIs only of the same order as the previously used approxi-
mation to “Xilh) , This may be overcome by noting that the
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function has already been assumed known at the
In this case -fCV) may be approximated in by

(5.13)

whence the approximation to .fiw) becomes

* %% n
f(co)iy 1 S s S i-P(CGrr>f 7~ (M 1i-

“(C)\N <w £
"Kt

The use of a complex Hermite interpolation polynomial
in (6.13) would enable -f(7) to be approximated 1in
by a polynomial of degree 2h-1 , iIn the case h=E
(5,13) taikes the form

ht;
* (“Y~>riaa-0

+ Itl. N -] art)
)*
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{5,4) A boundary integral representation
A major disadvantage in the use of the path i1ndepen-
dent i1ntegrals of {5,2) comes from the fact that, although
ic>) is single valued iIn some given region, the build up of
error which occurs when (5,2) is evaluated numerically may
well result 1n a multivalued approximation to -fir) , To
some extent, this problem could be overcome by evaluating
(5,2) over a number of paths and averaging the result.
However, the problem of choosing suitable iIntegration paths
remains and i1s compounded by the need to describe and store
these paths when the computations are carried out using a
computer .
To overcome these difficulties the author has made
use of a boundary integral representation which enables
sf(Ir) to be evaluated from knowledge of the boundary values
of 1ts derivative x M . This representation of -PiI»
Is analogous to one attributed to Vekua by Muskhelishvili
[ 29, pp,192-201J which is In terms of the boundary
values of an unknown real density function
Consider the typical region S t shown in Figure 5-4,
which iﬁvsimply connected and bounded by the simple closed
curve , The curve oK comprises of
i) the bounding contour CJ
11) a small circle a , with centre to and radius C ,

which excludes the point from R
1i1) cross-cuts AB and DE which connect o to CjJ and
intersect C|] only at the point > A - F

For convenience 1n presentation the cross-cuts AB and
DE have been drawn with a gap separating them; iIn practice
no gap exists. Note that these cross-cuts are drawn

radially from to.
The function H™,lo) defined by

F(V,01) = -P(»
= QJ

where (» “ IS the required regular
function, 1s continuous and differentiable In R,
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M=

Therefore

=<I"&) ci> (5.14)
r-

by the complex forms of Green’s Theorem applied to the

function FO,
Provided that the function

io” A -Uin IS0l +L Ci )

remains on a branch appropriate to the cross-cuts AB and
N\
DE, 1.e. # iIs single valued both iInside ~ and on

the contour , the 1dentity (56,14) may be i1ntegrated
by parts [35, p.-72] to give

o = I-f(V ) - r
£ JS-

Since both and are single valued on

the first term on the right hand side of this last

expression vanishes, 1.e.

It remains to consider the various contributions to

As 1In earlier chapters let
JI-

and, for convenience, take the imaginary part of
to lie In the range
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This requires that the cross-cuts be taken parallel to
the real axis of the >- plane.
Therefore,
1) the contribution from C] 1s

11) the contribution from &*“ iIs obtained by writing

in which case dir™ I£ C. and
N = N+ N
Hence, the contribution from IS given by

1i11) the contribution from AB i1s obtained by writing

‘4-10- © Q.]Z*' so that ofb)}—O dlf‘ .~ Hence,
r~ _ r 7t
\ "tiDiejrt-ui™o'Sr - \ NZIrINC J?

Similarly, the contribution from DE is given by

\ " ti"i)yals -\
D /(D)

since "5-ubs"  on DE,
The required integral representation for the function
,@e”™ »i1s obtained from (5,14) by adding together
the expressions obtained from the above contributions when
£-> 0 . Hence,
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*T:(i) -ioA ¢wy* Og-

= 277C [-F({.D) -

since for /6 AB

N df d/

A (/\)

The i1ntegral representation for -Hur) i1s more conveniently
written as

-PCio) “ J. F tCl))FEa T  alr (5.15)
2irn 4,
where can be assigned an arbitrary complex value

when 1t 1s unknown.

Should the cross-cut AB and DE not lie parallel to the
positive real direction, the above analysis can be repeated
by considering the required brsuich of

to be given by

cioup © (-Urn) ~ af2(lo-to) +ZIT.

Further, the analysis can be modified to allow for the case
when a straight line joining to to " crosses the
boundary at points other than ., This case requires
the use of cross-cuts which are not single straight lines.
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Such a cross-cut will be used below for the case when

u>6 N e
Two features of the derivation of (5.15) that should

be noted are that

a) expansions of the functions -fCir) and "ICCIr) were
not required; only the fact that these functions are
continuous In RUCj was used,

b) the term -f(up), Us6 ~ » came from an iIntegration taken
along the cross-cut AB rather than an integration
taken around the circle omitting v from R,

These fTeatures suggest that the lengthy process used
to obtain the limiting form of Cauchy®"s integral (see (2.2)
IS not required when the form of (5,15) appropriate to the
case co6C| 1i1s being sought.

Consider the regions and shown iIn Figure 5-5
which were obtained from the original region R by first
using a circular arc to omit the boundary point oJ from
Cl and then i1ntroducing the cross-cuts connecting cn to
Cl . Let the circular arc be centred at and of radius,

E- say, such that it intersects CJat C and F . As in
earlier work, the cross-cuts AB and DE have been drawn with

a gap separating them which, 1In practice, does not exist.

Note that the cross-cuts are curved because there 1s no

straight line joining © to which remains in along
the whole of i1ts length.
Denoting the boundaries of the regions 2uid by
and respectively, the complex forms of Green"s

Theorem yield

IR>  Jy (5.16)
. - 00

~po) (5.17)
> —ul

when applied to the function

Fe.w) = -PO)
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As before, the function
4“/\ ) _ </\(y"iI> *i

iIs the required analytic function.
The function A" (i—wW)may be defined as a regular
function in both R, and Rt

2. « \ AN + ek
Tr- 3

because 10 f/R,U™MRy and . Hence, (5,16) and
(5.17) may be iIntegrated by parts to give

0] =. [p(5)"2"-5-w)] - C J M »

(5,18)

- AT @) £0f i>-w) IF?

(5.19)

ti?) = i -fci) ~ G=> - ii~nd;
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Let
JoX JF-w) +

>0"{ -w) == I/7-U3 “#TL(M+ E.N)

then, for TJ6I>E and T|6AB»
8

>

The remaining contributions which are obtained when £,-70
are

C (Fdnds a\J >0 C )dx
n N J g
where the values taken by depend on whether
6 C* O» 16-C, , In the former case depends
on whereas in the latter case depends on
G-ta).

On adding together these various contributions one

obtains
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where

Jp
N
and the Ci=b) have the aforementioned iInterpretation.
Therefore, for uj~Cj , the representation
ri) ~ - § F 0> (5.20)
zm X
"ol

can be written. Clearly, the difference between (56.15) and
(65,20) lies iIn the interpretation of the boundary integral.
Multiply connected regions cam be treated iIn an entirely
analogous manner. Figure 5-6 shows a multiply connected
region R and indicates the form of the cross-cuts required

by the analysis for the case when .;6 Cj, , Here may
be obtained from the representation

n - —»- Xl :_']f Ne,"67) Jir .

For the more general case of a finite multiply connected
region bounded by the m contours Cp 2 p- KCi>v , the
representation

fiudi = S I T . Ve (5.21)

may be used. The form of the constant depends on the
cross-cuts used iIn the derivation. In most practical
applications the constant may be assigned an arbitrary
complex value.
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[5-5) Relationship with Green*s Third ldentity

The boundary integral representations (5.15) and
(5.20) may be used to derive Green®"s Third identity relating
the value of a harmonic function at a point tot/? to
boundary values of the function and i1ts normal derivative.
To 1llustrate this use, only a simply connected region bounded
by the contour C|] will be considered.

Using the relationship

C) ¢lr - <XH) 1 NS , 6 C] ~
(5.15) may be written as
2.7cJ
wlie”e lo S U4d-1Iv | - X0 #i. "Vijr X 417,

The real part of this identity is

The integral

C,

may be i1ntegrated by parts to give
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)is = 03 (#5—c0)J

However, (56,15) requires that any integration taken around
C, should start and finish at Xo <« Therefore

whence

chl.

The above representation of ,Wsutcv IR ~is
known as Green"s third identify 125] from which Green®s
Boundary Formula [ 15, pp-57-59, pp-190-212] may be
obtained. It i1s usual to apply the Cauchy-Riemann equations
to and write
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~5,6) Numerical evaluation of derived boundary integral
representation

The boundary integral representation obtained in
{ 5.4) i1s well suited to the methods of approximation used
in Chapters 3 and 4. Indeed, the boundary idealisation of
I 3,2) and the approximation

enable (5,21) to be approximated by

-f(w) - QOStd.vt
Ziri o i N

As mentioned previously, care must be taken to ensure that
the function -<03 (I<0) 1s evaluated 1In accordance with the
requirements of the derivation of 15.21),

A technique for keeping track of the values of ag(-tv))
which has been used by the author can be obtained from the
work of Jaswon and Symm on evaluating conjugate harmonic
functions numerically 15, pp,155-1573 , Consider the
simply connected region shown in Figure 5-7, For ™ BR
choose a fTixed direction to be that of the positive x-axis
of a cartesian co-ordinate system whose origin is at o3 ,
The angle which the vector — 0] makes with the
fixed direction may be defined such that

- 4r 4 <9OQ.,7) 1 1r

The function arg(>-w) 1s now allowed to vary continuously as
describes the contour C| 1In the positive sense starting
from , The i1nitial value of arg (-o-uj) 1s taken to be
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In Figure 5-7 those portions of C] where the above
definition of arg (uj) results 1iIn

+ ¢ ‘Ir

are shown drawn with a thick line.
From a practical point of view, arg caol be
obtained from

Here the integral is evaluated along 0] and i1s understood
to be taken In the positive sense.

When 10€-C] examination of Figure 5-5 and the
derivation of (6.20) shows that arg may be defined
in a fashion similar to that used above. However, the iIntro-
duction of the cross-cuts AB and DE requires that arg (S=to)
be allowed to jump by the exterior angle between tangents to
C, at Ui as Tr passes through 1o This angle equals TT
when the boundary is smooth at W .

The above technique i1s readily extended to include the
case when the region is multiply connected. Let "D be a
fixed point defining the start of the P contour Qo,p<I(OM ,
For '56{p the function arg (%~8) , U CP may be obtained
from

(5.23)
—f
where the integral is evaluated along Cp and is understood
to be taken iIn the positive sense. When (5.23) may
again be used provided that the previously mentioned jump in
arg as T: passes through W is allowed.

114



In Figure 5-7 those portions of C|] where the above
definition of arg (Cuj) results 1iIn

a.ca s OQC,10) + ¢-jr
are shown drawn with a thick line.

From a practical point of view, arg (S-w) can be
obtained from

oLrj (i-ui) J N &2 (510

(9(0,>0) | ]

Here the integral is evaluated along O] and i1s understood
to be taken In the positive sense.

When U3€-C] examination of Figure 5-5 and the
derivation of (6.20) shows that a.rg may be defined
in a fashion similar to that used above. However, the iIntro-
duction of the cross-cuts AB and DE requires that arg
be allowed to jump by the exterior angle between tangents to
Cl at O as Tr passes through LO This angle equals TT
when the boundary is smooth at U ,

The above technique i1s readily extended to include the
case when the region is multiply connected. Let " be a
fixed point defining the start of the P contour ;
For ‘1-6Cp the function arg Cp may be obtained
from

r'/\
(5.23)

where the integral is evaluated along Cp and is understood

to be taken iIn the positive sense. When (5.23) may
again be used provided that the previously mentioned jump in
arg as S passes through w 1is allowed.
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That the choice of value for S (Tfw) 1s unimportant
has been observed. This follows from the fact that 1f IS
a real constant then

a-load"s- + £\ "~cy)dy

Returning to the problem of evaluating (56.22), the
integrals

&>
may be evaluated in closed form whenever the

are the coefficients of an n™-order complex iInterpolation
polynomial applied over the interval e As an example
of this consider the case when h = 2, Here the general
form of @b IS

®
(c- «@-)(c- )

where the a, b, ¢ are all complex constants defining the

three nodes which specify the el%gent «
An alternative form of » which 1ncorporates
U IS
Mp** (Tr) o= (>-co-fco~g)(. »UJ-b}

& -cK 0 &

— ) (2 B~<«3— t (co-g
(c-a> (c-Db)
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Therafore, for oo N "

Hi) 1o~ C"I-10) clLt

-/a ~ct-a. ){uj-¢di”
t | CC-cu>CC-i>)

(c-a>Cc-Tc>)

J -ubh ~ - J« ™ (Quj-CL-1>)
+ (uj-0L)CcH N —inJ
-.--(6.29)
When CO 6 — integrals can all be evaluated by
writing
ul
N CiH) 0™ (™-ix)cl? - \
ma
O) Ji*
e

These i1ntegrals nay be evaluated by using expressions
similar to (5,24),
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N 5.7) A boundary integral representation involving higher
order derivatives

The boundary integral representation (5,21) relating a
regular function to i1ts first order derivative may be
considered to be a particular case of the more general
representation derived below. |In contrast to ~ 5,4), only
the simplest case of cO 1lying entirely within a simply
connected region will be considered iIn detail.

Consider again the simply connected region R  shown
in Figure 5-4 which is bounded by the simple closed curve

, The curve comprises of
1) the bounding contour OC»
11) a small circle with centre uj and radius ,

which excludes the point @ from R

1i1) cross-cuts AB and DE which connect cr to C|] and
intersect C| only at the point *©-A - " ,
As before, the cross-cuts are drawn with a gap

separating them although no gap exists.
Denoting by -f(U)) the required regular function
evaluated at the point to , the complex forms of Green’s

Theorem applied to

-V- 10
yields the result

-P(TP)

m>- O (5"25)

Provided that the branch cuts required by the function

10a + 1 ™ (>-<0)

are taken to be the cross-cuts AB and DE, the integral 1in
(5,25) may be integrated by parts h times to give
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since

d” .fC'V)_ (T—W) 7733 - a
'H_' VANIVAN
For convenience take arg to lie iIn the range

of£ 02(1-w) ¢ 22T

so that the contributions to the integral iIn (5,27) are:-

X £ .0-M)"" do-(i-w) I+
d>" («-01
C,
N
1 =V ) -ice ) aF

= -LL \ r(0)e
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iii) on AB , f T-*to OLNJ — ], :
y" mfCyy. -CO
d-" (~-0i
=1 ok €70
(n-01

Similarly, on DE,

1
(>-m) 102">-0j)a-v
J ar (»ri-o!
Tis)
_ 1 Lin
(n-0O!
MX)

The required integral representation for the
function -fOwo) 1s obtained from (5.27) by adding together
the expressions obtained from the above contributions when
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Hence

Alr

@

/«a;

r B"tr'c r -P(».(-v-co rTcj-v

Jr

The RHS of this expression may be integrated by
parts to give the integral representation

N3 (5.28)

where ~ function involving

first A-1 derivatives of C\) evaluated at '
Representations analogous to (5,28) can be obtained 1in

a similar fashion when the point oJ tends to the boundary

and when the region is multiply connected* In the former

case* the regions over which the analysis i1s perfoaoned should

be of the type shown in Figure 5-5, In the latter case« the

function will depend on all the boundary points
which lie on the cross-cuts required to make the region
simply connected. In both of these cases care must be

taken iIn the interpretation of
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N 5,8) Example

The numerical technique described Iin ~5.6) has had
extensive use during the provision of the results given in
Chapter 0. In that chapter the technique forms an essential
part of the method of predicting the torsional properties of
plane sections. Because of this usage only one example
illustrating the usefulness of the technique will be considered
here.
~N"5,8.1) Flexure of A Hollow Tube

In 1 3.11.1) the problem of determining the boundary
tangential derivative, say, of the flexure function
for a hollow tube was considered. For the region under
consideration the result

CoS B
4
where = re.""Ie
= outer radius of tube
M = 1nner radius of tube
cr = Poisson"s ratio
= flexure function for tube,
was given.
The (piecewise quadratic) technique described 1In
N5.6) has been used to provide approximations to for

this hollow tube. The results obtained for a number of
points on the i1nner and outer boundaries are shown i1n Table
5-1. Here the constants of integration in both and
1ts approximation have been adjusted to give these functions
a value of zero at the point &m T

The results were obtained by utilising the true values
of the normal derivative of , 1.e.

- N cr) CoSes + ™M "0os39 Po 'SE
1B
(3/f (jcs9 - A CoS 36 "56 /% e

together with the appropriate approximations to ,
These approximations correspond to those quoted in Table
3-1.
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The results show excellent agreement between true
and predicted values of As might be expected,
the agreement between these values i1s closer on the outer
boundi.ry - away from the singularity of the function ;



Chapter 6

THE DETERMINATION OF THE TORSIONAL PROPERTIES
OF A PLANE SECTION

N 6.1) Introduction

It 1s well known In the mathematical theory of
elasticity 4, pp,310-328) that the classical torsion
problem for a constant section beam twisted about its
longitudinal axis can be reduced to the determination of
the warping function ~(X,y). This function satisfies
Laplace®s equation

A i1xy) = O

throughout the plane region corresponding to the section of
the beam and has the Neumann type boundary condition

(6.1)

Here the normal Q 1s taken to be drawn i1n the outward

sense and cos (X,n), cos (y*n) are the appropriate direction

cosines at the point , Thus formulated, the

solution to the torsion problem can be shown to be unique to

within an arbitrary real additive constant £4, p.314j) ,
Denoting by”~”™ and U the shear modulus and twist

per unit length respectively, the longitudinal displacement

WCX vy) IS given by

3 (6.2)
Further, the only, non-vanishing stress components are given,

in terms of the fTirst partial derivatives of the warping
function, by

q. (6.3a)

j2 Gift + N> (6.3b)
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It denotes the harmonic conjugate of the
warping function , the stress components may be
obtained from

N a -Y)

The function Is termed the torsion function and
may be shown to satisfy the Dirichlet type boundary condition

V'Cx, "id = -V (X -+3*) + K, (6.4)

on each of the contours bounding the region of interest
4, pp,313-314] . Here Kp is a constant particular to the
pth contour which must be determined during the solution of
a problem.

It should be noted that the physical requirement that
the longitudinal displacement be single valued
together with (6.4) enable the regular function

FC5) = y-Cx,3) (6.5)

to be defined throughout the region corresponding to the
section of the beam.

Because the warping function and i1ts harmonic conjugate
are known only for a limited number of regions, numerical
techniques for their determination have been developed by a
number of authors £ e.g, 44t 453 . The technique developed
by the present author makes use of the complex variable
techniques given 1n Chapters 2, 3 and 5, This technique may
be summarised as follows

1) the integral equation for the tangential derivative

Is solved using the numerical methods of Chapter 3.

11) the first derivative of the regular function rc 7) IS
obtained on the boundary from the tangential and normal
derivatives of the warping function,

111) the regular function IS obtained on the boundary
and throughout the region of interest by the boundary

integral representations of Chapter 5.
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The numerical methods used are all based on piecewise
quadratic approximations to e These approximations
and their associated numerical methods are fully described in
g 3.7) and £5.6), The results obtained by these methods for
a number of regions are given in the last section of this
chapter.

Beam element solutions to the vibration analysis

e.g. 31 and stress analysis ['e.g, 300 of non-uniform
beams are important engineering applications of solutions to
the torsion problem described above. In these applications
the torsional stiffness constant (alternatively torsional
rigidity), warping stiffness constant (alternatively warping
rigidity) and shear centre co-ordinates are required
sectional properties which can only be obtained from know-
ledge of the warping function particular to a section under
consideration. Although boundary integral techniques have
been applied to the torsion problem and the evaluation of the
torsional stiffness constant by a number of authors “e.g, 26,
44, 457 , the problems of evaluating the warping stiffness
constant and determining shear centre co-ordinates by similar
technigques appears to have been neglected.

Using the complex forms of Green’s Theorem, boundary
integral representations of these torsional properties are
derived below. Again, the results obtained using these
representations for a number of regions are given iIn the last
section of this chapter.

N 6,2) Boundary Integral Representations Of The Shear
Centre Co-ordinates

The shear centre of a uniform cantilever beam subject to
an applied shearing force at the free end has been defined as
the point at which the force must be applied If there i1s to
be flexure without torsion 746, 47] .

Let 2 be the longitudinal axis of a uniform beam and
X,y the principal directions In the cross section R, the ori-
gin being the centroid of the cross-section, Trefftz [70]
gives the co-ordinates and *t of the shear centre as
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A CACX, 1)

where

)" =58 N w3
R R
are the moments of iInertia with respect to the principal
axes and IS the previously defined warping
function for the section.
Further, by Imposing the constraints that

(6-9)
and

M H PYUU (6.10)
S i
It can be shown [47] that the centre of twist - the point
at rest iIn every section when the beam i1s subjected to a
terminal couple - corresponds to the shear centre.

The constraint (6.9) 1i1s used In the solution of the
Neumann problem governing the warping function to determine
the hitherto arbitrary constant. It constrains the average
longitudinal displacement W to be zero.

The use of (6.9) in the solution of the torsion problem
enables a value to be given to the integral in (6.10)

I.e.

This value i1s termed the warping stiffness of the section
and 1s denoted by w. The use of (6.9) does not affect the
location of the shear centre.

The complex forms of Green*s Theorem can be used to
determine boundary integral representations for X'c and 1o
since (6.7), (6,8) may be written as
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"1

>} H'S)

where
T- N L3

and FO” 1is defined by (6.5).
Hence, since FC» 1is single valued,

X. - - i /5* i F(>)dxdAn

F-OA™S™ » (6.11)

and

g = Re Sj ™M 2 [I-(>*kDJFCDI/

1 %CN +t%) 1™Wch=™~ (6.12)
4-X
where C 1s the boundary of the region R.
N 6.3) A boundary integral representation of the
warping stiffness constant
The warping stiffness constant Tw of a plane section
R was defined in the previous section as

where
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It can be shown [ 34, pp-113-114] that iIs, 1In
fact, the warping function of the section R twisted about
a longitudinal axis passing through the shear centre. In
this case the additive constant is again determined such
that

SI (6.9).

Frequently a given solution, say, of the
torsion problem does not have this last property and must
be adjusted. This adjustment 1is carried out by noting
that (6.9) may be written as

Si ~a»ix,3) 4k"djc 0

since the required warping function ~ Cx.b) 1is unique only
to within an arbitrary constant,

i*e. G Cx.b) = <pCac.b? K where k i1s the
required adjusting constant .
Hence =
(6,13)
A fi
where A - J* Jb IS the area of the

section R. The identity (6,13) can be put into boundary
integral form by writing

F Cs> = + _-y-(%x,a)

where IS the harmonic conjugate of
so that
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K = - I Fcin + FCK) ~ Qr di

(iFCi;) + 1 (g F(vw»

ZfK

my FCM) d™~ 2 PCA) J?

C ~C "c
by the complex forms of Green’s Theorem*

(6.14)

Alternatively, K

may be considered to be the real part of the complex constant

TA K ~ 1L

with L to be determined such that

-11.
Hence
3~ — JX.
N R
so that
FC5)- fCi) + T
and

SSA K1) did® - o

Clearly, (6.14) 1s obtainable from (6.15).
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In the examples given later the author has used (6.15)
to adjust his regular function solving the torsion problem
rather than using (6.14) to adjust just the warping function,

To obtain the boundary integral representation of the
warping stiffness X/ consider first a simply connected
region R bounded by the contour C. This region contains no
singularities of the function FC*") so that a regular

function which satisfies
may be defined iIn R. N
utilising F may be written as
+ F

FW +2Z Fa)FCJ) HhFiv)" Ix.»

or, more conveniently,

rw = j_ U
4

On applying the complex forms of Green*s Theorem to this
last expression the required boundary integral represent-
ation

N F(1)" + 2FCT)q(>> ~ JI-

(6.16)
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IS obtained.

When the region R 1s multiply connected this represen-
tation of the warping rigidity requires modification since
the function qO) may no longer be single valued. To
i1llustrate this, consider the region R bounded by the f\
contours Cp , p= 1CO s ™ with CJ enclosing all the
others.

Let the analytic continuation of FCT) into the region,
Ri say, bounded on the outside by the contour C] be denoted
by RXT?) . Due to the single valued nature of F("i1) 1In R,
the only singularities F,(%) may have In R, are poles
situated in the holes of the region R. The function PCIr) may
therefore be represented in R by

FC>) =1 C» + 2

No— TkJd
where £ (Ir) 1i1s regular iIn R, IS the position of the
Jth simple pole in the Kth hole, and
"strength” of the pole at e Hence Q(S) may be
represented by
g<>) N + £ S (6.17)
J '« j-i
which 1s clearly multivalued unless the are all zero.

Usually the locations of the simple poles
unknown so that an appropriately multivalued C]i*i) has to
be constructed. This is readily accomplished by writing
as

FU) = -PCS) S
ISHG ‘m
where iIs regular iIn R, iIs a complex constant
particular to the contour Ck and ">k IS a point In
the region bounded on the outside by the contour Ck (i.e.

a point in the kth hole). Using this representation of
F {r) ™ KCTr) may be i1ntegrated to give
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NCV) - 3 n (T SKA (6.18)

IC2
where
i. 5() =
ci>
Values of the constants are readily obtained by integrating

FCT ) around each of the contours CJc. Since

- M
/\Klf . ) d> == 0

the required values are, for k=2{Dm
A, = — 1. C Fe>dT (6.19).

Examination of (6,17) shows that the function * iIs also
regular in R when the are determined by (6.19),

The procedure used to obtain the required representation
of when the region is multiply connected is best i1llustrated
by means of the following example.

Consider the doubly connected region R shown iIn Figure 6-1,

For any multiply connected region may again be written as
e\\/
R
or
(( —f N FC5-)c;1'5)) dxJij
s NI

1K . 1“3
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where and ~

IS obtained from (6.18), (6.19). The function and
iIts conjugate T FCH) are single valued iIn R so that
=~ .~ f owrwemar -1

2C | Jc, ]

by the complex forms of Green*s Theorem. This theorem cannot
be applied directly to the term

because of the previously shown multi-valued nature of Q(y>.
This function 1s, however, sinale valued iIn the simply connected
region R shown iIn Figure 6-2. Clearly the region R 1S
obtained from R by the introduction of the branch cuts LW*DE
of the function (''V-Tz) and 1f S represents the distance
between the cuts,

i.e, S = Fmn]=)>2-1]

then
[FCS>Q(t)JjxJ] = fC FCi>Fa)

and

1I: [ FEgl) ¢s- = S | Fcidc,(w) ¢t ,
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Since QLYy) 1is single valued In R the te:n

1 [FiV d*5
O Nr

mav be written as

j{ k [F(-S-)Ca)j = -L- i FC»C,(>)ci-Ir
1 > Z1

where hR iIs the simple closed curve bounding ﬁ It

remains to consider the contributions made to the above

by the various curves which make up

contour integral
Cl and Cx

Therefore, 1) the contributions from the curves

are

N HDS: () A

and

N Fc7)5 3(>) +

Cl
respectively.
i11) by writing (for sufficiently small S)

IS
“'ixk ~nN C o~  DF

and

- "1t - N &

the contributions along the curves LM, DE are seen to be

C SA. N F(M$ A2/ <-U+2inAdA

and
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%

ACFLTE2 () I 4 A# f ~ AAA
P /(b)

The total contribution from the branch cuts to the contou:
integral is therefore

/AN M
A2 ZIrl \ - A~2irl (
1>

Hence, for S sufficiently small,

N FJ*V Tw

N ZIr

FCT)]j +A,. “Ix.ildTit

Z "Ir

where Ci(M) and «;(«.) may be determined from (7.18),
(7,19).

The warping rigidity for the doubly connected region
under consideration i1s therefore given by

=5F(>)

r

bR ()
ir S 3Cn)-3CD»mAi . At (
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The representation (6.20) 1s readily generalised to
the case of the multiply connected region bounded by tlie

m contours Cp» p = 1CI'n 1vith CJ enclosing the remaining Cp
In this case

A
t FCF;>"
-L”™» N\ F
&t HY "V,
(6-21)
where the denote the start and end points of the ral

branch cuts. That the derivation of (6.20) and (6.21) can be
performed with branch cuts which are not parallel to the
positive x-axis 1s noted (see £5.4 for a similar effect).

Although deriygd as a representation for the ivarping
stiffness constant X*> the i1dentity (6.21) may be used to
evaluate

whenever iIs the real part of a function regular
iIn R provided that i1ts harmonic conjugate IS known.
This has proved useful iIn verifying the representation of
the warping stiffness constant since the warping function and
iIts harmonic conjugate are known for only a limited number of
regions

As an example i1llustrating the use of (6.21) consider
the annular region shown in Figure 6-3 over which

N\ N\ Jx_d*

oo Kke ke

IS to be evaluated. The iIntegrand is the real part of the
function
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FC7) = s + J.*C

which 1s regular in R. By writing

N <>
Au = “

in G..21), 1t iIs apparent that

¢t K_ L
p1 vCp
JjIr ~ H Ck O
Since
OWN |
TrJ -

CL ow C.V

X niay be written as

where £ = b J J2=
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=\,

Now icr p-L¢

Jr = Y 4 a(ihy)/c,r - iLEIT
T 77

_ CD™ "4"™CO+i.)

and
A *J. JjLLA mO"*-)n A
A 2 3
- O~«>) 5 m 1 iAll
. rN T1 - ]
= (/= tsS7KANL - (\-0-rrli?;-VraLrnf Ay
SO that
X = (—?"ir +(b™M)TT + - 0-01r0F=)

= TT + (6.22)
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In this example, the integral X could have been
evaluated by writing the integrand in terms of the polar
co-ordinate system shown iIn Figure 6-3,

i. e.
let 7Ls”™ coS 9
3
so that
ars
* N _ (t* CI)iZ_OA + N N
N - g~ (1-CisSz~) j <J5

= 4tk b" -cc*-) t b""-

which agrees with (6,22).

Returning to the evaluation of x,,, note that Xkvis
readily shown to be related to Xvw/ through the expression

W - il ~ Xa 3,

Here Jw and Jw can be iInterpreted as the warping stiffness
constants for a beam txvisted about longitudinal axes
passing through the cross-section*s shear centre and
centroid respectively.
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£ 6.4) A Boundary Integral Representation of The Torsional
Stiffness Constant
For a constant section beam twisted about its longitu-
dinal axis it i1s readily shown [4, p-312] that the total
force acting on any cross-section 1S zero.

and that the tractions are statically equivalent to a couple
only. If M denotes the magnitude of this couple then

N n (6.23)
R

The substitution of (6.3) i1Into this last expression enables
M to be written as

->>X

where XXx XN are the second moments of 1nertia as before.
The quantity

NJ2,
Is termed the torsional stiffness of the section under
consideration and i1s denoted by Xj. The torsional stiffness
IS therefore given by

1. = 1,. T- (6.24)

Although many authors “e.g. 4, 15, 16, 44J v;rite
(6.24) 1n terms of the Dirich let Integral
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the torsional stiffness can also be obtained iIn terms of

an integral involving the gradient of the warping function.
Let 'S5=X + cy be a point iIn the section twisted about the
origin and

be the gradient of the warping function arising from this
twist. Hence, (6.24) may be \vritten In the form

or,more conveniently,

Since the function XLIr) 1is regular In R (so that
iIs single valued), the complex forms of Green’s Theorem can
be applied to the integral. Therefore

JIf = Ty, +r™ -T-,S5]_ CyVvXxILTI") ¢h

= X» + X3 m  ["2* A CVUtLV dti A (6.25)

where C is the boundary of the region R. Examination of
(6.25) shows that this representation does, iIn fact, contain
the Dirichlet Integral

Vt ix.-i) di

where V- denotes the harmonic conjugate of the
warping function (x»i1J).

The representation (6.25) has been used by the author
when solving the torsion problem by the procedure outlined
at the beginning of this chapter. The use of (6.25) rather
than equivalent real variable representations involving
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explicit Dirichlet Integrals 1is consistent with the
author’s previously derived representations of the warping
rigidity and shear centre co-ordinates.

That the torsional stiffness of a bean twisted about
a longitudinal axis passing through the shear centre
[XcF y™) of i1ts cross-section equals Xj can be shown i1n the
following way. As above, here 37 and ) st® the
torsional stiffness and warping function for the section
when the longitudinal axis of the beam passes through the
centroid of the section with principal axes

The magnitude of the couple about the shear centre is
given by

from which

Z/\

Is obtained. This expression for = can be written as

X5 — +X N it Sl dxol”

since X and y are the principal axes of the section with
X =y = o0 at the centroid. Comparison with (6.24) shows

that
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This last result i1s obtained by noting that i1or the
torsion problem under consideration the identities



rr)(/\

$ 6,5) Numerical Evaluation of Boundary Integral
Representations

The evaluation of the previously derived boundary
integral representations for the torsional stiffness,
warping stiffness and shear centre co-ordinates can only
be performed for a limited number of sections. In most
practical cases the iIntegrations have to be performed by
utilising the piecewise polynomial approximations and
boundary i1dealisations of Chapters 3 & 5,

Hence 1f

1. =£ |
p-1 JCp

then the approximation

N
|a"2_EIT_I_

. R (6.26)
has been used. Similarly, to evaluate
® B0
the approximation
" 3
E__ H. . 6.27
ny B H \K (6.27)
has been used.
Note that in (6.26) and (6,27)
/
Mp . o _CEF'Q -T= ) (6.28)

J=i
- )
$ 6,6) Examples
Some of the results given iIn this section have
previously appeared in the author®s paper
"Determination of the torsional properties of a plane
section using boundary integral techniques"™ [4s3 ,
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N 6.6.1) Torsional properties of a hollow ellipse
As a first example consider the region lying between
the concentric ellipses

with \,
Following Love [4, p,31?! , the regular function

F(~b > = *

with N Nl

(6.29)
a” + b’

and

(6-30)
*  taF+bn

provides the warping and torsion functions for this hollow
region. Examination of these functions shows that F("5%>

may be written as

FCa> =
2 cl"+ b™-

whence

cl® Fb=

Because "C") 1i1s linear In ‘S the numerical
techniques of Chapters 3 & 5 caut be expected to yield exact
values of NG and FC”) . This 1s i1llustrated in
Tables 6-1 to 6-4 where numerical results obtained for the
region lying between the ellipses
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3Ch + 4 y-
X ™ + 4-y* = S|

are given. The i1dealisations used here were obtained by
positioning nodes at equal i1ncrements of eccentric angle.
Thus Table 6-1 and 6-2 were obtained by taking 20 nodes at
equal i1ncrements of eccentric angle for each boundary.
Twice that number was used iIn obtaining Tables 6-3 and 6-4.
Figure 6-4 shows the resulting idealisation for the 20 node
case.

Note that the N~ given 1In the above tables has
been adjusted to give

PpCTJ dax. Ju = O

This adjustment has been carried out by evaluating (6.15)
using a quadrature formula of the type i1llustrated by
(6.26). 1t will be observed that the iImaginary part of the
adjusting constant appears to be more sensitive to changes
in the i1dealisation than the real part.

In this example the previously given expressions for
<N can be used to provide formulae for
I and I, Indeed, use of (6.29) and (6,30) In the area
integral representations of I and I™ lead to the
conclusion that

a*+ ¥

+ b -
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For the region lying between the ellipses

X F 1
= i - , 8l
these formulae for 1™ and yield
Xj — 0. 1080
Tw = o. 002T60

In Table 6-5 these values are compared with those obtained
numerically using the techniques described iIn this chapter.
The i1dealisations used were again obtained by positioning
nodes at equal increments of eccentric angle. Results are
given for a 60 node/boundary idealisation as well as the 20
and 40 node/boundary idealisations used earlier.
Approximations to the shear centre co-ordinates
which were obtained for the three idealisations
considered are given in Table 6-6. These approximate values
compare well with the true values of Xc - O and o,
These true values are most readily obtained through
symmetry considerations.
N 6.6.2) Torsional properties of a semi-circular region
Consider now the semi-circular region bounded on the
outside by the circle

N (- arrrf =

and the line b . For this region approximate
values of the torsional stiffness Xs and shear centre
co-ordinate sire given by Timoshenko  jJ49, p-373]j

and Roark fsi, p,29I\ (1, only). Note that

Timoshenko obtains a value for ty considering the
bending of a uniform cantilever beaim £¥9, ch.lI"J . This 1s
In direct contrast to the approach used by the present
author. The shear centre co-ordinate =0 can be
obtained by symmetry considerations.
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The numerical techniques described in this chapter
have been applied to the above semi-circular region. The
resulting approximations to 15, and are compared with
those obtained from Timoshenko and Roark in Table 6-7,
The 1dealisations used by the author were of the type
shown in Figure 6-5. Here the nodes on the circular arc
CA were positioned at equal increments of the circumferential
angle. Nodes on the line ABC were positioned at equal
increments of arc length. Figure 6-5 does in fact show the
28 nodes/boundary case, 56 and 84 nodes/boundary cases were
also considered.

The approximations to obtained using the 56 and 84
nodes/boundary i1dealisations were 0.5871 x 10*-
and Xw"- 0,5902 x 10“2 respectively,
N 6.6,3) Torsional properties of a cambered section

As an example of a cambered region, consider the sector
of an annulus shown iIn Figure 6-6, This region iIs typical
of those open sections which exhibit a high ratio of
surface length to area and whose torsional properties cam be
found using the ~thin wall" theory as described by

Zbirohowski-Koscia E33] . |In this particular example
formulae for the torsional stiffness and shear centre
co-ordinate can be found in Roark []51, p,302" ,

The numerical techniques described iIn this chapter
have been applied to the above cambered region. The
idealisation used by the author i1s shown iIn Figure 6-7.

Here there are 51 nodes on both of the circular arcs (this
number iIncludes the nodes at A, B, C & D), the nodes being
positioned at equal increments of circumferential angle &.
On each of the radial lines AB and CD there are 10 nodes
positioned at equal iIncrements of arc length (the number
here excludes the nodes at A, B, C & D), Note that the
co-ordinates given iIn Figure 6-7 relate to an origin at
the centre of the annulus of which the region is part and
not to an origin at the region’s centroid.

The approximations to the required torsional properties
which were obtained using the above idealisation are compared
with their "thin-wall' counterparts in Table 6-8. That there
Is a 15% difference between values for IS noted.
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Chapter 7
THE COUPLING OF INTERIOR AND EXTERIOR PROBLEMS
FOR SOLID AEROFOIL SECTIONS
N 7.1 Introduction

In the preceding chapters the author has endeavoured
to present a unified approach to two important applications
of the two dimensional Neumann problem; viz,the torsion of
a constant section beam and the plane, i1ncompressible,
inviscid flow past on aerofoil. As appears usual,
solutions of these problems have been obtained separately
despite their obvious similarities.

In an engineering environment, solutions to both of
the above interior and exterior problems are, at times,
required for a given aerofoil section. Clearlj”®, 1t would
be desirable to know whether or not techniques are
available which allow for the solution of both iInterior
and exterior problems at the same time.

Anticipating the results obtained below and restrict-
ing attention to solid, non-cusped aerofoil sections of
conventional shape, i1t can be shown that such a technique
iIs certainly available for both isolated and cascade
aerofoils. The technique used i1s based on the approximate
solutions to the integral equations given iIn previous
chapters.

In the folloiving sections of this chapter let

x(-1) » <% (y) -C >
and
TCi1) — Jgin - 1Ay)
denote the complex potentials obtained from the interior

(torsion) and exterior (flow) problems respectively.
Further let

denote on integration taken anticlockivise around the
contour C. This notation implies an iIntegration
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In the positive sense i1or interior problems and an
integration in the negative sense for exterior problems.
Note that iIn this chapter the suffix denoting
boundary number has been dropped. This i1s because the
problems considered here are solved by integral equations
involving a single boundary.
N T7.2) Coupled Interior/Exterior Problem For Isolated
Aerofoils

For an i1solated aerofoil the integral identities
governing the behaviour of the tangential derivatives of
the warping function and velocity potential ™ @Gr)
are obtained from the preceding chapters as

Qi) i) ds (7.0)
— Ui
and
ui) = 2 ite (7.2)
‘5— UA
respectively. Here iIs a point lying on a smooth

portion of the boundary C, ~ Is the upstream flow
condition on the flow"s complex conjugate velocity *TCV) i
Is the angle between the positive real direction
and a normal at u which i1s drawn into the infinite
region (outv;ard drawn normal for interior problem), and
4" a) iIs the normal derivative of the aerofoil”"s
warping function.

Note that for the exterior problem the directions of
both the normal and tangent to the boundary differ from
those used previously. Because of both these differences
there i1s no change of sign on the right hand side of
(7.2).

As an alternative to the solution of the interior and
exterior problems separately consider the pair of complex
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for the =ura and difference of unknown tangential
deriatives. Clearly, equations (7,3) and (7.4) are
obtained by adding and subtracting (7.1) and (7,2).

D)

A pair of siraultaneous Fredholra integral equations

of the second kind for the unknowns, sSi1(y)
parts of

(7.3) and (7.4). These equations may be written as

1IAC» +7iC1l) , are obtained from the real

L A -~chj k,i(2,5>ds
= -21-. V e (y) HE(W,'S)ds
q
-1S".1i.S) ~ L +IM k, (w i)ds
=2  ~aQ A —HCA A
\.J
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WED" -5 = Vi

where UTa X<, +C1j, a1 5.~ >

K (IUi,-?; - Cc.x0%), coshrcrsh (*¢-"0). sith 1
(G;cXo—>* - C'zi-"10)’"

That the solution of the system of equations (7,5),
(7.6) 1i1s not unique follows either from consideration of
the homogeneous adjoint system (as in Chapter 2) or from
the manner iIn which the system was obtained. As In
Chapter 2, application of the Fredholm theory L - 30-31J
leads to the conclusion that although the solution of the
system (7.5), (7.6) 1s not unique, the corresponding
homogeneous system has a non-trivial solution which 1is
unique to within an arbitrary constant.

For a smooth profile a unique solution i1s obtained
by requiring that the solution of the exterior problem

yield a specif<i/ed circulation /4 . Since the warping
function is single valued on the contour C, the
specification of yields.
el = r”’ (.7
‘ - ¢i1Ci) Mds =-/ (7.8)

These two equations can be adjoined to (7.5), (7.6)
when necessary.
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rC->m | t4d}

IT the profile has a point at the trailing edge,
Il
50 say, a unique solution is obtained froirj the
previously shown requirements

?.> - o
C"50) = - yM sl
Hence four additionj”equations are given by

" () +MClo) - wh, <k (. (7,9)

Cio3 ”"7~0») — —Ab.SIK ~ X0 .Cclrog ( 7, 10)

since <XC|0) is double valued at the point.
Equations (7.5), (7.6) can be reduced to a single

S >ey*

equation for 45 (U™ + 17 ty substituting (7.6)
for > AsC'' M) in (7.5). Similarly, an equation
for N A Is obtained by substituting (7.5)
for o in (7,6). These substitutions lead

to the equations

N .3; N 1VS>

7.1

CLA
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N K [f. <> K (?,i)ds<:0jc/s (i>

— 2 li-"<3B-e. N CS"™H,

Vv
+ K, <AC-t> H, ds6tj> a-e,

- » . . (7,12)

where

denotes an integration taken around the contour with -t
varying and T fixed. Similarly,

dsilJ

denotes an integration taken around the contour with 5
varying and 00  fixed,

A solution to the coupled problem can therefore be
obtained by solving (7.11) for ,
AL O t s.d substituting this solution into (7.6) to
generate . The required and

are readily obtained from these solutions. The

solution of (7.11) 1is, of course, required to satisfy
either (7.7) or (7.9,
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An alternativ™e approach to the problem which yields
and (@)

similar equations for
into (7,3) and vice versa.

IS obtained by substituting (7.4)
Hence, since

u

e (,S(h J'Vv TTi
N -J-ui
(7.3) can be written as
cacs> T itiC h
z ~___m "~__ ANE CID)* "~cp™Li)dicy
™ J S5.- KA
C

(7.13)

while (7,4) becomes

) N cf,th NM<pjh dsChKcUff)
J

(7.1 )

It will be observed that the identities (7.13) and
(7.14) correspond to an applicat-iton of the Poincare-
Eertrand transformation formula 29, pp bb-ol] to the

functions + 7 T(un) and

respectively.
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\ 7,3) Coupled Tnterior/Exterior Problems For Cascade
Aerofoils

Ivhen 1nterior Neumann problems have been considered
In preceding chapters, their solutions have been considered
through an integral equation corresponding to the real
part of (7,1). Clearly, if the solution of coupled
interior/exterior problems for cascade aerofoils 1s to be
achieved i1n a similar manner to that given above for
isolated aerofoils, i1t must first be established v/hether
the interior problem can be solved by the use of a
representation analagous to

s~ cr nN o 4.’%6»

-t JC

This representation having been used iIn Chapter 4 for the
analysis of the flow through a vertical cascade of aerofoils
with pitch "t and central profile C. The required
integral representation for <~C") 1s readily obtained on
recalling the expansion

ir o»tL = L 2 (7.16)
ul N Y03

For PTTO and 16C the zeros of
all lie outside the region bounded by

C so that the function

FC ) - 2 nog
P ~ph e

is regular inside and on C. Hence for o6 C

2
o/

L o) S O (7.17)
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and the addition of (7.17) to (7.1) yields

41

=N 4 N .7 2ci-» s
Jc L \]I M

The substitution of (7.16) iInto this last result leads to

S (7.18),

the required integral representation.
As with the real part of (7.1), the real part of

(7.18) 1i1s a Fredholm integral equation of the second kind
which exhibits a unique solution.

The solution of the coupled i1nterior/exterior problem
for a cascade aerofoil can now be obtained in a similar
manner to that used for an i1solated aerofoil. From (7.15)
and (7.18) the system of complex equations

v + (7.19)

(7.20)

Is obtained. Again, a pair of simultaneous Fredholm
integral eouations of the second kind for

and are given by the real parts of
(7.19) and (7.20). These equations may be written as

<160v>  JFCoS) 4

(7.21),
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Z J~ <ACi) H~czZ,h ds (7.22)

where, 1if 102X* 567, and Ir- ~°J »

= N 0 Meio)Xtr "KM O-X)] +%:7>¢.(Z>] -S\nf™ (3-3.)]

and

ufr «S1 , [N TX-*)J-Cc»i[M3E."3M)]

By anology with the exterior problem for a cascade of
aerofoils discussed in Chapter 4 and the coupled interior/
exterior problem for isolated aerofoils, the homogeneous
form of the system (7.21), (7.23) will have a non-trivial
solution which is unique to within an arbitrary

acciilye constant, A unique solution to the inhomogeneous
problem i1s again obtained by requiring that the solution
satisfies either

= r (.7
— - (7-8)

for a smooth profile or
d.) *s(\> = - — X.toSfosd»)J (7.9)
{O*¢T M) - " — XCoSeMIL)} (7.10)

at a point "D U.
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ii— 4

A single equation for 1S
obtained by substituting (7.22) for
in (7.21). Hence

*ids.) - A Aghridht Ki(i1) Jséojjsa)

AN 1 N

— ="~ X» jere j7 n KR AC/\\/ !

cee e (7.23)

and the solution of this last equation can be substituted
into (7.20) to generate on C. Again, a
unique solution to (7.23) 1s obtained by adjoining either
(7.7) or (7.9 to (7.23).
C 7,4) Nuinerical Solution of Coupled Interior/Exterior
Problems

Because of the complexity of the integral equations
obtained above for coupled interior/exterior problems, the
solution of these iIntegral equations by analytical proced-
ures 1s, in general, out of the question. Numerical
solutions based on the approximation techniques of
Chapters 3 and ™ are, however, readily obtained. As in the
discussion on the numerical solution of the exterior
problem for a cascade, only piecewise quadratic approxi-
mations to the boundary values of

ri>> + T(F)
and
"TCy) - T(T)

will be considered in detail.

Let the contour C be divided into N elements each of
which 1s considered to be specified by nodes at the start,
"mid"" and end points of the interval*. Further, 11f the

* Node specification as iIn interior problem.
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trailing edge is pointed let the i1dealisation be carried
out iIn such a way that the point lies at a node. As in the
preceding chapters, the nodes are numbered such that for
the gth element t%? element"s start, :gid" and end points
are given by - and — respectively, <
For 6 , the ~th element, the functiions ~:Clr>

and rci®) may be approximated by

r(-s-) -r 2 (i) tC?. )
and

where

(> ->r)

On §gnoring any error terms, these approximations lead to
the expressions

rcuo+TCui) - LI1l1 1-tap-rapj!

v;hen U3 lies on a smooth portion of the boundary of an
isolated aerofoil and

>
* For convenience let a pointed trailing edge occur at 9 “
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-ti M, C - -

vvhen w lies on a smooth portion of the boundary of a
cascade aerofoil. In these expressions

dp
u — N\

denotes an iIntegration taken iIn the positive sense for
interior problems, 1.e, anti-clockwise.
Use of the relations
—tio) 1 R cp~LN)

2>
T(uj) ¢ce = _"~Cuid

leads to the equations

(7.2
< m"
A}
e ey i 5 (7.25)
where
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L%LAS = Oi(Z)—U('Se*B m I*"CO JFf
->- Ui

for an i1solated aerofoil and

for a cascade.
For the aerofoils of the type considered here the
continuity conditions

N\ di”)+ (i;*-) — ifCi»” ) * (7-26)
ii;)-j>.d p = ifd~iz,)- ail) (7.27)
apply when I, 22 > _... K1 ., On aerofoils
without pointed trailing edges also
satisfty
fFdr) ~¢(?r) = FF(iir)>"d*) (7-28)

?dr) - di")= dlh- ... (7-29)

Hence, for smooth aerofoils, a system of eguations
for the unknown values of the sum and difference of ~CliJ
and 1.CV at each of the S K nodes i1s ootained
by ;-

1) i1dentifying to wdth each of the nodes

i11) applying the continuity conditions (7.26) -to

(7.29).
111) taking only the real parts of (7.24) and (7.25)
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The resulting system of equations may be written iIn
block notation as

(7.30)

where the elements of the v'ectors X1 ,7™X correspond
to the problem unknowns, viz.

b, hv are the appropriate free terms obtained from
i) to iii) above. X and A»which correspond to Zk X2b
identity and coefficient matrices respectively, are also
obtained from the above steps 1) -¢elil).
Analagous to the previously given reductions of (7.5),
(7.6) to (7.11) and (7.21), (7.22) to (7.23); the system of

equations (7.30) may be reduced to
(r-a“; X, =r b, - AL, (7.31)

Since
— bv - A% (7.32)

It will be observed that the numerical solution of the
interior problem for a solid section reduces to the solution
of a system of equations \vith coefficient matrix I + A while
the corresponding system of equations for the exterior
oroblem has coefficient matrix X*“A e
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As discussed in Chapter 3, the system of equations
corresponding to the exterior problem is either singular or
ill conditioned. VJriting (7.31) as

(X-A)(r+A)x, = ¢ -Ab,

it follows that the system (7.31) 1is also singular or 1ill
conditioned. However, 1t follows from (7.7) that the
solution must also satisfy the auxiliary condition.

(7.33)

where

Taking the real part of (7.33) an extra equation
which can be adjoined to the system (7.31) 1is obtained,
This yields the overdetermined system.

H >C. - N\ (7 - 34)

Hence, once the elements of the various matrices have
been evaluated, the solution of the coupled iInterior/
exterior problem for a smooth aerofoil can be obtained by
solving (7.34) for X, and generating Xt from (7.32).
Once A A have been determined the evaluation of
the nodal values of and iIs a trivial
matter .

The evaluation of the elements of H and N IS
Straightforward and requires the evaluation of the
and . The evaluation of these coefficients has
been considered in detail iIn Chapter 3, for isolated
aerofoils, and Chapter 4, for cascade aerofoils. The
matrix A required by (7.31) and hence (7.34) has been
obtained from the coefficient matrix obtained for iInterior
problems by writing this matrix as X + A, A™ has been
obtained by matrix multiplication.
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In the application of this technique to practical
problems where the boundary of an aerofoil is specified
by a large number of nodes the system of equations (7.3)

Is considered to be singular rather than 1ll-conditioned.
This has been found necessary because the amount of
(computer) core storage required by the matrices A and
(1-A®) effectively precludes the possibility of solving the
overdetermined system (7,34) by numerical techniques such
as least squares.

In vieiv of these core storage problems the system (7.31)
has been assumed to be singular with the rank of T-A equal
to 2n-1. This"”~consistent with the approach used iIn Chapter 3
for overcoming the same core storage problem. As iIn that
chapter 1t has also been assumed that the linear dependence
of the equations making up (7,31) 1is such that only one of
these ecuations 1s redundant. This 1is consistent with the
fact that the homogeneous form of the coupled interior/
exterior problem exhibits a non-trivial solution which 1is
unique to an arbitrary ajiirte, constant. The unique-
ness condition i1s therefore incorporated into equations (7,31)
by adding the real part of (7.33) to each of the equations
making up (7.31). The resulting system of linear equations is
solved by Gaussian elimination.

I"7en the aerofoil has a pointed trailing edge the
continuity conditions (7,28), (7,29) no longer apply. The
solution at the trailing edge is, however, given by (7.9)
and (7,10) whence

(7.35)

(7-36)

In this case a system of 4n-2 equations for the
remaining unknown nodal values of the sum and difference
of and ¢.sttj IS obtained from (7.24),
(7.25) by
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since

R N (7.40)

That the non-unicueness of the solution to the coupled
interior/exterior problem has been eliminated by the use of
(7.35), (7.36) leads to the conclusion that the system of
ecuations (7.39) will be non-singular. A solution to (7.39)

can therefore be obtained by Gaussiaoit elimination.
Once *! and have been obtained from (7.39) and

(7 .AQ) respectively, the evaluation of the nodal Vv*alues of
and IS again a trivial matter.



J7.5) Example Of A Coupled Problem For An Isolated
Aerofoil

Consider the problem of finding the boundary
tangential derivatives of both the warping function and
velocity potential of a region which disturbs a uniform
stream. In order that comparisons with a known solution
can be made, let the region under consideration be bounded
by the ellipse

+ 4 =1

and take the flow for upstream to have unit velocity and
be directed in the positive x-direction, 1i1.e, take cr - 1,
Further, let there be no circulation about the region.

The warping function for an elliptic region has already
been used in the examples of Chapter 6 (see 76.6,1)), The
velocity potential for the flow described above can be
found by conformal mapping and is given by Milne-Thomson

120, p-16?3 . These solu“tions have been used to provide
the values of the required tangential derivatives
and N given in Table 7-1, The co-ordinates

and of the tabulation points were

obtained by writing

= CoSO

and taking twenty nodes at equal increments of the
eccentric angle O.

An 1mplementation of the i1solated aerofoil version of
the numerical method given In ~7,4) has been applied to
the problem under consideration. The nodes required by
the method were positioned at the tabulation points used
in Table 7-1 and are shown i1n Figure 7-1, The results
obtained using this idealisation are given in Table 7-2 »
where DPESN, SUM and DIF denote
and respectively.

Comparing the two solutions of the interior problem
which are given in Tables 7-1 and 7-2 one observes that
the only differences between the two solutions occur in
the last two places of decimals. As In | 6.5.1), this
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level of agreement should be expected since the warping
function for the region under consideration is the real
part of a function which is quadratic 1In ]

Further examination of Tables 7-1 & 7-2 reveals a
much Blower level of agreement between the solutions given
for the exterior problem. However, considerable improve-
ment in the numerical results for the exterior problem
has been obtained by taking twice as many nodes iIn the
idealisation. Figure 7-2 shows the i1dealisation obtained
by using forty nodes at equal increments of eccentric
angle B to generate the x-y co-ordinates of the nodes.

The fTull set of results corresponding to this new
idealisation is given i1n Table 7-3.

A comparison between the known solution for the
exterior problem and the corresponding numerical solutions
IS given in Table 7-4. In this table attention 1is
restricted to that part of the boundary lying iIn the first
quadrant (i.e. X, y *0 ). The table shows that, excluding
the error at the stagnation point, the 40 node idealisation
reduces the maximum relative error from more than 147gh% to
less than 1. Note that both i1dealisations produce a
relative error of less than 0.1% at the point where maximum
flow speed occurs (i.e. at x =0, y = 0,5),

N 7.6) Example OF A Coupled Problem For A Cascade Aerofoil
Use of the cascade version of the numerical method
described In £7.4) can be demonstrated by considering the
interior problem of £7.5) and taking the exterior problem

as one 1In which both the upstream flow speed and the
circulation are set to zero. The solution of this exterior
problem i1s just N while the solution of the
interior problem is the boundary tangential derivative of
the warping function appropriate to the region bounded by
the ellipse

- +N3- =1

A tabulation of this derivative at a number of points on
the ellipse has already been given in Table 7-1.
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Numerical solutions making use of the twenty node
idealisation shown in Figure 7-1 were obtained for the four
values of pitch 3.0, 2.5, 2.0 and 1.5. Full sets of results
for these four values of pitch are given i1n Tables 7-5 to
7-8 respectively. Comparison of these tables with Table 7-1
shows quite clearly that the nodal approximations to
get considerably worse as the pitch decreases. The tables
also show that the accuracy of the nodal approximations to
the solution also decreases with decreasing
pitch.

A further feature of the results is the manner 1in
which the symmetry iIn the known solution to the iInterior
problem i1s (to some extent) lost In the approximate
solutions. Indeed, examination of Table 7-2 shows that this
iIs also the case for the isolated aerofoil problem
considered 1n § 7.5). It is thought that these features
are due to the assumption that the coefficient matrix T -A
In equation (7.33) 1is singular rather than i1ll-conditioned.

Experience (e.g. comparison between Tables 7-2 & 7-3
and Tables 7-8 & 7-9) has shown that the "drift" from
symmetric answers 1s reduced as the idealisation_ improves.
This implies that the assumption of singular I-A becomes
more reasonable as the problem becomes more detailed. Also,
the effect of pitch on the accuracy of solutions diminishes
as the problem specification improves. This i1s clearly
demonstrated by the results given iIn Table 7-9 which were
obtained using the forty node i1dealisation of Figure 7-2
and a pitch of 1.5 - the pitch which gave the worst set of
results when the twenty node idealisation was used.

It would appear that the idealisation of a specified
contour iIs i1nadequate whenever changes in pitch have an
effect on the numerical solution of an interior problem
defined on the region lying within the contour.
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Chapter 8

THE USE OF THE COMPLEX FORMS OF GREEN’S THEOREM

IN PLANE ELASTOSTATICS
~ 8,1) Introduction

This chapter describes tlie work of the author on the
solution of plane problems iIn elastostatics by boundary
intearal technioues obtainable from tne complex xorms of
Green’s theorem. These technioues are a.pplicable to eitner
prescribed boundary traction or prescribed boundary dis-
placement problems but do not appear to be suited to nixed
problems in which both types of boundary condition occur.

In an engineering environment frequently occurring
plane problems, such as the stressing of turbomachxnery
blade roots, usually do have mixed boundary conditions.

The 1nability to model this type of problem by the integral
ecuations obtained below has meant that uheir numerical
solution has only been of limited interest. Because of
this, only the results obtained from the numerical solution
of a simple, atypical problem are given.

It should be noted that one of the iIntegral equations
dOrived below has been given by Muskhelishvili who obtained
it In a different way j[I6, pp, 408-4183 =

The limited application of the techniques described in
this chapter does not imply "that boundary integral techniques
which are more generally applicable do not exist. On the
contrary, a boundary integral technique which has proved
successful iIn turbomachinery applications ”e,g, 2, 3, Sj
Is the technique based on the two dimensional form of
Somigliana’s identities ™5, p,losy , However, this
technique fTalls outside the scope of this thesis since
the governing integral equations are not readily cast iInto
a complex variables form,

I 8.2) Complex Potentials In Plane Elastostatics

It 1s "ell known In the mathematical theory of
elasticity [e.g. 16, 34] that the stresses and dis-
placements of a homogeneous, isotropic elastic body, In a
state of either plane stress or plane strain, can be
written In terms of tiw unrelated complex potentials ~C5)
and In the standard notation for stresses and
displacements which is used by Timoshenko [49, pp,3-123 >
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the appropriate relations at a poin" are

a-" 2 I'"r C™> + ~rO-"Ms (®-

- orn = 2 + </"rOD)1 (8-3)

for plane strain problems

for plane stress problems,

V. = Poisson’s ratio
and the suffix T denotes differentiation with respect to
the complex variable Ir ,
For displacement type boundary conditions equations
(8.1) specify sufficient boundary conditions for the

determination of case of traction

boundary conditions, Vviz.

"He - cora F ~>"3 SN

where the orientation of the axes and giare as shov/*n an
Figure 8-1, two relations can be obtained either of which
is sufficient for the determination of <) and V~0).

For each of the contours bounding the elastic body R,
the recuired boundary relations at a boundary point

are given by Sokolnikoff £34, pp-269-zTsJ as
i) -n - iTi = W, r) FA CIJ - Al-w  + )

here and (@ are the tractions 1in the normal ano

angential directions 1illustrated in Figure 8-1

N CcCs)> 3«ds +

+ 9" (V (8.5)
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where is the Airy stress function for the problenm
[4, pp- 204-207] and *x is an arbitrary point on the contour
under consideration.

The constant appearing in (8.5) above 1is, 1iIn general,
comolex a,nd must be determined m such a.\jﬁy;JBL ohe dis-
placements and stresses are both single valued and
continuous in R. It may be observed from (8,5) thc.c, 1in the
case when R is simply connected, statical ecuilibrium alloi/s
the constant to be assigned 4n arbitrary/ value (usually

Zero).

When a problem 1is specified by mixed boundary conditions,

the boundary conditions on and yU'D may be
obtained from some combination of (8,1) and (8.4), It
should be noted that (8.5) cannot be used for this type of
problem because of the integration it requires. This mixed
problem will not be considered further, details of its
solution by a complex variables super—- position tecnnique
can be found elsewhere Cs501 .
~ 8.3) The Multi-Valued Nature Of The Complex Potentials
Muskhelishvili has shov.Ti fl16, pp, 120-1293 that if R 1is
a Finite multioly connected region bounded externally by
the contour and by interior contours OQOjc CK"* J,...,

and if the stresses and displacements are single valued

in R, then 43“) and V"C» can be written as

X"t  K»
£ + (8.7
2ir O + k ;
Here resultant vector of external
forces applied to the contour Ck , is an arbitrary

point i1n the region bounded externally by C k>
functions Cj) , are (single valued) regulear
functions in R.

Muskhelishvili also shows that 1f R is an infinite
region bounded by the contours Cx C k- » ana
if the stress comoonents are bounded in the neighbourhood
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C 8,") Integral £cuations For and

Consider first the typical region R which rs shov-n 1in

Figure 8-1. This region is simply connected and 1i1s bounded
by the simple closed curve -which comprises of
i) the bounding contour C

ii) a snail circle ir, with centre W and radius fc

, which
Oxcludes the po5.nt "W from R.
iii) cross cuts AB and DE which connect Cr to C e
Let T(T) denote the function obtained from
- K (8.10)

where 1<.=1 for problems v;ith traction boundary concitions

(8.5) and]<=-Kfor problems with displacement boundary
conditions (8.1).
With '4—(h given by (8.10), the ~unction
defined by
= B>L
- W
is continuous and differentiable 1in R U >R

An application the complex forms of Green®s theorem to

the Tfunction gives
C = -21 U Ji11u
o Tr—W
or, from (8.10),
AN~ 21 CC 5k @-11)
/\

Provided that the cross-cuts A3 and DE give the branch cuts

xvhich are required 1f the Tfunction XEAQGJN) is to be single

valued 1in R, the complex forms of Green®s theorems can be

applied to the right hand side of (8.11). Thus (8.11) may

be xvritten as
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or, if the function is made single valued in

R by talcing the branch cuts required by

af(v ¢1 = () 4 I3
:j—W
2 Kk or ibjji-wjd'sS ~ k r<”0)i6g(5-w)J5" (8.12)

\d «

When t?ie gap betiveen the cross-cuts 1is closed and
the radius of N shrinks to zero, i,e.

readilv sho”vn that

2°TTc-fA~ a\
% - W

XTrl w cficiw) 4 C Ao
m5-w

\ C-

8.13
N Cow ( )

Because the analysis required in obtaining tnxs last
expression i1s analogous to that given iIn Chapters 2 and 5
its details have been omitted. Further, an interpretation

of the constant 1i1s given iIn Chapter 5, , _
Similarly, when w tends to a point on the boundary c

from iInside R, 1t may be shown that, ¥for Holder continuous

and (]r)fz

fcw) + -1. r <> Cort
iri O Tr- W
=W i C 2 K )
A m J 5 W
C
K f di -2k GINBYcji>wd> 619
g, J. \
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earals are interpreted iIn their Cauchy

eauation (8.14) n™May be written as

i(vw) * -i1-
) irL > - W mJ-W

_2J< r Ji
It \ ---- (8.1%)

wTien the appropriate boundary values of JfCBAEre
substituted into (8.15) a coupled pair of real 1iIntegral
equations of the TfTirst kind for the determination of T3 W
can be obtained by separating (8.15) into its real and
imaginary parts. This coupled pair of iIntegral equations
does not appear to have an earlier citation.

Eauation (8.15) can also be used in the derivation of
a coupled pair of real integral equations for the determin-

ation of . The required complex equation is obtained

by noting that

A oAFct) PN ITr-VA A~ /oj h-wl
m L _C
T
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and

~ L r woj
W i o\
C 1
S P Yol B2l S | FM
NTEri 3 wL .\ 1
A C
J 1-w
mj-w
HOnce (8.15) MY t0© writ con as
X(w) * = -fFiiN_ii_=
“n f vi o J 1

(8.16)

The i1nterpretation of this last equation iIs awtavard because
of the tem, involving . Hov.ever, (8.16)

can be simplified by writing

2 C d [wil's=""1] = -~ 1
e J
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e P

H‘ 1}

whencs (8.16) bsconiGS

Uw) ~J- T

— Kitiwe +JL (

In contrast with (8.15), (8.17) may be considered as a 2nd

kind integral equation.
The complex conjugate of equation (8.17) 1is given in

a slightly different form by Muskhelishvili
T 16, pp- 403-418] viho effectively

K<NCv/"> - K.
- J T -W~

to the right hand side of (8.17) and obtains the complex

conjugate of

+ 1 [ Ji < -k_
T J i-w "Tic

C
_J_r ¢fSd

The coupled pair of real integral equations for the
determination of on C, which is obtained by
separating (8.18) into 1ts real and 1maginary parts, has

been studied iIn detail by several authors [e.g. 17,
pp-248-250] . These authors demonstrate that the Fredholm

theory can be applied to (8.18) whenever the angle between
the normal to C and the positive real direction (i.e. the
angle oi(\), >0 C ) is Holder continuous.

It may be shoivn by substitution that the

homogeneous form ox (8.1G), 1.e.



—h

2. K ded?) -
&BC"> =0
has the solution
Ne (19 L% (8-19)
Vhere /3 and T are arbitrary real constants. The

constant S is also real and arbitrary unless X on 1 v:;hen

That has the only form that solutions to tne

homogeneous equation can take follov."S from the fact that

it (8.1S) 1is homogeneous then

f(CS_ —= 0 w d C

This identity requires that for all 'S- € the

condition

be satisfied. Using (8.10) this condition raay be

written as

v/nence (8,19) and the required result fTollow.

For the case K=1 an 1integral equation with a

unique solution nay be obtained by noting that at some

point in R, t say, the function tXI§ and the 1imaginary

part of niay be assigned arbitrary values wi"-hou.
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there being any effect on the stress distribution. The

assignment of these arbitrary values v:ill, hov:ever, affec"®

the displacements as given by (8.1).

Let
so that
(8.20)
+
and
= = 0 (8.21)
Tt YN L)
These expressions for and X-, may be
added to (8.13) v;hence the 1i1ntegral equation
-PW> 4 L F F
T Oc
= 2 i f  f[e"3IN5]
L C d -- [
J.
(8.22)
is obtained. For suitably smooth C this equation may, as

in the case of (8.18), be considered as a 2nd kind Fredholm

equation for .
That the solution of (8.22) 1is unique 1is readily shovm

by considering the homogeneous form of (8.22). Substitution
shows that this equation 1i1s also satisfied by (8.19) but in

this instance (8.20) and (8.21) show that
N0
An application of the Fredholm theory yields the required

resul t.

183



Clearly, the above cominents relating to tne solution

Of (8.18) cnn be applied 1o the solution of the equivalent

equation (8.17),
In the case of (8.15),

mT J.
«A_.CW >- ¢y _ 1 C <~ W
N—yv™ tri

there 1s no equivalent to the Fredholm theory. However,

one may draw a number of conclusions from the above

treatment of (8.13). First, the homogeneous form of (8,15)

has a non-trivial solution of the form
AN (t) = NS
where S is an arbitrary real constant.

Any solution to

(8,15) v;ill therefore be given to within an arbitrary

imaginary constant. Secondly, 1if for some point -t6 R we

se

then (8,15) may be written as

X(W) 4 i- (

3.
_jr ~ch >y - L[VG)Ha ‘IS
-trlj ~
j_ [ PgCY L CACt) (8.23)
tri 1 -V"-t irl 4. ‘1 -*

As with the homogeneous form of (8.22), the homogeneous form
of (8.23) has only the trivial solution sc that any solution
of (8.23) will be unique. Thirdly, the previously given
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whence

since ~Ci"> 1is regular In R. The right hand side of
this last expression may be integrated by parts to gave

LTe f + > - C o> r

C

and, since > VO0) iIs single valued on C,

The right hand side of the above expression 1is purely
imaginary whence (8,25) 1is obtained.
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(8.25)
vhere t Is some point in R at which the value

IS assigned. As In the case o.f (8.22), the solution of
(8.26) will be unique.

SO far only simply connected regions have oeen
considered. Integral equations similar to (8.1:?), (8-.17)
and (8.18) can also be obtained v/hen the region is multiply
connected.

Consider a problem where traction type boundary
conditions are applied to a multiply connected region R
which is bounded on the outside by C. and has the rm internal
boundaries C, 1 _...... ~or this problem the boundary

conditions on the contour Cj ( =0,...,m) may oe -wri-ten

as

.U.

where T# is a constant particular to the contour Cj and

L= Is an afbitrary point to lie on Using (8.5)
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these boundary conditions nay be \\;rmtu.en as
LILC)

or, on using the multivalued nature of and
given in ~ 8,3),

fC%) _ N\ ('8,27)
vrhere
r() =fw -
i | i<? [[R¥ .- (8.28)
2irC§-ﬁ_ _|a" ~ J

The functions f*ik), are

regular for + In rR and defined by (8,6), (8.7).
For an appropriate choice”™of branch for the function
1oa U-T-3;) the function

iIs single valued on each
of the contours . This result

iIs readily obtained by
observing that during a circuit In the positive direction

of each of the contour Cj 1jJ-1,....,« the function -F(f>
takes on an increment of

"* hile the term.

2110 4]

decrements by the sane amount. That -

iIs srngle
valued on

iIs obtained from observing that the resultant
vector of all external forces acting on C*
zero 1T statical equilibrium i1s to be satisfied.

For the above traction problem the resultant vectors
of the external forces applied to each of the intema.,

boundaries are kov.T-1 from the boundary conditions.
function

constants

1the
IS therefore given apart from the
xvhich must be determined
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for > and

i+
Friw) + L1 Wt
5»"@) + 1S\ _jo2 i S+
(8.30)
for <*(?) . For a traction problem equations (8.29) and

(8.30) are clearly the multiply connected region counter-
parts of (8.13) and (8.17), these equations having K=1
substituted.

The comments relating to uniqueness of solution an
necessary modifications to the equations tvhich v.ere made In
respect of @-ro')and (5 }7/\ - I'gith K=1"cs.n be carriec
over to equations (8.%\ érr]]% (%-30’9' These corments v;ill

not be repeated here.
Although (8.29) 1i1s a first kind equation it v.-ald

appear to be more useful for multiply connected regions”tnan
(8-30). This usefulness is illustrated by the faci
v/hereas there would appear W e o Fmréhtf a™."ard manner

in Vhich the constan?¥ b tdh 88 dei;\ermined_ ~/hen (8,3v-7) s
applied, the requirement f/;_i-’_\ii- B Q(Fe) §.§<ngle valued on
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each of the COnitours C} enables the condition;

cf* ™) J? - o *j > (8.31)

to be specified as auxilliary conditions v;hich the solution
must satisfy. VJith these auxilliary conditions”~soecified
the constanxs X) together ~vith the function W niay be
obtained by considering the system (8.39), (3.31).viz.

mnm 1.0}
CJ
T 10 O . in. 0
s}
" |
Note that the constant can (and has) oeen set lo

Zero.

X\s Iin the case of the corresponding equation Tfor a
simply connected region, any solution
system may be expected to be unique to v/ithin an arbitrary,
additive, imaginary constant,

Vdhen the multiply connected region A has displacement
boundary conditions specified the problem can again be

solved by suitably modifying the boundary conditions

fci) =-(a-KL
Using (8.1) these boundary conditions may be vjritten as

426 ) I t
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or, on u" ilislng the x-epressntations oive®. In g 8.3),

= -J« A J
ehero
> N\ /\g
AT0 k) F fj
(3.33)
ir
and are the boundary values Of
those functions, regular 1In R, vinxch are defined (3.6),
(3.7).

As in the case of a traction problen, where the conplex
constants ~ had to be deterniined, the displacement proolen

formulated in terms of (8.32), (8.33) reruires the deter-
IrSEtion of the real constants

displacement problem defined on the multiply connected

-.0X C

region R the equations analogous to (8.5) and (8.17) are

readilv shov.-n to be

»H

L jlto > - W

b -
Ml vs-wodt+ gy gt (S-38)
g%u xv*%i

=N E—'OJci - W

and

"Ci

- - (8.39)
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respectivel-g. .-.gain, w.@% (P rakher than (8.35) rs
used, the deterr;iination of the constants N N

presents no great probleu since the condit:.on (8.21) can

once ncre be utilised. Any solution of the systen (3.24),

(8.31) nay be e::nected to be unirue.

Problems defined on infinite regions can be treated in

an entirely analogous manner by considering the complex

potentials definedby (8.3), (8.9). For

such problems the required equations nay oe ootainec. ¢ty

taking Ce to be a circle of radius and letting tend

to Iinfinity. Note that condition (8.31) holds on all
internal bounda.ries.

-.8.5) of Problems Via Integral Eouations For

The solution of both traction and displacernent problems

in tv;o dimensional elastostatics by the first kind integral

equations given 1in the preceding section 1is straichtfor-jard.

For this reason only an outline of the necessary procedures

Vvdll be given here. As mentioned 1in | 3-1), these procedures

do not appear to be applicable to problems v;ith mixed
boundary conditions of the type commonly occurring in
turbonachinery applications.

Let the boundery conditions for a problem be given by
either (8.28) or (8.32). Boundary conditions

can be used to define problems on

p(

in these forns

simply connected regions by

omitting the terms 1involving ana

With these boundary conditions defined, the boundary

values of the function can be obtained by solving

the ecue.tion

w3\ f
i

SwW Mr -2j<i ~*(7)
i J i

where

1 for <
K r
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v:hen the region
anc csnotGG

_ - . i : In the case of a
Inder consideration is pulti.oly connected.
traction problem equation (8,25) should be modified 1in such

a v:av that

at soit.2 interior point +. The manner 1iIn -i-.ich this modifi-

cation nay oe carried out 1iIs given 1in I 8,-".) for a simply

connected region, the modification required for a multiply

connected region nay be obtained in a similar fashion on

noting frora (8,6) that

N - - » vV \ < N
Further for a multipl}”™ connected region the m condition;

v=1t, ..... WM (8-37)

must be adjoined to equation _(8,36) so that tne unfvnovrn
mi _.{ may allEd \HQ determined.
cons tants ( »j 0% wx &J Fi/\ ) may

Once a solution to the system of integral eouti .Y

been obtained by some means (a numerical solution 1is given ”n

8§8,6) the boundary values of the regular function

ma”T be obtained from the representation

QW7 tc-ri- = -JU { Al (8.38)
iLTri “c.
or, if more convenient, -V U'la integra-ion
W
@ .39)
70
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Tho boundary values of the Tfunction W**Os"> nay no"; be

evaluated using

ivhcre -P*(1) [ T3 by (8.23) for a traction problen or
bv (8.33) for a displacement problem.

At a ooint *t in a multiply connected region R the values
of the disnlacenents and stresses are readily found from
(8.1) to (8.3) since - by Cauchy’s integrals and (8,6),

@.7) -

- _ 6.0

2ir y—e€
8.41),

zirCi

tly (8.42),

2,irCi+vY) 3, +-'Y T--t-
(8.43).

n ZIl-C 0. S
The last exorsssion holds sines ts regula. _n R,

an alternative fTor.n for generating

—In>
2Tro +k> s, - D b-t)"

IN ths case v;hen the region is sinply connected the

deternination of the displacements and stresses iIs sons-inat

simplified since the terms invopvi.ng P h'é' P Ui

m;0 (8.d3) do not occur. The regular functions reuui-t;0 .3

(3.1) to (8.3) can therefore be evaluated at 't oy tne use of

Cauchy’s i1ntegrals.
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N 8.6) Numerical Solution of Integral Equation For

Because practical applications of the above techniques
appear to be somewhat Iimited, only the simple piece\.ise
constant” type of solution has been attempted.

As In previous chapters each of the m + 1 contours
bounding the region under consideration is divided iIn.o
(p=0,...,m) smooth iIntervals. The specification of smooth
intervals requires that nodes (interval end points) be

positioned at any corners. With this boundary idealisation

equation (8.36) may be written as

T *n(«)
“i bJ
If- A
. pro %- -
It éJ
=ye
where denotes an integration over the  th
interval of the contour Cp.

The approximation of the Poundary condition and
the unknown function CD) by func ionS Which are piecewise
constant over each of the intervals enables the above
equation to be approximated by

- &5
>- W
Ién i 0
-
JJ i I- I- _@3 > -UJ 1JI— (8-44)
71 -



where mP*"CTI
N 0)
r* C«_) ul a

A numerical solution to the problem can therefore be obtained

by choosing a point, say, iIn each of the

at xvhich and

intervals

are to take their

constant values and respectively. VJith the

chosen a system of linear equations for the unknowns
IS obtained by identifying w with each of the T,

Of course, the above system of equations 1is

in terms of

the complex unknowns and - A coupled system

of real equations for the real and i1maginary parts of the

Is readily obtained by equating the real and m1maginary
parts of (8.44).
The ancillary conditions (8.37), which are required for
the determination of any unknown constants appearing iIn the

N\ -
previously given expression fo® v / » Can be treated in

a similar manner. In fact, use of the piecewise constant

approximation to enables (8.37) to be written as the

la ecuations

Ay T ) m (S.45)
%-J 4

The system of equations resulting from adjoining (0.45)

to (8.44) can be solved by Gaussian Elimination, the unicuen.s

of solution depending on whether or not a traction problem 1is

under consideration. For the case when the solution i1Is not

unioue, the equations can be modified to yield a previously

specified solution at some interior point. The required

modifications are entirely analogous to those given iIn|”8,4).
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rA
V- - AY

The abov™e use of piecewise constant anproN* itlati<n)s
effectively reduces the problem to one of «inadrature.
However, the integrations required by (b.-J-1) (. cati all
be performed in closed form if each v-f the iIntf>\"al 77
is considered to comprise of two stra-"oht 1lino er(niknt?¥
joining the nodes at either end of to 1lu® jnTini
NB8.7) Example

As an example of the teclinique outline-f! ;hiove a
pressurised elliptic cavity which Ulies 1In an infinite rf _iiDti
will be considered. For convenience 1t will be assumed that
the prescribed pressure P is uniform ov< th«™ surface ™>F thr
cavity. A closed form solution to this Drotel«™™m, whi rh 1
based on the principles of conformal vrnap”jing, h.is hf"fn = ivr*n
by Muskhelishvili [16, p. St.s]

Following Muskhelishvili, let

h -2 0-D

X + cH

11
i e ]

;e the mapping of the region exterior tl<e unit circle

Ih I- ' onto the FEJION exterior to the ellij/se

a b and a.{._B by R and m respf-c “iver-ly, “r<

can be vir: tten as

(3) = R
ajrsa-. fur. Ob taired
i— a Ecursat function aooroor ate < Sy /A

r~ s-oul”~r G "SWEC

fi "F»
cr-it



The required solution of the problem under consideration

iIs, In the physical plane,

PLT) - D

mi» (2)

whence
= P Rm
RO--S:)
m (8.46)
where
Is ARM)VEN
2 R

T- *V~V’ - @ -
CL b

To obtain a numerical solution of this problem for the
case when ¢1=2, =1 and P = 1 the co-ordinates of the
elliptic boundary were written as

x.= 2 CS 9

y =r sinO0

with S € e The elliptic boundary was then
divided into N intervals, the co-ordinates of the interval
end points being obtained by letting the start of the first
interval lie at 9 =Z"Tt and then taking N equal decrements

of the eccentric angle O , Here the decrements A& were

given by &a&- ~»
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Referring to (8.44), the collocation points
were taken to lie at the points corresponding to
e= 21T - Cj + AO ; J= o0,... N-1
The problem under consideration was solved for three
values of N, viz. N = 20, 40 & 60. The nodes used in the
idealisation for the case N = 60 are shown iIn Figure 8-2.
Noting from (8.2) that the hydroistatic stress

(invariant) +C5- IS given by

o~ = 4 Re

the values of Re [ )] obtained from (8.46) are compared
with their numerical counterparts iIn Figure 3-3. Here the
abscissae are given In terms of the eccentric angle &  for

oA " . Use of problem symmetries preclude the
need to present results for Vz ~ 9 ™ Bit .

Despite the crudity of the approximations used iIn this
example. Figure 8-3 illustrates the level of agreement
between numerical and true values of which can be
obtained from using (8.44) and (8.45). Examination of the
Figure shows that for N = 60 the percentage error in the
approximation to ~ at the stress concentration is less

than . Clearly, this high level of agreement 1is partly

due to the simple geometry and loading considered.
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Chapter 9
CONCLUSION
~ 9,1) Introduction

The main conclusions which can be drawn from the material
presented iIn the first eight chapters of this thesis are
summarised in ”79,2) below. Here the opportunity has been
taken to highlight some of the exatmples considered earlier by
providing additional results.
€ 9.2) A Summary of Conclusions

A number of methods exist for performing stress and
vibration analyses of turbomachinery blading. One method
which 1s frequently used during the design of a blade is the
Beam Element Method. This method i1s essentially a Finite
Element Method ~52] in which the*elements are elastic beams
with assignable geometric and torsional properties. In most
practical cases the assignment of the torsional properties of
a beam i1nvolves the numerical determination of the beam*s
warping function, shear-centre co-ordinates, torsional stiff-
ness constant and warping stiffness constant. For design work,
the numerical determination of these four items ideally
requires techniques which are simple to use (even when the
geometry i1s complex) and produce acceptably accurate results.

Because of the need to i1dealise only the boundary of a
region rather than the region itself, numerical methods based
on a boundary integral approach do satisfy the need for
simplicity. The level of accuracy achieved during the solution
of a problem must depend on the suitability of the approxi-
mations used and how well a given i1dealisation defines the
problem.

As demonstrated by the references given throughout this
thesis, most of the published work on the use of boundary
integral techniques for the numerical solution of problems iIn
elasticity is given in terms of functions and integrals of
real variables. In order that the integrals at the heart of
any boundary integral technique can be performed, these
techniques usually require the geometry of the region under
consideration to be approximated, e.g. In two dimensions
geometries are often approximated by a series of straight lines
and/or circular arc segments.
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Throughout this thesis the author has demonstrated that
boundary integral techniques based on the complex variables
form of Green"s Theorem can be developed for two dimensional
problems, A feature of these techniques when applied to
problems which are essentially harmonic in character, 1i.e.
involve solutions of Laplace"s equation, is that the numerical
counterparts of these techniques make use of path i1ndependent
integrals. This has meant that, with the exception of ™ 8.6),
the author has been able to ignore the need for approximating
geometries. Further, the approximation of the behaviour of
functions over distinct elements of boundary by low order
polynomials (degree ~2) of a single complex variable has
enabled the author to evaluate all integrals using closed
formulae.

For problems defined on regions bounded by a finite
number of contours, the accuracy of solution obtained using
the numerical methods developed and presented in Chapters 2,
3, 5, 6 & 7 has depended solely on how well the above
polynomial approximations have performed. For the cascade
problems described in Chapters 4 & 7 the accuracy of solution
also depends on the truncation of a series expansion of the
kernel function CotTh™" ."'"A . Although no rigorous
analysis of the theoretical error bounds associated with the
approximations used has been performed, the results given
throughout this thesis do demonstrate the high level of
practical accuracy which can be achieved using methods based
on second order polynomial approximations.

Despite the lack of rigorous error analysis some
general comment on accuracy can be made about the solution
of torsion problems and the determination of torsional
properties. At the beginning of Chapter 6 the procedure to
be followed during the determination of a beam"s warping
function was outlined as:-

1) solve the integral equation for the boundary tangential
derivative of the warping function A
iI1) construct the boundary values of the first order
derivatives and
generate the regular function ) —+e VT CTJ using
the boundary integral representation derived In
Chapter 5,

1}
-
1}
o/
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The function yC™> 1Is the harmonic conjugate of
the warping function and is determined to within an
additive constant using the technique outlined above. As
mentioned in Chapter 6, the function Is termed the
torsion function and satisfies the Dirichlet type boundary
conditions

K

kp IS a constant particular to the pt” bounding
contour Cp and Té. Cp . Therefore, an indication of
the error i1In the solution of the torsion problem can be
obtained by subtracting "5 |TI from the numerical
approximation to the boundary values of v*Cé) , The
approximation to Is exact when the resulting
difference i1s constant on each of the boundary contours.

With regard to the determination of the torsional
properties of thin-walled beams using the methods described
In this thesis, the author has observed that the distance
between adjacent nodes on the contours bounding the region
of interest should be less than one half the local wall
thickness (c.f. the i1dealisation shown in Figure 6-7),
Experience has shown that results which are somewhat
Inaccurate may be obtained when this basic rule iIs not
followed. One consequence of the above observation is that
a beam whose cross-section exhibits a high ratio of arc length
to area may require the use of several hundred nodes before
the problem is adequately defined.

Some care should also be taken in the positioning of the
additional nodes required by the representation of the warping
stiffness constant for a multiply connected region. Again,
experience has shown that an additional node should be
positioned at (approximately) the centre of the largest
circle which can be inscribed iIn each of the cross-section*s
holes. With the additional nodes positioned iIn this manner,
the logarithmic terms iIn equation (6,21) vary much less
rapidly over the internal boundaries than they do when the
additional nodes are positioned elsewhere.

In practical situations corners are usually replaced by
blend radii. However, in order to strike a balance between
theory and practice, some discussion on the topic of the
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solution of Neumann problems defined on regions whose
boundary contours contain corners was iIncluded in

Chapters 2 & 3. The method of solution proposed by the
author for regions with re-entrant corners was illustrated

by the example of £3,11.2) where a simple problem with a
known solution was defined on an L-shaped region. In view
ofjhigh level of accuracy achieved In this example It iIs a
worthwhile exercise to consider the same region with the more
typical torsion type boundary conditions.

The dimensions of the L-shaped region considered were
shown i1n Figure 3-3 and are repeated In Figure 9-1, The
idealisations used were obtained by splitting each straight
line segment bounding the region into n/6 equal intervals and
positioning nodes at the ends of each interval. The
resulting idealisation for the N=60 case is shown 1iIn
Figure 9-2, N=120 and N=180 cases were also considered.

For a point on the bounding contour, the boundary
condition on the normal derivative of the warping function
was

C?> — y.aX — oc.sinu
where < 1s the argument of the outward drawn normal at T.

As discussed In £ 2.6) and £3,9), a singularity in
the boundary tangential derivative 72C”J may exist at the
point marked C in Figure 9-1, Taking r to be distance
measured from C then the singularity will have the form

Ac ~ where Ac 1s a constant indicating the 'strength'" of
the singularity at C. Approximations to the constant A<
which were obtained using the three cases of N mentioned
above are given in Table 9-1, At the time of writing the
author is unaware of any published results with which these
values of Ae can be compared. However, Kermanidis [loc.cit.]
does give approximations to the normalised maximum shear
stress

| [ 3cz )

on the segments AB and EA shown in Figure 9-1, Comparable
values of ~ using the methods described in this thesis are
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given i1n Table 9-2, That only maximum nodal values are

given In this table should be noted. Comparison of these
values with those given by Kermanidis shows differences of at
most 2%% of Kermanidis* values. From a Stress Engineering
point of view, the 2%% difference is negligible.

The basic numerical method developed in Chapter 3 for
determining nodal approximations to the boundary tangential
derivative of a harmonic function was extended to cascade
problems in Chapter 4. In this chapter attention was
focused on the flow about a vertical cascade of aerofoils
with cusped trailing edges. The results of the example

N 4.6) which were obtained without taking into account the
"effect of the cusp on the governing integral equation
produced significant errors. This was shown quite clearly by
Figures 4-4 & 4-6.

A more detailed examination of the flow model iIn the
vicinity of the cusp led to the iIntroduction of a pair of
coupled integral equations, viz, equations (4,30) & (4,31),
This pair of coupled equations took iInto account the proxi-
mity of an aerofoil*s suction surface to i1ts pressure surface
in the neighbourhood of the cusp. The need for equation
(4.31) was then eliminated by assuming that the speed of the
flow between a point A+ on the suction surface and the cusp
equalled the speed of the flow between a point A” on the
pressure surface and the cusp.

One problem associated with the use of the modified cusp
model which was not considered in Chapter 4 is the effect
which the choice of A+ and A" may have on the numerical
solutions obtained. Referring specifically to the example
of $4.6) and $4,8), Table 9-3 allows comparison between
true and approximate values of flow speed obtained for six
choices of A™ and A", The 1i1dealisation used to obtain these

results was of the type shown in Figure 4-12, 1.e. the nodes
lying between the cusp and the points A* & A” were omitted
from an N=240 i1dealisation. Further results for the six
choices of A* & A” considered are given in Table 9-4 where

approximations to exit speed, exit angle and the angle
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through which the flow is turned by the cascade are dis-
played, Examination of these results demonstrates that the
points A+ and A” do have optimum positions. For the example
considered™ the x-ordinates of these optimum positions lie 1In
the range 1,35 x 1,38, This i1s further i1llustrated by
Figure 9-3 where a plot of exit angle versus x-ordinate of
point A*' is given. Clearly, the choice of A+ and A” too
close to the cusp can have a significant effect on results.

The use of boundary integral techniques to couple
together interior and exterior Neumann problems defined on
solid aerofoil sections of conventional shape was considered
in Chapter 7, Here i1t was shown that solutions to both
interior and exterior problems defined on either i1solated or
cascade aerofoils could be obtained through consideration of
a single integral equation, A numerical solution of this
equation which made use of the approximations and integral
formulae developed in Chapters 3 & 4 was presented and
illustrated by two simple examples. In view of the attention
which the solution of harmonic problems by boundary integral
techniques has received (see extensive bibliography in f'Sj) .
it 1s In many ways remarkable that the simple coupling
described by the author does not appear to have received more”
attention elsewhere.

Some consideration to the problems of plane elasto-
statics, 1,e, plane stress and plane strain, was given 1In
Chapter 8, These problems are of considerable importance
when the design and lifing of turbomachinery components are
being undertaken. Using the complex variables forms of
Greens*s Theorem a boundary integral equation for the first
derivative of one of the Goursat functions was derived. In
common with other potential methods for the solution of
plane stress and plane strain problems, the derived equation
had a much simpler form than the iIntegral equations based on
Somigliana*s integral formulae.

The design and lifing of turbomachinery components
frequently involves the stressing of components with bound-
aries which are subjected to a mixture of known tractions cid
displacements. Unfortunately, the manner in which a
problem*s boundary conditions are incorporated into the free
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term of the integral equation derived iIn Chapter 8 precludes
the equation*s use for problems i1nvolving mixed boundary
conditions. For this reason the integral equation is of
limited practical interest.

At an early stage of these conclusions it was mentioned
that the level of accuracy achieved during the numerical
solution of a problem must depend on the suitability of the
approximations used. The suitability of low order polyno-
mials of a single complex variable to the numerical solution
of the range of problems considered by the author has been
demonstrated by the results presented throughout this thesis.
By way of contrast to the numerical methods developed in the
main text of this thesis, the author has also carried out a
preliminary investigation into the solution of flow problems
using a novel numerical method based on Milne-Thomson*s
Circle Theorem. The approximations required by this method
are developed i1n Appendix 1 where some numerical results
obtained for a simple problem are also given. To date the
author has had i1nsufficient experience with the method for
much general comment to be made. However, examination of the
results given iIn Appendix 1 does indicate that this novel
method will perform at least as well as the first order
polynomial approximations developed in ~3.4) and $3,6),

It seems likely that the method could provide a method of
analysing the flow past circular arc aerofoils which involves
the solution of small systems of linear equations.
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APPENDIX 1
A NUMERICAL METHOD BASED ON

MILNE-THOMSON*s CIRCLE THEOREM
~Al,1) Introduction

In chapters 3 and 4 the author was concerned with the
use of low order complexpolynomials in the solution of
problems with Neumann type boundary conditions. The approx-
imations used were such that valgﬁs of the potential
function* s normal derivative had to be given ejqilicitly.
Numerical techniques whereby the boundary values of the
no3nnal derivative are i1ncorporated into the solution technique
implicitly appear to have been ignored.

In order that this situation be (in some way) rectified,
the author has carried out a preliminary study on a technique
applicable to the analysis of the plaaie, potential flow of
an i1ncompressible, inviscid fluid past on isolated aerofoil.
This approach to flow problems makes use of the knovm
solution to the problem of an infin“ely long circular
cylinder disturbing a uniform stream.

An outline description of the aforementioned "implicit"”
numerical technique is given below. Some results obtained
by applying the technique to a simple example, viz. the
flow past on ellipse, are also given.

It would appear that the technique to be described
iIs applicable to aerofoils whose bounding contours consist
of (or can be approximated by) a series of circular arcs.

It does not appear to be directly applicable to more general
Neumann problems where the boundary vailues of the potentis].
function*s normal derivative may be non-zero,
~Al1,2) A numerical method based on Milne-Thomson*s circle
theorem

Let C denote the contour bounding some isolated aerofoil
which disturbs a uniform stream whose complex conjugate
velocity is given by » Following the analysis of chapter 2,
the complex conjugate velocity |[20,pl53) of the perturbed
f|0W, -rU) say, can be represented on C by

Al-1



AL.D
m)- 00

where 760, provided that ui does not lie at a '"comer™
or a cusp. Further, on the contour C, the tangential
component of the velocity vector, ~ say, can
be represented by

C
Al.2
ds (Al.2)
ir 5.-UJ
where denotes the argument of the outward drawn

normal to C at ai.
IT the contour C is assumed to comprise of a sequence

of circular arcs (Al,1) may be written as
= E N
T jJ2a8 " ™x* ui
where denotes an iIntegration (in the positive sense)

taken along the Jth circular arc.

The circular arc Xj is an arc of the contour bounding
a circular cylinder and i1f this cylinder i1s placed iIn the
uniform stream Xj (& -Xj)»» with a circulation Zir about
the cylinder, then the complex potential Wy(*2r) of the
disturbed flow iIs given by

W-C>) = Xj(l-zp 4 3 (] X | (ai.3)
- J

where ~Z’1s the centre and <9j the radius of the circle.
The complex conjugate velocity (b of this flow 1s
obtained from the relation

a>
and therefore

1.4



The approximate solution to (Al.2) is obtained by assuming

that the complex conjugate velocities and %} (™) behave
identically over the j'vh circular arc» The assumption that
the uniform stream iIs parallel to the x-axis, I1*e»
XJ 1s real, 1i1s ailso made.

For l; one may write
and 1f Tj , denotes the start and end points of
so that

Wit A " L

then, on noting that for 1I:
: OICThH)
B O I (A1.5)

where denotes the (signed) speed of the flow at
for Xj real i1t follows from (Al,4) that

= )xJ (e
L
Therefore
(e -e [/ +
(A1.6)
circular arc Xj
1-iCij) = - ZX1 > 21N
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and solving for Xj , yields

Xi = - 1S =) 2 (A1.7)
25p / — 5in B J

Xi - (A1.8)
Si

provided that s\ dvp) ~

1T IS the required approximation to
then from (AL.1) and (Al1.4) T"1TQU)> may be written as

X@ua) N 2<r ¢ JLy Ff 5x:fl-
Vi gi, 0 [ (y-"yi y-:"U-
or
S A C>. X+ (AL,9)
where
A,-Cw) - -L \ 5 | _cll
QJ
=-L V ,
Vv Jj C& Z3)("5-w)
Use of partial fractions allows and Avj
to be written as
[ 5 1
Ti OX; L1 y-
(A1.10)
fS-7Z3) J
and
=\ i__ (ALID
tr Ji; Iczi - uJX."i-Zj)
respectively,
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The 1")Cij/ are i1ntroduced intoequation (A1.9)
by substituting the expressions obtained earlier for X-

and , Vvizo (Ale?) and (AleS)®
Hence
A
2 a- + (Ale 12)
where
T — | Q)
Sji sn CP)- sn N
- aj sm JCj+1) Auj N (A1.13)
= — I C ej
(A1.14)
For a smooth profile the condition that the complex
conjugate velocity be continuous at all points on the
contour C requires that
whence (Al.12) may be written in the form
or, more conveniently,
n
= 2 o0- + (A1.15)

The equation relating the approximate (signed) speed

at the point on C, (<o) say, to the IS obtained
by applying the relation N
to equation (Al1.15). As i1n earlie:® denotes the

argument of the outward drawn normal atw. Equation (Al1.15)
can therefore be written as

uUC) =2c e O

N " S1,1(Lb) (A1.16)
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Applying (Al1.16) at each of the n arc points
and setting

CH) 1= . k= 1(Dh
the set of complex linear equations
KOO v
21€rch — CMNIC)
-ce N (A1.17)
IS obtained for the real unknowns e Consistent

with chapters 2, 3 and 4, values for these unknowns are
obtained by solving the real part of (Al.17).
Note that since

1*Clk) 1ISi<("fu)
e = Sue.

equations (Al.17) may be written as
21"rS™e

ISeCu N Vv C 7
" ke E (A1.18)

The comments made in chapter 3 about the singular
(or possibly i1ll-conditioned) nature of (Al.17) again
apply. As 1In that chapter, a unique solution of (Al1.17)
IS obtained by adjoining to these equations a suitable
approximation to the circulation /7.

An approximation to the circulation, H say, can
be obtained from the boundary approximation to CitJ
since r* may be written as

n = S _\ ~jCv) ds (AL1.19)
F" Jx.

Using the relation

X =~ wadh)
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and (Al,3), expression (Al1.19) may be written i1n the
form

On substituting (Alo7), (A1.8) for X3 and ™ respectively,
this last expression can be written iIn terms of the

Hence,
LZS;, U}N.-ZiXT-:-Zz~)  J Ls"sisii)- it 4
Si | J
and making use of the continuity of ~Chy yields
A~ - S + tj,,
where
_ =Jpi “ 1
+1 S [*W. — ZJ\Z (A1.20)
| 95-2573
-J
I <3;im i9j (%om) -Zjj? (A|,21)
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As 1n the case of equations (Alol7), only the real
parts of equations (Al*22) are considered when obtaining
a solution to a given problem«

IT the trailing edge i1s pointed, the continuity of
the velocity components (required if
the speed of the flow i1s to remain finite) leads to the
conclusion that the trailing edge i1s a stagnation point

loC,

The remaining can be obtained by writing
(Al1.22) as
Z 1e, e- » 5-KOK) - 1€. Est o -

and solving in the usual majiner«

When the trailing edge i1s cusped an additional equation
may again be obtained from the assumption that the speed
of the flow remains finite (and is single valued) at the
cusp« As 1In the case of the vertical cascade considered 1in
chapter 4, one further equation iIs required if there i1s to
be a unique solution to the specified problem.

When the trailing edge i1s cusped or pointed, the
approximation to the circulation may be written as

where the A;, BJ etc, are given by (A1.20) and (Al,21),
Clearly, © may be evaluated using the above expression
once the and have been determined.
With reference to the coefficients (Al,10) and (AL,ID),
i1t should be noted that these coefficients cam be evaluated
separately provided that and JJH These
integrations are similar to those required In chapter 3
and are not repeated here.
When the iIntegrations required by (AI.10) and (AL,ID)
cannot be performed separately the coefficients of the
types \Y 3,1 and ~ which
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occur In (Al1.17) and (Alo22), must be simplified» There
are three cases to be considered

since dT exists In the Riamann sense
X. T -Tng
attention can be restricted to terms involving
ta (h..)
i J-
Now
"G, (., T
df
(mz- 75..KT-2j,)" @i--- J3i-» @-zi,»
amd
which may be written as
Ci;..,)
Al Ci.,) =J
I .y T
> o> 35
2 BN
and
1vV.) =J-C. NN JI-
1. i(T—a, —a-L]-) a, (>->1)
Since
& a/—,)
> -T. = a- 7
Lotting
the coefficient simplifies to
Cl-) = -~ i T i =
2'r
r - N¢5u >.)]c
- B J
(A1.23)
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r ﬁfl e—Zii;«;)] ] I
il e .
* 5L _ 7 <Jt
and
AtiCW==-1-( &  —m———U ————-
tJc ﬂ'ij ?(z;—>;%a—zj;
Therefore
5,.:(W = . QJ = QJ r q_l - Zig/l\lj(ilsy)ICJI
Ztris, l ' CT-Zj) *S-Zj /.Zj -"Ji Jo
_ ¢T
1y s; ) |
where bj " SIPANCIN — SIA
Similarly 1t cam be shown that
5»>a;) = = { J—h:
Z'rris, -
_as- I «i- (Ji-_e _ T
Ci- 2a.-1] 4 J, mmJ
whence
SyO;;* s»,§.,) C i al - «JT a;
Zir. h) 7N ILNI-V Ji
i- 5 _ - ray..
-l\ﬂlm
c>" 15
Al.24
V. ( )
Since
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~ Al1.3) Example

Some verification of the numerical method described in
~Al.2) above has been achieved by considering the flow past
an elliptic body disturbing a uniform stream. In order that
a straightforward comparison could be made with both known and
numerical solutions to this problem, the elliptic body was
taken to be bounded by the ellipse

+4 =

while the flow far upstream was considered to have unit velocity
and to be directed iIn the positive x-direction, 1,e. o—= 1 was
taken. Further, 1t was assumed that there was no circulation
about the elliptic body. That this problem is just the

exterior problem considered in £7,5) should be noted.

The i1dealisation used to achieve a numerical solution was
that used In 87,5) and shown iIn Figure 7-1, More precisely,
the start and end points (hodes) of the arcs L1, ,,,In were
obtained by writing the boundary in the form,

e = cCcos B
Ir S\\ 9

and taking 20 nodes at equal iIncrements of the eccentric angle

Q , The centre of each of the arcs iIn the approximation was
obtained by finding the point of iIntersection of the bisector

of the line joining the nodes at either end of the arc with the
(ellipses) outward drawn normal to the node at the start of

the arc. All other parameters were based on these calculated
centres and the assumption that each circular arc was the shortest
route (along the appropriate circle) between the start and end
points of the arc.

Approximations to the required speed of the flow found
using the numerical method of 8A1,2) together with the
idealisation described above are given i1n Table Al-1, Here the
solutions obtained are compared with their true values
(c,f, £7,5.1) and corresponding tables) and a solution
obtained using the piecewise linear approximation of 83.4),
Results are given for nodes iIn the first quadrant (X,y:?0) only.
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Examination of Table Al-1 does show that, for this
the error obtained using the numerical method described
this appendix has much less variation over the boundary
does the solution obtained using the technique given In
N"3.4), At present there i1s insufficient experience in
use of the method described in ~Al.2) for more general
comment to be made.
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Figure 5-3

Figure 5-4

F-20



Figure 5-6

F-21



Fraure 5-7

F-22



al

Figure 6-1

Figure 6-2

F-23






8 8 # 9

10O

Fraure 6-4

Figure 6-5

F-25



1ci<nCSs 1

C.-Itc <L= 1s
raL™Nius C

antev™ Iimrtfliius Rz = > 't

Figure 6-6

F-26



F-27



Figure 7-1

Figure 7-2
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Figure 8-1

F-29



F-30



Figure 8*

F-31
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NOTES

D

Poisson’s ratio

11) Writing

o— = 0,3
the nodes for both boundaries lie on the

radial lines 6" -2TrCj-0//J3 ~
111) Q) 1s given in degrees rather than radians
iv) Soln.l IS solution by piecewise linear approximation
technique of
Soln.2 is solution by piecewise quadratic approximation
technique of "3.7)
_Circle 2 2 =1 Circle:
! gg¥$]0 Soln.1  soin,2 Soln,l SolIn.2
0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000  0.0000
-0.1859 -0.1861 -0.4549 -0.4634
18 -0.1896 -0.1891 -0.1904 -0.4741  -0.4694 -0,4754
-0.1894 -0.1895
0.0783 0,0655 -0.9721 -1.0230
36 0.0802 0.0792 0.0787 -1.0119 . 1.0021 -1.0144
0.0797 0.0798 -1.0076 -1.0128
0,8424 0.8695 -1.5195 -1.5524
54  0,8604 0,8566 0,8583 -1,5803  -1.5652 -1.5837
0.8582  0.8606 -1.5737 -1.5792
1.6889 1.7010 «1.9589 2.0540
72 1.7248 1.7158 1,7223 -2.0361 =2.0169 2.0401
1.7208  1.7241 «2.027/6 2.0375
2.0965 2.1112 -2.1290 2.1779
90 2.1000 2.0893 2.0974 -2,2125 «2,1917 2.1267
2.0953 2.1003 «2.2033 2.2111
Mean 0.0176 0.0386 Meain 0.0323 0.0126
Relative 0.0050 0.0047 Relative 0.0080 0.0019
Error 0.0024  o0.0010 Error 0.0035 0.0006



TR

Number of
Elements

30

60

90

Strength of
Singularity

1,0083

1.0008

1.0002

Relative
Error

0,0083

0.0008

0,0002






Co-orc inates Number of
Elements

X
y

2,0 0.0
2,0 0.1
2,0 0.2
2,0 0,3
2,0 0.4
2,0 0.5
2,0 0.6
2.0 0.7
2.0 0,8
2.0 0.9
2.0 1.0
on AB
Table 3-4;

V@) -

30
60
90
30
60
90
30
60
90
30
60
90
30
60
90
30
60
90
30
60
90
30
60
90
30
60
90
30
60
90
30
60
90

- sink (2 x-y) €05 (x ~ -3%)

App roximation
to VSCV

-0.0019
-0.0002
0.0000
0.2798
0.2728
0.2719
0.6153
0,6079
0.6072
1.0923
1.0859
1.0855
1,8203
1.8195
1.8194
2.9869
2,9752
2.9764
4_.7786
4,7986
48006
7,6783
7.6366
7.6436
11.8647
11.9442
11.9518
18.3702
18,2451
18.2680
27,0168
27.0168
27.0168

Analytic
Solution

0.0000

0.2716

0.6069

1.0853

1.8194

2.9761

4.8012

7.6423

11.9550

18.2641

27.0168

Test problem for an L-shaped region

Approximations to

@ —IE

Relative

Error

X

0.0302
0.0044
0.0011
0.0138
0.0016
0.0005
0.0064
0.0006
0.0002
0.0005
0.0001
0.0000
0.0036
0,0003
0.0001
0.0047
0.0005
0.0001
0.0047
0.0007
0.0002
0.0076
0,0009
0.0003
0,0058
0.0010
0.0002
0.0000
0.0000
0.0000



N Relative Error
40 0.8180 0.0184
60 0.8227 0.0127
80 0.8253 0.0096
120 0.8279 0.0065
True Value 0.8333 0]

Table 3-5; Flow Past A Joakowski Aerofoil 1
Approximations To Speed at Cusp

Relative Error

40 1.3674 0.0015

60 1.3695 0

80 1.3699 0.0003

120 1.3696 0.0001
True Value 1.3695 0

Table 3-6; Flow Past A Jotikowski Aerofoil 1
Approximations To Maximiim Speed

T-5



Speed at Cusp Max. Flow Speed Circulation

True Value 0.8207 2.0988 1.3093
Approximations 0.7927 2.1183 1.3152
Relative Error 0.0339 0.0093 0.0045

Table 3-7; Flow Past A Joukowski Aerofoil JT
Various Approximations When N=40



Speed at Cusp Max.Flow Speed Circulation

True Value 0.8207 2.0988 1.3093
Approximations 0.7927 2.1183 1.3152
Relative Error 0.0339 0.0093 0.0045

Table 3-7; Flow Past A Joukowski Aem-fm" 1 TT
Various Approximations When N=40
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number of nodes = 55 V;{Hg
max. speed on aerofoil 3,67860
exit speed 1.00173
exit angle (degrees) 3.366
inlet angle - exit angle 41,634
TABLE 4-2
number of nodes s 113 V;{Hg
max. speed on aerofoil 3.67860
exit speed 1.00173
exit angle (degrees) 3, 366
inlet angle - exit angle 41.634
TABLE 4-3

approx.

value
3, 58009
1.01691

10.468
34.532

relative

error
0.02678
0.01515
2,10992
0.17058

approx. relative

value
3.66273
1,00432
5,320

39,680

error
0.00431
0,00259
0, 58051
0,04693



Notos

1) Poisson"s ratio ~ 0.3
i) Writing '"S—/G" the nodes for both boundaries lio
on the radial lines N
i) g IS given iIn degrees rather than radians.
Circle: +y"=1.0 Circle; xX= yn=0.5
i Analytic  Approx. N Analytic Approx.
€) Soln. Soln. Soln. Soln .
-1.0961 20 -0.9733
0 -1.1000 -1.0996 40 -0.9813 -0.9805
-1.0999 60 -0.9810
-1.1316 20 -0.9359
18 -1.1370 -1.1366 40 -0.9446 -0.9439
-1.1368 60 -0.9444
-1.1663 20 -0,8224
36 -1.1694 -1.1691 40 -0.8288 -0.8282
-1.1693 60 -0.3286
-1.0279 20 -0.6195
54 -1.0313 -1.0310 40 -0.6249 -0.6244
-1.0312 60 -0.6247
-0.6182 20 -0.3357
72 -0.6194 -0.6193 40 -0.3382 -0.3379
-C.6194 60 -0.3381
0.0000 20 0,0000
90 0.0000 0.C«000 40 0.0000 0.0000
0.0000 60 0.0000
Mean = , 0.0027 20 Mean 0.0069
Relative 0.0002 40 Relative 0.0007
Error 0.0001 60 Error 0.0002

Table 5-.1; Flexure OF A Hollow Tube - Approximations to
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Outer Boundary:

20 node case

Xy
e
1.0000 O.
-9511 -1545
-8090 -2939
.5878 -4045
-3090 -4755
0. -5000

+ 4yN = 1

-.6000
-.4280
-.1299
-1077
.2519
.3000

Table

T-10

rcT) =

.2337 X 10-6 .2011
-.8817 x 10~ -1653

-.1427 - 7154 «
-.1427 —-.4435 «
-.8817 x 10-1 -.1381
.3356 x 10-6 -.1739
6-1

10-1
10-1



Inner Boundary:

20 node case

1C

-9000 0.
.8560
. 7281
-5290
.2781

-1391
.2645
.3614
-4280
-4500

4_j**

-5400
.3852
-1169
-.9695 X
-.2267
-.2700

Table 6-2

T-11

. B1

10-1

FCIr)=

-9015 x 10-6
-.7142 x 10-1
-.1156
-.1156
-.7141 x 10-1
.6479 x 10-6

-1441

-1151

-3915 x 10-1
5471 X 10-1
-.1306
-.1597



Outer Boundary:

40 node case

1.0000
.9877
-9511
-8910
-8090
.7071
.5878
-4540
-3090
,1564

.7822

.1545

.2270

.2939

.3536

-4045

.4455
.4755
.4438
-5000

X2 + 4y2 A~

-.6000
-.5508
-.4280
-.2772
-.1299
-1206
-1077
.-1918
.2519
.2880
-3000

Table 6-3

10-4

T-12

-1419
-4635
.8817
-1214
-1427
-1500
-1427
-1214
.8817
-4635
.2872

X 10-5
X 10-1
X 10-1

X 10-1
X 10-1
X 10-6

-1990
-1898
-1632
1217
.6942 X 10-1
-1148 X 10-1
.4646 X 10-1

-.9873 X 10-1
-.1402
-.1668
-.1760



Inner Boundary:

40 node case

-9000
-8889
-8560
.8019
. 7281
.6364
-5290
-4086
.2781
-1408

. 7040 «
-1391
.2043
.2645
.3182
.3641
-4010
-4280
.4445
-4500

10-1

££50 L%y
-5400
.4957
-3852
.2495
-1169
-.1145 «
-.9695 «
-.1726
-.2267
-.2592
-.2700

Table 6-4

T-13

10%'™»
10-1

-4416 X 10-6
-3755 x 10-1
.7142 x 10-1
-9830 x 10-1
-1156

-.1215
-1156
-9830 x 101
.7142 x 10-1
.3755 x 10-1
.1416 x 10-5

~c\:>

-1420
-1345
-1130
.7938 x 10-1
.3704 X 10"~

-9894 X 10'2
.5683 X 10-1
-9916 X 10-1
-1328
-1543
-1618



Nodes per
boundary

20
40
60

True Values

Nodes per
boundary -

20
40
60

True Values

Approximat ion
to

0.108142
0.108122
0.107975

= 0.108039

Table 6-5

Approximat ion
to

-.4331 x 10"
-.2109 X 10-4
-1616 X 10-5

Xc = 0.0

Table 6-6

T-14

Approximation
to
0,002757
0.002760
0.002760

= 0.002760

Approximation
to %
-.6391 x 10-5
-.9499 x 10-5
-.2209 X 10-5



Nodes per
boundary

28
56
84

Timoshenko

Roark

Property

Hie
Ts

"Tw

Approximation Approximation Approximation
to 15 to dc to tk
.29276 -.1274 X 10-2 .08492
.29616 -.3241 X 10-3 -08486
.29706 -.1061 X 10*“3 ,08492
.298 0. -08690
.296 -

Table 6-7
Approximation "Thin-wall"
Result
.2302 X 10“~ 0.
1.343 1.375
3.785 4.443
26.52 26.98
Table 6-8

T-15



Exterior Interior

1= TXGH-a Problem Problem
KO y 1sCf)

1,000000 -000000 -.000000 -.600000
, 951057 , 154508 -.817337 -.427965
-.809017 .293893 -1.235664 -.129925
.587785 -404508 -1.409855 .107703
.309017 -475528 -1,480589 ,251893
-000000 , 500000 -1.500000 -300000

-.309