Automatica 188 (2026) 112943

journal homepage: www.elsevier.com/locate/automatica

Contents lists available at ScienceDirect

Automatica

automatica

Technical communique

Static output-feedback control for uncertain systems under input N

saturation and persistent disturbance”

Marcio J. Lacerda®*, Marcia L.C. Peixoto”
@ School of Computing and Digital Media, London Metropolitan University, UK

Check for
updates

bJAMIH UMR CNRS 8201 and INSA Hauts-de-France, Université Polytechnique Hauts-de-France, France

ARTICLE INFO ABSTRACT

Article history:

Received 22 November 2024

Received in revised form 20 October 2025
Accepted 4 February 2026

Keywords:

Static output-feedback control
Uncertain systems

Linear matrix inequalities
Input saturation

This paper addresses the static output-feedback (SOF) control problem for discrete-time systems
subject simultaneously to input saturation, non-vanishing disturbances, and uncertainties described
in a polytopic form. Level sets of the Lyapunov function are used to characterize the estimation of the
domain of admissible initial states for the system and also to determine a region where the states of the
closed-loop system will be confined in the presence of persistent disturbance. The proposed design
conditions are formulated as Linear Matrix Inequalities (LMIs). Numerical experiments demonstrate
the effectiveness of the method in providing SOF controllers that ensure the states of the closed-loop
uncertain system are confined to a bounded region despite the presence of persistent disturbances.
© 2026 The Author(s). Published by Elsevier Ltd. This is an open access article under the CCBY license

(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The static output-feedback (SOF) control problem has received
considerable attention over recent decades (Sadabadi & Peau-
celle, 2016). Some methods impose a specific structure on the
output matrix and use equality constraints to derive design con-
ditions, which may lead to conservative results. This becomes
even more challenging when the system is uncertain, as the
structure imposed on precisely known systems will be stronger in
an uncertain domain. However, advances in robust control theory
have enabled the design of SOF gains using linear matrix inequal-
ities (LMIs) without using equality constraints and imposing a
particular structure on the output matrix (Agulhari et al., 2010;
Peixoto et al., 2021).

A persistent challenge in control is the presence of input
saturation, which can induce undesired dynamics and even un-
stable behavior if not addressed properly in the design phase. The
output-feedback control for discrete-time systems under input
saturation was addressed in Peixoto et al. (2022) that did not
account for external perturbations affecting the system. Some
strategies for output-feedback control design for continuous-time
systems under input saturation considered the presence of dis-
turbances belonging to the class of £, signals, and the presence
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of nonlinear rational systems (Lima et al., 2022). For discrete-
time systems under input saturation, similar considerations for
disturbances belonging to the class of £, signals were addressed
in Saifia et al. (2020) and Zheng and Wu (2008). However, the
design of SOF gains that simultaneously account for input satu-
ration, system uncertainties, and non-vanishing disturbances in
discrete-time systems remains unexplored. These factors intro-
duce strong, coupled nonlinearities that significantly complicate
the synthesis problem, rendering conventional linear design ap-
proaches inadequate and making the search for feasible controller
solutions particularly challenging. Even for state-feedback con-
trol, the method was recently discussed in Seuret and Tarbouriech
(2024).

This paper considers the SOF control design problem for
discrete-time systems with polytopic uncertainties, under in-
put saturation and non-vanishing disturbances. Differently, from
Seuret and Tarbouriech (2024), which designs state-feedback
controllers, the output-feedback control is tackled, and a sector
condition proposed in Nguyen et al. (2017) specially to tackle
the SOF control problem is employed. Moreover, the control
gain is recovered from a slack variable, instead of using the
Lyapunov matrix. This is of particular importance since the use
of the Lyapunov function to compute a robust gain for uncer-
tain systems prevents us from employing parameter-dependent
Lyapunov functions in the design conditions. The level sets of
the Lyapunov function will be used to characterize the estima-
tion of the domain of admissible initial states for the system.
Furthermore, as the system is under the influence of a non-
vanishing disturbance signal, the conditions will guarantee that
the closed-loop trajectories converge to a region that is a subset
of the domain of admissible initial states for the system. The
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objectives are to increase the set of admissible initial conditions
and decrease the size of the attractor where the closed-loop states
will be confined. The conditions are presented as parameter-
dependent LMIs that can be readily cast into finite conditions.
This work extends the state of the art by addressing, for the first
time, the simultaneous presence of input saturation, uncertain-
ties, and non-vanishing disturbances in discrete-time SOF control
design. The proposed method provides tractable LMI conditions
that ensure robustness and performance without imposing re-
strictive structural assumptions, thus broadening the applicability
of SOF control in practical uncertain systems. Numerical experi-
ments illustrate the efficiency of the SOF controller obtained with
the proposed method. Both precisely known systems and systems
under uncertainties will be considered in the examples.

Notation: N, is the set of natural numbers less than or equal to
m. Capital letters denote matrices, while lowercase letters denote
vectors. For a matrix X, X; denotes its jth row and X;; denotes
the entry in the ith row and jth column. For a vector x (xi), X;
(xx.;) denotes its ith entry (at time k). The symbol » stands for
symmetric blocks in matrices. trace(X) represents the sum of the
elements on the main diagonal of the matrix X, He(X) =X + X,
EW,B)={xeR", x"Wx < p~'} blkdiag(Xi, ..., Xy) is used
to represent a block diagonal matrix composed by the matrices
X1, Xn-

2. Problem formulation

Consider the following discrete-time uncertain system subject
to input saturation and persistent perturbation

X1 = A(o)xy + Blar)sat(ug) + wy,
Vi = Cla)Xe,
where x, € R™, u, € R™, w, € R™, and y, € R"™ represent
respectively the state, the control input, the disturbance, and the
output vectors of the system at a given time k.
The uncertain matrices belong to a polytopic domain parame-

terized by the vector of time-invariant parameters « € Ay, being
defined as

N
A(ax) B(a) A B
[C(a) 0 } =) [q 0] @ € Ay,

i=1

(1)

where Ay denotes the unit simplex with N vertices, that is
Ay = aeRN:ZLai:L @; > 0, i € Noy 1. The system is
perturbed by the unknown signal wy € R™ assumed to be

bounded but non-vanishing, leading to the following assumption,
also considered in Seuret and Tarbouriech (2024).

Assumption 1. The norm of the disturbance satisfies w,;r wi < A,
for a positive scalar A, for all k > 0. The set £2;, =
{we € R™,  w]wy < 1}, describes the region where the persis-
tent disturbance belongs.

Moreover, the control input is subject to the component-wise
saturation map sat(-) : R™ — R™ defined as

,4p), VI € Ny,

sat (ux,) = sign (uy) min (|ug

where 1, € R, with t; > 0, is the maximum allowed bound of the
Ith control input component due to the actuator saturation.

2.1. Problem definition

Consider the following SOF controller

Ug = LYk, (2)
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where £ € R™*™ js the control gain to be designed. The control
input is subject to a dead-zone nonlinearity, defined as ¥ (uy) =
uy, — sat(uy), which represents the difference between the applied
control signal and its saturated value. Taking this into account,
the resulting closed-loop system can be written as

X1 = Ala)x, — Bl )y (ug) + wg, (3)

with A(e) = A(e) + B(a)LC(e). The dead-zone nonlinearity can
be handled by employing the following lemma.

Lemma 1 (Nguyen et al, 2017). Consider the positive definite
diagonal matrix T € R™*™ and the matrix G € R™*™, Let the
set

Dy = {Xk e R™: ’(T71G)1Xk‘ < L_ll}. (4)
If X, € Dy, then for any u, € R™, one has

1p(uk)TT [uk_W(uk)_T_1GXk] > 0. (5)

The positive definite diagonal matrix T plays a crucial role in
the formulation. In particular, it appears both in the definition of
the set D, and in the cone-bounded sector condition (5), which is
used to characterize the dead-zone nonlinearity. Its presence in
both expressions is essential for enabling the linearization of the
problem.

The following problem is addressed in this paper:

(P) - When w # O, design a SOF controller as in (2) such
that the trajectories of the closed-loop system (3) initiated within
the set of admissible initial conditions given by the level set
E(P(a), 1) € D, will converge to the set &(P(«), ¢) € &(P(a), 1),
where the matrix P(e) > 0, and ¢ > 1, are design vari-
ables. In addition, optimization procedures will be introduced
to increase the estimation of the set of admissible initial con-
ditions £(P(«), 1), and minimize the region £&(P(«), ¢) where the
closed-loop trajectories will be confined.

3. Main results

Theorem 1. Given the scalars u € (0, 1), A > 0, and &, if there
exist parameter-dependent matrices X;(a), Xo(a) € R™ ™ X3(«) €
RW*M™ Xy(a) € R"*™, My(a), Ma(a) € R™*, M3(a) € RW*™,
Myla) € Rw*y X € Rw*Mu G ¢ RW*™ [ e R™*W  positive
definite matrix P(«) € R™*™, a diagonal matrix T € R™*™  and
a scalar 0 < k < 1 such that the following conditions hold for all
o € Ay

X+X" >0, (6)
[P(x) G/
r ﬁlz (ZTL[ . 1) >0, leNg,, (7)
(@11 P12 P13 Pus P15 Xi(a)
x Dy Pz Dy —Xp(a)Bla)  Xp(a)
* *x @33 D3y —X3(a)Bla) Xs(a)
* * * Dyq Dys Xy(a) | < 0, (8)
* * * * —2T 0
K
* * * * * ——1
L A
with

@11 = (u — 1) P() + He (My(e)C(a) + X1()A(at)) ,

@13 = —Xi(a) + Ale) ' Xao(e) " + Cla) Ma(a)',

@13 = EB(ar)L — My(a) + (X3(er)A(er) + M3(ar)Cle)) ",

@14 = —EB(0)X + X1()B(ar) + Ale) " Xa(e) " + C(at) " Ma(ex)",
@15 = —X(a)B(a) — G,

@y = Par) — Xo(a) — Xo(a)T,
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@33 = B(ar)L — Ma(ar) — X3(ax) ",

®ra = —B(ar)X + Xa(@)B(@) — Xa(e) ",
@33 = —M;s(a) — Ms(a)",

@34 = ELT + X3(0)B(e) — Ma(at)",
D44 = He (—EX + Xy4(@)B(@)) ,

Dgs =T — Xy4()B(a),

then, the SOF control gain that solves the problem (P) can be
computed as £ = X" 'L.

Proof. Since (8) is a strict inequality, if it holds, there exists a
small y > 0 such that
@ +y¥ <0, 9)

where ¥ = blkdiag (—P(«), 0,0, 0, 0, +1). Moreover, if 0 < u3 <
y, then (9) also ensures that

®+¥ <0, (10)

where ¥ = blkdiag (—,LL?,P(O{), 0,0,0,0, %1) By substituting ¢ =
k~1, the (6,6)-block of the matrix (10) becomes:

L ey Ay AR VG
A re re %

Define  := pq € (0,1) and pp = £ (] - %) Since y > 0is a
small scalar, it will guarantee that p, > 0.

Note that (6) ensures that matrix X is nonsingular. Consider
the following matrix (following Elimination Lemma arguments)

1 0 0

Ala) + B(a)£C(a) —Bla) 1

B C(a) 0 0
M= £C(a) 0 o0
0 I 0

0 0 I

Pre- and post-multiplying (10) by M T and M, respectively, yields

R(d) * *
[ S(a) BT ()P(a)B(a) — 2T * } <0, (11)
P(a)A(e) —P(a)B(a) P(a) — ol

where R(a) = (u1 — pus — 1P(a) + Ala) P(a)A(e), S(a) =
—B(a)"P(at)A(et) — G + TLC(a). Pre- and post-multiplying (11)
by [x, v(u)" w]]and its transpose, respectively, and using
V(xi) = x, P(ct)xi gives
V(Xkr1) — V() + (1 — w3) X, P(@)Xk — powy wi

+29 (i) " T [ue—yr(u)—T~'Gxe] < 0.
Using Lemma 1, and AV = V(x,.1) — V(xx) one has
AV + p,]x;P(ot)xk — uzwkka — /L3X,—(rp(0l)Xk < 0.

1

The choice for the parameters 1 and u, ensures that pe~' —
MU2X — 3 > 0. Note that

e
/w*]—%<l—y—)k—u3>0,
€ 2

implies y — u3 > 0.
Thus, we can rewrite

AV + 4 (kaP(a)xk — 87]) + w2 (k — wkka)
+us (1 —x¢ " Pla)xi) < O. (12)

Using the S-procedure arguments and the positivity of w1, uo,
and w3, condition (12) guarantees that AV < 0 for all (x, wy)
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satisfying

X Pla)xy <1, — xeé&P)1),
x;P(a)xk >e7l, = x¢&P(a)e),
wkka < A.

In other words, inequality (12) ensures that the Lyapunov
function decreases in the region between the two ellipsoids,
i.e.,, when the state is inside £(P(«), 1) but outside the attrac-
tor £&(P(a), €), under bounded disturbances. This implies that
trajectories starting in £(P(«), 1) are driven toward &(P(«), ¢€).

Since k < 1, one has ¢ > 1, and consequently £(P(«), &) C
E(P(a), 1). To show that £(P(«), €) is an invariant set, we now
analyze the behavior of V(xy) once the state has reached this
region. Using (12), we obtain

V(X)) < V(xi) — w1 (xg Plaxe — &™)

—ua (A — wkka) —p3(1- X" P(a)xi) -
From Assumption 1, A — w, wy > 0, hence
V(Xi1) < Vi) — o (Vi) — 7)) — s (1= V(xi)) -

This simplifies to

V(xk, wi) S.t.

V(1) < (1= pq 4+ u3)V(xe) + pie ™' — ps.

Considering the case where the state is already inside the attrac-
tor, i.e,, V(xx) < ¢!, we obtain

V1) < (1T— a4 pa)e™ 4+ e — ps,
or equivalently,
Vixeer) <e ' —ps(1—e7).

As 3 > 0and ¢ > 1, one has u3(1 —e~!) > 0, and it follows
that

V(X)) < &'

Hence, once the trajectories enter £(P(«), €), they remain inside
it, establishing that this ellipsoid is invariant. Together with the
previous argument showing AV < 0 outside £(P(«), €), this
proves convergence toward and invariance of the attractor set.
Finally, one can see that (T;;—1)? > 0, therefore, it follows that
T,?, > (2T, — 1). Based on this inequality, condition (7) implies

|:P(a) G’

% ﬁIZTl?l] Z 0, l € NSHIN o € AN- (13)

Using the Schur complement Lemma in (13) yields

1
Pl@)— =G/ G >0, Vle Ny, .
( ) ﬂlle?l (A <mny

Pre- and post-multiplying the last equation by ka and xy, respec-
tively, it follows that

uV(x) — X T, °G/ Gixee > 0.

Since V(x;) < 1, Vx, € &P(a), 1), it follows that (4) holds and
EP(a), ) CDy. MW

Remark 1. In this paper, the SOF control gain is recovered by
using slack variables, instead of using the Lyapunov matrix. It
allows the use of a parameter-dependent Lyapunov function that
will help to increase the set of admissible initial conditions for
the system. Moreover, unlike existing methods for SOF control
under input saturation such as (Peixoto et al., 2022), this method
addresses the presence of a bounded and persistent disturbance.

Remark 2. Once the scalars p, A and & are given, Theorem
1 presents a parameter-dependent LMI condition. In Section 4,
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the impact of these parameters on the condition is discussed.
The parameter-dependent LMI condition presented in Theorem
1 must be tested for all « € Ay. By imposing a particular
structure to the decision variables, for instance, affine or poly-
nomial dependence on the uncertain parameter «, a set of finite
LMI conditions can be obtained. Currently, existing computational
tools such as ROLMIP (Agulhari et al., 2019) parser can handle the
task of obtaining a finite set of LMIs by exploring the parameter-
dependent structure of the decision variables. In this paper, we
will focus on using affine structures for the parameter-dependent
matrices. The precisely known case can be considered by simply
removing the parameter dependency of all matrices in Theorem
1.

In addition to computing the SOF controller, two further objec-
tives are pursued. The first seeks to maximize the set of admis-
sible initial conditions, denoted as £(P(«), 1), while the second
aims to minimize the size of the attractor £(P(«), ¢), within which
the closed-loop trajectories will be constrained. The parameters
p1 and p; are used to weight the two objectives according to the
following optimization problem:

min  pix + p28

14
s.t. Theorem 1, trace(P(a))— B < 0. (14)

OP1 = {
The level set of the Lyapunov function given by Ly(u) = {x; €
R™ : x"P(a)x < 4~ '}, can be characterized by the intersection of
all ellipses in the uncertain domain: Ly(u) = mVaeAN E(P(a), ).
It has been shown in Jungers and Castelan (2011) that for linear
parameter-dependent matrices in the form of P(a) = ZL o;iP;
this problem can be equivalently addressed using a set of finite
conditions Ly(u) = [()i_;_ n&(Pi, u). This offline procedure
can be tackled numerically or by using a second optimization
problem. Given the matrices P(«) from the solution of OP1, find
an ellipsoid £(H) C £(P(«)) that satisfies:

min trace(H)

st. H—Pla)=>0. (15)

OPZE{

4. Numerical experiments

In the following examples, the purpose is to design SOF con-
trollers for systems subject to persistent perturbation and input
saturation. The precisely known case is considered in Example
1 whereas the uncertain case is explored in Example 2. In both
cases the following procedure has been used to define the distur-
bance. Let wo x = [sin(k) sin(k)lT . Each vector wyg is scaled to
satisfy the norm constraint [Jwg|5 < A:

wok, if [lworlla > VA,

Wk =y [|lwokll2

wo ks otherwise.
Example 1. Consider the following matrices for the discrete-time
linear system (1) adapted from (Seuret & Tarbouriech, 2024).

08 05 0
A:[—OA 1.2]’ B:[l]’ c=[0 1],

where # = 5. The optimization problem (14) was solved using
parameters p; = 1, p = 1073, with A set to 0.1 and 0.5, and
u values of 0.1, 0.3, and 0.6. A grid search over the parameter
& was conducted within the range [0, 1000] at intervals of 0.5.
The & value that minimized « and at the same time maximized
& was then selected. Table 1 presents the values of &, §, and
x obtained from the optimization problem. Fig. 1 depicts the
estimations of the region &(P, 1) (magenta line), the attractor
(red line), and the set D, (blue line) for each combination of
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A=0.5

8 6 -4 2 0 2 4 6 8 8 6 4 2 0 2 1 6 8
Ty kA

Fig. 1. Estimation of the initial condition region and the attractor obtained by
solving the optimization problem (14) for different values of A and pu.

Table 1

Parameters pu, A, &, k, and B.
A m 3 K B
0.1 0.1 1000 0.0620 0.0572
0.1 0.3 200 0.0300 0.0713
0.1 0.6 2.5 0.0408 0.2255
0.5 0.1 1000 0.3102 0.0572
0.5 0.3 50 0.1501 0.0732
0.5 0.6 2.5 0.2038 0.2258

(A, u). Furthermore, each sub-figure also depicts several time
simulations that are initialized at the boundary of &(P, 1), all
converging toward the attractor £(P, ¢). From Fig. 1, it is possible
to notice that as the noise magnitude A increases, the size of
the attractor also increases. Moreover, the approximation of the
region of admissible initial conditions £(P, 1) remains relatively
unchanged when A increases. Furthermore, Fig. 1 also shows that
the tuning parameter u significantly influences the size of the
obtained regions. For smaller values of w, the approximation of
the set of admissible initial conditions £(P, 1) is larger. However,
the attractors’ approximation is relatively poor because the tra-
jectories are in smaller region around the origin. On the other
hand, the optimization process yields a more accurate approxi-
mation of the attractor, though it significantly reduces the size
of the set of admissible initial conditions. This demonstrates that
the tuning parameter w is a balancing factor between optimizing
the estimations of the initial condition region and the attractor,
which cannot be achieved simultaneously.

Example 2. Consider the following matrices for the discrete-time
uncertain system (1):

1.1 —-03 1.2 05 1
A‘=[0 0.1 } A2=[—0‘5 0.1] B1=H’



M,J. Lacerda and M.L.C. Peixoto

Fig. 2. Estimated regions for the set of admissible initial conditions and for the
attractor.

Bzz[é:g], G=[1 0], G=[11 0],

where u = 2. The optimization problem (14) was solved using
parameters p; = 1 and p, = 1073, with A = 0.1, u = 0.2. A
grid search was conducted over the parameter £ within the range
[0, 2] at intervals of 0.1. The value & = 1.1, which maximized
&, was then selected. For this setup, we obtained the following
matrices:

p _|0-1439 00637] , _ [0.1690 0.0300
1=10.0637 0.1699|° "2~ [0.0300 0.0954 |’

L=-05637, T =0.7937, G=[-0.5811 —0.2367],

€ = 3.9939, « = 0.2504, and 8 = 0.3137. For comparison, by
solving the optimization problem (15), we obtained the matrix
H— 0.1763 0.0538

~10.0538 0.1729 |

Fig. 2 (top left) depicts the estimated regions £(P;, 1) (magenta
line) and &(P,, 1) (black line), the attractors £(Pq, ¢) (magenta
dashed line) and &(P,, ¢) (black dashed line), and the boundary
of D, (blue line). Fig. 2 (top right) shows the results obtained
for the intersection of the ellipses by using a numerical solution,
and the optimization problem (15). As we can see, the solution
from (15) is contained within the solution obtained numerically,
that is, &(H, 1) C (&(P1, 1)N&(Py,2)) C Dy. Furthermore, to
carry out the simulation, the uncertain parameter was selected
randomly. Fig. 2 (bottom left) presents the results of the OP with
the numerical solution for the intersection of the ellipses, while
Fig. 2 (bottom right) shows the solution of the OP; given in (15)
with several simulations, each initialized at the boundary of the
set of admissible initial conditions, (£(Py, 1) N &(P1,2)) C Dy,
E(H, 1) C Dy, respectively. As observed, all trajectories converge
toward the attractor regions, illustrating the effectiveness of the
proposed approach in handling uncertain systems.
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5. Conclusion

This paper has introduced conditions for designing output-
feedback controllers for uncertain discrete-time systems under
input saturation and persistent disturbances. The proposed ap-
proach has ensured that trajectories starting within the set of
admissible initial conditions will converge to an attractor defined
by a subset of the Lyapunov function where the system states
will remain confined. Optimization procedures have been pro-
posed to enlarge the region of admissible initial conditions and
to reduce the size of the attractor. Numerical examples have been
provided to show the effectiveness of the proposed methods. In
future work, data-driven solutions to the local SOF stabilization
of systems subject to input saturation will be investigated.
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