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Abstract
We generalise a family of quadrirational parametric Yang–Baxter (YB) maps
with 3× 3 Lax matrices by introducing additional essential parameters. These
maps preserve a prescribed Poisson structure which originates from the
Sklyanin bracket. We investigate various low-dimensional reductions of this
family, as well as degenerate limits with respect to the parameters that were
introduced. As a result, we derive several birational YB maps, and we dis-
cuss some of their integrability properties. This work is part of a more general
classification of YB maps admitting a strong 3× 3 Lax matrix with a linear
dependence on the spectral parameter.
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1. Introduction

1.1. Yang–Baxter (YB) maps and Lax matrices

In [8], the study of set-theoretical solutions to the YB equation [4, 28] was proposed, with such
solutions now known as YB maps. A map R : X ×X →X ×X , with X any set, is called a
YB map [6, 26] if it satisfies the set-theoretical YB equation

R12 ◦R13 ◦R23 = R23 ◦R13 ◦R12 . (1)

Rij, for i 6= j ∈ {1,2,3}, denotes the action of the map R on the i and j factors of X ×X ×X
and of the identity map on X on the remaining factor, i.e. R12 = R× idX where idX is the
identity map over X . While in general the set X can be any set, here we assume that it is
an algebraic variety over a field F of characteristic zero. A parametric YB map [26, 27] is
a YB map which depends on parameters a,b ∈ P ⊂ Fd, acting as R : (X ×P)× (X ×P)→
(X ×P)× (X ×P), with

R((x,a) ,(y,b)) = ((u(x,a,y,b) ,a) ,(v(x,a,y,b) ,b)) := (u,v) . (2)

We will refer to the parameters a,b ∈ P as YB parameters and denote such a YB map simply
by Ra,b : (x,y) 7→ (u,v), i.e. as a map from X ×X to itself. The YB maps that we consider
are all birational maps. We call a birational map (x,y)→ (u,v) quadrirational [2, 19] or non-
degenerate if both maps u(·,y) and v(x, ·) are birational isomorphisms of X to itself.

Of particular relevance are YB maps which arise from refactorisation problems of Lax
matrices. A matrix L depending on x ∈ X , a ∈ P and another parameter λ ∈ F, is called a Lax
matrix [25, 26] for a parametric YB map Ra,b : (x,y) 7→ (u,v), if

L(u,a,λ)L(v,b,λ) = L(y,b,λ)L(x,a,λ) . (3)

If the refactorisation problem (3) is equivalent to (u,v) = Ra,b(x,y), thenL is called strong Lax
matrix. The mapsRa,b obtained in this way are all birational but not necessarily quadrirational.
In addition, if the equation

L(x̂,a,λ)L(ŷ,b,λ)L(ẑ,c,λ) = L(x,a,λ)L(y,b,λ)L(z,c,λ) (4)

implies the unique solution x̂= x, ŷ= y, ẑ= z, then it follows that the map Ra,b is a YB map
[16].

Various YB maps and their generalisations in higher dimensions or over associative algeb-
ras (but not necessarily commutative) have been constructed recently, see [1, 5, 7, 10–13, 15,
18, 20] and references therein. In this work, we focus on refactorisation problems of 3× 3
Lax matrices. Starting from an 18-dimensional YB map, which we call principal paramet-
ric YB map, we derive lower-dimensional multi-parametric YB maps via several types of
reductions. The obtained maps admit invariant quantities (first-integrals) that Poisson com-
mute with respect to an r-matrix Poisson structure (Sklyanin bracket). After a degenerate limit
is considered, the resulting maps lose their quadrirationality and become birational. These
reduced birational maps can be thought of as vectorial and multi-parametric generalisations of
the Adler–Yamilov (AY) map which is related to the nonlinear Schrödinger equation [3].

1.2. Poisson YB maps with binomial Lax matrices

To construct multidimensional YB maps it is very natural to study the solutions of the refact-
orisation problem,

L(U,a,λ)L(V,b,λ) = L(Y,b,λ)L(X,a,λ) (5)

2



J. Phys. A: Math. Theor. 58 (2025) 205202 P Adamopoulou et al

with respect to U and V and with Lax matrices L(X,a,λ) which are first degree polynomials
in the spectral parameter λ,

L(X,a,λ) = X−λKa. (6)

Here, X,Y,U,V are generic elements in gln(F), while K : Fd → GLn(F) is a d-parametric fam-
ily of commuting matrices and Ka,Kb denote the values K(a),K(b) respectively. In [16, 17],
solutions of this refactorisation problem were presented which satisfy the YB equation. We
can express these solutions recursively as

U=

(
−f0 (X;a) I−

n∑
i=1

(−1)i fi (X;a)Mi−1

)(
n∑

i=1

(−1)i fi (X;a)Mi−1

)−1

Ka ,

V= K−1
a (YKa+KbX−UKb) , (7)

where M0 = I, N0 = 0, M1 = (YKa+KbX)K
−1
b , N1 =−YK−1

b Ka and

Mi =M1Mi−1 +N1Ni−1, Ni = N1Mi−1, for i = 2, . . . ,n.

Here, the functions fi, for i = 0, . . .n, are defined by the coefficients of the polynomial paλ(X) =
det(X−λKa), by the expression:

paλ (X) = (−1)n fn (X,a)λ
n+(−1)n−1 fn−1 (X,a)λ

n−1 + . . .

+(−1) f1 (X,a)λ+ f0 (X,a) ,

with fn(X,a) = detKa and f0(X,a) = detX.
The solution (7) satisfies the additional conditions

fi (U,a) = fi (X,a) , fi (V,b) = fi (Y,b) , i = 0, . . . ,n , (8)

or equivalently the condition det(UKb−YKa) 6= 0 (or det(KaV−KbY) 6= 0). The correspond-
ing mapRa,b : (X,Y) 7→ (U,V) defined by (7), is a quadrirational YB map. Furthermore,Ra,b

is a Poisson map with respect to the Sklyanin bracket [23]

{L(X,a,λ1)⊗,L(X,a,λ2)}=
[

P
λ1 −λ2

,L(X,a,λ1)⊗L(X,a,λ2)

]
, (9)

and {L(X,a,λ1)⊗,L(Y,b,λ2)}= 0, where P(x⊗ y) = y⊗ x. The functions fi, along with all
elements of Ka and Kb, are Casimirs for this Poisson bracket. Hence, the invariant condi-
tions (8) allow us to further reduce the 2n2-dimensional mapRa,b to a 2n(n− 1)-dimensional
symplectic YB map on the level sets

C = {(X,Y) : fi (X) = αi, fi (Y) = βi, i = 0, . . .n− 1} ⊂ gln (F)× gln (F) , (10)

where αi and βi represent additional YB parameters.
In this paper, we study the case where Ka and Kb are 3× 3 diagonal matrices. Our ana-

lysis covers all cases of binomial Lax matrices with diagonalisable higher-degree term, as
equation (5) remains invariant under conjugation with a constant matrix. We will investigate
lower dimensional reductions and specific limits leading to non-quadrirational YB maps.
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2. YB maps with 3× 3 Lax matrices

2.1. The principal parametric YB map

We consider the refactorisation problem (5) for generic 3× 3 matrices X,Y,U,V and nonzero
diagonal 3-parametric matrices Ka,Kb. Using the scaling symmetry L→ rL, with r ∈ F\{0},
of equation (5), one can rescale any of the parameters of Ka and Kb to 1, without loss of
generality. Nevertheless, in this section we keep all parameters in Ka,Kb arbitrary, as elements
of a projective space, and we will use the rescaling when we consider certain reductions in
later sections.

We start with the general 3× 3 Lax matrix of the form L(X,a,λ) = X−λKa with λ ∈ F
and

X=

x11 x12 x13
x21 x22 x23
x31 x32 x33

 , Ka =

a1 0 0
0 a2 0
0 0 a3

 , (11)

where X ∈ gl3(F) and a= (a1,a2,a3) is an element of the F-projective plane P2(F). The
Sklyanin bracket (9) implies the following linear Poisson bracket between the variables xij

{xij,xkl}= ai xkjδli− ajxilδkj , (12)

while {xij,ak}= 0, where δij denotes the Kronecker delta. This Poisson bracket admits six lin-
early independent Casimir functions a1,a2,a3, f0, f1, f2, where fi are defined by the coefficients
of the polynomial paλ(X) = det(X−λKa), i.e.

f0 (X,a) = detX,

f1 (X,a) = a3 (x11x22 − x12x21)+ a2 (x11x33 − x13x31)+ a1 (x22x33 − x23x32) ,

f2 (X,a) = a2a3x11 + a1a3x22 + a1a2x33,

f3 (X,a) = detKa . (13)

In this case, the refactorisation problem (5), implies uniquely an 18-dimensional Poisson
YB map

Ra,b : (X,Y) 7→ (U,V)

defined by (7), which can be reduced to a 12-dimensional symplectic YB map Rā,b̄ on C,
the intersection ∩2

i=0f
−1
i (αi)× f−1

i (βi)⊂ gl3(F)× gl3(F), where αi and βi are additional YB
parameters taking values in F. Here we denote by ā= ((a1,a2,a3),(α0,α1,α2)) ∈ P2(F)×F3

and similarly for b̄. This parametric family of YB maps Rā,b̄, containing ten effective paramet-
ers, constitutes a generalisation of the family derived in proposition 4.4 of [17] where the case
Ka = Kb = Iwas considered. In the following sections, we show that further lower dimensional
reductions of this map are possible.

2.2. Reduction to 8-dimensional YB map

The 9-dimensional Poisson manifold L := {L(X,a,λ) : a constant}, equipped with the
Sklyanin bracket (12), has rank six. However, the rank of this Poisson structure can be reduced
to four by imposing constraints on xij that result in the vanishing of matrix minors. We denote
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byMijk,lmn the minor formed by deleting rows i, j,k and columns l,m,n from the Poisson struc-
ture matrix {L(X,a,λ1)⊗,L(X,a,λ2)} defined in (9). We consider the minors

M789,125 =−a1a2a23
(
a2
(
x213x21 − x13x11x23

)
+ a1

(
x13x22x23 − x12x

2
23

))2
,

M589,127 =−a21a2a3
(
a3
(
x212x23 − x12x13x22

)
+ a2

(
x13x12x33 − x213x32

))2
,

M478,478 =−a21a22a23 (x12x23x31 − x13x21x32)
2
.

(14)

We notice that the system of equations M789,125 = 0, M589,127 = 0, M478,478 = 0 is linear in
x11, x31, x32, and for x13,x23 6= 0 implies the solution

x11 =
x13x21
x23

+
a1 (x13x22 − x12x23)

a2x13
,

x31 =
x21x33
x23

− a3
a2

x21x22
x23

+
a3
a2

x21x12
x13

,

x32 =
x12x33
x13

− a3
a2

x12x22
x13

+
a3
a2

x212x23
x213

.

(15)

Substituting relations (15) in the Casimir functions (13) we obtain the following set of reduced
rational Casimirs f̃i := ι∗fi = fi ◦ ı : F6 → F

f̃0 =
(x13x22 − x12x23)

2 (a2x13 (a1x23x33 + a3x13x21)+ a1a3x12x223
)

a22x
3
13x23

,

f̃1 =
(x13x22 − x12x23)(2a2x13 (a1x23x33 + a3x13x21)+ a1a3x23 (x12x23 + x13x22))

a2x213x23
,

f̃2 = a1a2x33 + 2a1a3x22 −
a1a3x12x23

x13
+
a2a3x13x21

x23
. (16)

Here we define ı to be the inclusion map F6 ↪→ gl3(F)

ι : (x12,x13,x21,x22,x23,x33) 7→ X= (xij) ,

with x11,x31,x32 given by (15). In what follows, we denoteM= Img(ι), i.e. the set of reduced
matrices in L, with x11,x31,x32 defined by (15). The following theorem holds:

Theorem 2.1. M is a Poisson submanifold of L of rank four. Furthermore, the discriminant
of the cubic polynomial in λ of ι∗paλ vanishes, i.e.

4̃f0̃f
3
2 − f̃21̃f

2
2 + 4̃f3̃f

3
1 − 18̃f0̃f1̃f2̃f3 + 27̃f23̃f

2
0 = 0. (17)

Proof. By direct computation we can show that for x13,x23 6= 0, the inclusion map ι defined
by (15) is Poisson with respect to the Poisson bracket (12) (and the induced bracket on M).
Hence, M is a Poisson submanifold of L and by substituting (15) in (9) reduces the rank
of the Poisson structure matrix to four. The coefficients of the pullback ι∗paλ are the reduced
Casimirs f̃i given in (16). The rank of the Jacobian matrix of f̃0, f̃1, f̃2 is equal to two, and
therefore there is one functional relation between them. Relation (17) can be obtained using
elimination algorithms.
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As we mentioned in the proof of theorem (2.1), on the submanifoldM there are two func-
tionally independent Casimirs. Solving the system f̃1 = α1, f̃2 = α2 for x22 and x33 we obtain
the following expressions

x22 =
c1
a3

+
c2
a3

+
x12x23
x13

,

x33 =
c1
a2

− 2c2
a2

− a3x13x21
a1x23

− a3x12x23
a2x13

,
(18)

where c1 and c2 depend on the level sets of the Casimirs and the matrix Ka as follows:

c1 =
α2

3a1
, c2 =±

√
α2
2 − 3α1a1a2a3

3a1
. (19)

Using relations (18) in (15) we obtain the reduced expressions for x11, x31, x32

x11 =
a1 (c1 + c2)

a2a3
+
x13x21
x23

,

x31 =−3c2x21
a2x23

− a3x13x221
a1x223

− a3x12x21
a2x13

,

x32 =−3c2x12
a2x13

− a3x12x21
a1x23

− a3x212x23
a2x213

.

(20)

After the reduction, the Poisson brackets (12) between the remaining variables x12,x13,x21,x23
take the form

{x13,x21}= a1x23 , {x12,x21}= a1
x12x23
x13

− a2
x13x21
x23

,

{x12,x23}=−a2x13 , (21)

with all other brackets vanishing. Similarly, after the reduction (18)–(20) the Lax matrix (6)
takes the form X̃−λKa where X̃ is given by

a1(c1+c2)
a2a3

+ x13x21
x23

x12 x13
x21

c1+c2
a3

+ x12x23
x13

x23

− 3c2x21
a2x23

− a3x13x
2
21

a1x223
− a3x12x21

a2x13
− 3c2x12

a2x13
− a3x12x21

a1x23
− a3x

2
12x23

a2x213

c1−2c2
a2

− a3x13x21
a1x23

− a3x12x23
a2x13

 .

The change of variables

x12 =−a2x2X1 , x13 = X1 , x21 =−a1x1X2 , x23 = X2 , (22)

brings the brackets (21) to the canonical form, i.e.

{x1,X1}= 1 , {x2,X2}= 1 , {x1,x2}= 0 , {X1,X2}= 0 , (23)

while the reduced Lax matrix X̃−λKa takes the form

L(x,X,p,λ)

=


a1(c1+c2)

a2a3
− a1x1X1 −λa1 −a2x2X1 X1

−a1x1X2
c1+c2
a3

− a2x2X2 −λa2 X2
3a1c2x1
a2

− a1a3x1 (x1X1 + x2X2) 3c2x2 − a2a3x2 (x1X1 + x2X2)
c1−2c2
a2

+ a3 (x1X1 + x2X2)−λa3

 ,

(24)

where x= (x1,x2), X= (X1,X2) and p= (c1,c2,a1,a2,a3).

6
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The matrix refactorisation problem

L(u,U,p,λ)L(v,V,q,λ) = L(y,Y,q,λ)L(x,X,p,λ) , (25)

with q= (d1,d2,b1,b2,b3) has a unique solution for u,U,v,V in terms of x,X,y,Y given by

(u1,u2) =
b3
a3

(y1,y2)+
b3
a3

C1

D1

(
a3
b1
x1 − y1,

a3
b2
x2 − y2

)
,

(v1,v2) =

(
a1
b1
x1,

a2
b2
x2

)
− b1

C2

D2

(
a1

(
a3
b1
x1 − y1

)
,a2

(
a3
b2
x2 − y2

))
,

(26)

where

C1 = a2a3b1 (d1 − 2d2)− b1b2b3 (c1 − 2c2) ,

C2 =
b2b3
a3

(c1 + c2)− a2 (d1 + d2) ,

D1 = a2a3b2b3 (a3x1 − b1y1)Y1 + a2a3b1b3 (a3x2 − b2y2)Y2 +C1 + 3a2a3b1d2,

D2 = a2b1b2b3 (a3x1 − b1y1)X1 + a2b1b2b3 (a3x2 − b2y2)X2 −C1 − 3a2a3b1d2, (27)

and

U1 =
(a1x1 − b1v1)X1 +(a1y1 − a3v1)Y1

a1u1 − b3v1
, U2 =

(a2x2 − b2v2)X2 +(a2y2 − a3v2)Y2
a2u2 − b3v2

,

V1 =
(b1u1 − b3x1)X1 +(a3u1 − b3y1)Y1

a1u1 − b3v1
, V2 =

(b2u2 − b3x2)X2 +(a3u2 − b3y2)Y2
a2u2 − b3v2

. (28)

Finally, by direct computation, we can prove the following theorem:

Theorem 2.2 The map

Rp,q : ((x1,x2,X1,X2) ,(y1,y2,Y1,Y2)) 7→ ((u1,u2,U1,U2) ,(v1,v2,V1,V2)) , (29)

with ui,Ui,vi,Vi defined by (26)–(28) is a parametric quadrirational YB map with strong Lax
matrix (24). Furthermore, Rp,q is symplectic with respect to4

ω = dx1 ∧ dX1 + dx2 ∧ dX2 + dy1 ∧ dY1 + dy2 ∧ dY2 .

The map (29) admits four functionally independent invariants which can be obtained from
the characteristic polynomial of the monodromy matrix L(y,Y,q,λ)L(x,X,p,λ). The two
simplest invariants obtained in this way are

I1 = x1X1 + y1Y1 , I2 = x2X2 + y2Y2. (30)

Remark 2.3. For ai = bi = 1 and particular choices of the parameters ci, di, the YB map (29)
reduces to a non-degenerate Boussinesq and Goncharenko–Veselov map [9, 17].

4 The operation ∧ denotes the wedge product between 1-forms, i.e dx∧ dy(u,v) = dx(u)dy(v)− dy(u)dx(v), where
u,v are vector fields.

7
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2.3. Reduction to a 4-dimensional YB map

In this section, we consider a further folding reduction of the YB map (29) on an invariant
manifold. We impose the relations

x1 = x2 := x , X1 = X2 := X , a1 = a2 := a ,

y1 = y2 := y , Y1 = Y2 := Y , b1 = b2 := b ,
(31)

which are consistent with the map since relations (26)–(28) imply

u1 = u2, U1 = U2, v1 = v2, V1 = V2.

Thus, for p= (c1,c2,a,a3) and q= (d1,d2,b,b3), the map (29) is reduced to a 4-dimensional
quadrirational YB map

Rp,q : ((x,X) ,(y,Y)) 7→ ((u,U) ,(v,V))

on the invariant manifold

N = {((x,x,X,X) ,(y,y,Y,Y)) : x,X,y,Y ∈ F} ,

where

u=
b3
a3
y+

b3
a3

C̃1

D̃1

(a3
b
x− y

)
, v=

a
b
x− ab

C̃2

D̃2

(a3
b
x− y

)
,

U=
(ax− bv)X+(ay− a3v)Y

au− b3v
, V=

(bu− b3x)X+(a3u− b3y)Y
au− b3v

,

(32)

and C̃i, D̃i are obtained from (27) under the reduction (31).
The reduced symplectic structure on N is

ω = dx∧ dX+ dy∧ dY ,

andRp,q is symplectic with respect toω. Furthermore, mapRp,q admits the reduced Laxmatrix

L(x,X,p,λ) =

 c1+c2
a3

− axX−λa −axX X
−axX c1+c2

a3
− axX−λa X

3c2x− 2aa3x2X 3c2x− 2aa3x2X
c1−2c2

a + 2a3xX−λa3

 , (33)

which can be obtained from (24) by imposing the reduction (31).
Using the trace of the monodromy matrix associated to Lax matrix (33) we obtain two

functionally independent invariants of the map (32). One of the invariants is I1 = xX+ yY,
which is I1 (or I2) under the reduction (31), while the other has the form

I2 = a0011 xX+ a1100 yY+ a0110 xY+ a1001 Xy+XY
(
a0121x

2 + a2101y
2 + a1111xy

)
, (34)

where the coefficients aklij of the monomials xiXjykYl depend on the parameters of the map (32).
For simplicity, we have omitted the exact dependence of the coefficients aklij on the parameters
of the map. Moreover, the invariants I1 and I2 Poisson commute with respect to the canonical
Poisson structure {x,X}= 1 and {y,Y}= 1 and therefore the map (32) is a 4-dimensional
symplectic quadrirational map that is also integrable in the Liouville sense.

8
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3. Degenerate limits

3.1. A single degenerate limit

We are interested in studying zero limits for certain parameters involved in the maps derived
in section 2, which effectively result in degenerations for the maps introduced in [17]. We call
such limits degenerate. In particular, in this section we focus on the degenerate limit a3 → 0.

We consider the limit a3 → 0 of expressions (18). For both values of c2 given in (19), the
level set α2 of the Casimir f 2 can be chosen so that the branch of the square root is such that
the limit a3 → 0 of x22 results in a unique well-defined expression. The same limit of x33 is
regular. The obtained expressions are the following

lim
a3→0

x22 =
a2α1

2α2
+
x12x23
x13

, lim
a3→0

x33 =
α2

a1a2
. (35)

Substituting formulas (35) in the expressions (15) for x11,x31,x32 and taking the now regular
limit a3 → 0 we obtain

x11 =
a1α1

2α2
+
x13x21
x23

, x31 =
α2x21
a1a2x23

, x32 =
α2x12
a1a2x13

. (36)

Hence, in the limit a3 → 0 the Lax matrix X̃−λKa takes the form

lim
a3→0

(
X̃−λKa

)
=

 a1α1
2α2

+ x13x21
x23

−λa1 x12 x13
x21

a2α1
2α2

+ x12x23
x13

−λa2 x23
α2x21
a1a2x23

α2x12
a1a2x13

α2
a1a2

 . (37)

The change of variables (22) is not affected by the limit a3 → 0, and in the variables
x1,x2,X1,X2 the Lax matrix (37) takes the form

L̃(x,X,p,λ) =

 a1α1
2α2

− a1x1X1 −λa1 −a2x2X1 X1

−a1x1X2
a2α1
2α2

− a2x2X2 −λa2 X2

−α2
a2
x1 −α2

a1
x2

α2
a1a2

 , (38)

with p= (α1,α2,a1,a2). The refactorisation problem associated to the Lax mat-
rix (38) results in the following birational (but non quadrirational) YB map R̃p,q :
(x1,x2,X1,X2,y1,y2,Y1,Y2)→ (u1,u2,U1,U2,v1,v2,V1,V2) where

ui =
a1a2β2

b1b2α2
yi ,

Ui =
b1b2α2

a1a2β2
Yi −

b1b2bi k
a1a2β2 (b1y1X1 + b2y2X2)−α2β2

Xi ,

vi =
ai
bi
xi +

a1a2ai k

a1a2α2 (b1y1X1 + b2y2X2)−α2
2

yi

Vi =
bi
ai
Xi ,

(39)

for i = 1,2 and with k= α2β1−α1β2
2β2

. This 8-dimensional YB map admits four functionally
independent polynomial invariants. Two of these are given in (30), which remain unaffected
by the limit a3 → 0. Hence, we have Ĩ1 = x1X1 + y1Y1, Ĩ2 = x2X2 + y2Y2. Additionally, from
the spectrum of the monodromy matrix, we obtain the following two invariants:

Ĩ3 =−a21a2b21b2 (α2β1x1X1 +α1β2y1Y1)− a1a
2
2b1b

2
2 (α2β1x2X2 +α1β2y2Y2)

+ 2α2β2 (b1b2 (a1x1Y1 + a2x2Y2)−β2)(a1a2 (b1y1X1 + b2y2X2)−α2) , (40)
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and

Ĩ4 = a1a2b1b2 (α2β1 (x1X1 + x2X2)+α1β2 (y1Y1 + y2Y2))+ 2α2
2β2 (b2x1Y1 + b1x2Y2)

+ 2α2β
2
2 (a2y1X1 + a1y2X2)− 2a1a2b1b2α2β2 (x1X1 + x2X2)(y1Y1 + y2Y2) . (41)

The folding reduction (31) can also be applied to the map (39). Indeed, in this case the map
will simplify to the four dimensional YB map R̃a,b : (x,X,y,Y)→ (u,U,v,V) given by

u=
a2β2

b2α2
y, U=

b2α2

a2β2
Y− b3k

2a2bβ2yX−α2β2
X,

V=
b
a
X , v=

a
b
x+

a3k

2a2bα2yX−α2
2

y .

(42)

The invariants of map (39) will reduce to invariants of map R̃a,b given in (42). Under the
folding reduction, both invariants Ĩ1, Ĩ2 will become equal to Ĩ= xX+ yY, and similarly both
invariants Ĩ3 and Ĩ4 will take the same form (up to a scaling factor), resulting in the following
invariant

J̃= a2b2 (α2β1xX+α1β2yY)+ 2α2β2 (bα2xY+ aβ2yX)

− 4a2b2α2β2xXyY. (43)

Both invariants Ĩ, J̃ can be obtained from the trace of the monodromy associated to the Lax
matrix (38) after applying the reduction (31). The invariants Ĩ and J̃ Poisson commute therefore
the map (42) is symplectic and Liouville integrable.

Remark 3.1. The 4-dimensional map (42) can also be obtained from the refactorisation of the
Lax (33) by taking the limit a3 → 0.

Remark 3.2. The choice of parameters

a= b= 1, α2 = β2 =−1, α1 = 2A, β1 = 2B,

results in the map

u= y, U= Y− A−B
1+ 2yX

X, v= x+
A−B
1+ 2yX

y, V= X, (44)

which after the rescaling of the variables x,y,u,v by a factor of 1
2 and the flip x↔ X, y↔ Y,

u↔ U and v↔ V becomes the well-known AY map [3].

3.2. A double limit to a vectorial AY map

In this section we aim to demonstrate that a vectorial generalisation of the AY map together
with its standard Lax matrix, can be obtained from the Lax matrices that we study after taking
the double limit a2 → 0 and a3 → 0 in Ka. Since in this case the only nonzero parameter of
Ka is a1, without loss of generality we can rescale it to one. Therefore, in this section we have
that Ka = e11.

The double limit (a2,a3)→ (0,0) of the Casimir f 2 in (13) exists and implies that f2 = α2 ≡
0. This means that the iterated single limits commute. Taking first the limit of f 2 when a2 → 0,
we obtain that a3x22 = α2, while if we take first the limit a3 → 0 it follows that a2x33 = α2.
Hence, when a2,a3 → 0, both x22 and x33 have to be constants. The case x22 = x33 = 0 leads to a

10
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trivial refactorisation problem, therefore we consider the case x22 = x33 = 1 which occurs only
when a2 = a3 = ε→ 0. If we restrict on the level set α1 = 1 of the Casimir f 1, then we obtain
the constraint x23x32 = 0. We assume that x23 = x32 = 0. Finally, under the above assumptions,
the Casimir f 0 leads to the following constraint

f0 := x11 − x12x21 − x13x31 = a, (45)

which we use to solve for x11.
Taking into account all the above, the reduced Lax matrix is of the form

L(x,X,a,λ) =

a−λ+ x1X1 + x2X2 x1 x2
X1 1 0
X2 0 1

 , (46)

where we use the notation x1j = xj−1 and xi1 = Xi−1 for i, j = 2,3. The refactorisation prob-
lem associated to the Lax matrix (46) implies uniquely the non-quadritational YB map Ra,b :
(x,X,y,Y)→ (u,U,v,V)

u= y− a− b
1+ 〈x,Y〉

x, U= Y,

V= X+
a− b

1+ 〈x,Y〉
Y, v= x,

(47)

where 〈·, ·〉 is the standard bilinear form in F2. From the spectrum of the monodromy matrix
we obtain the usual invariants (30)

I1 = x1X1 + y1Y1 , I2 = x2X2 + y2Y2 , (48)

together with

I3 = b〈x,X〉+ a〈y,Y〉+ 〈x,Y〉+ 〈X,y〉+ 〈x,X〉〈y,Y〉 . (49)

Moreover, it can be verified by a direct calculation that the determinants x1y2 − x2y1, X1Y2 −
X2Y1 are anti-invariants, and therefore their product

I4 = (x1y2 − x2y1)(X1Y2 −X2Y1) (50)

is another invariant of the map (47).

Theorem 3.3. The YB mapRa,b in (47) is Liouville integrable and symplectic with respect to
the canonical symplectic structure.

Proof. The Jacobian matrix of the invariants I1, . . . ,I4 has full rank and therefore the invari-
ants are functionally independent. Moreover, the invariants commute with respect to the
Poisson bracket

{xi,Xi }= δij, {yi,Yi }= δij

implied by the Sklyanin bracket (9). The map (47) preserves the Poisson bracket and therefore
is symplectic with respect to the corresponding canonical symplectic structure

ω =
2∑

i=1

dxi ∧ dXi+ dyi ∧ dYi.

11
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Remark 3.4. The YB mapRa,b in (47) together with its Lax matrix (46) has an obvious gen-
eralisation to n-dimensional F-vectors. The integrability properties of the map can be gen-
eralised to arbitrary dimensions in a similar way as the one described in theorem (3.3). The
n-dimensional map has been derived in [13].

The reduction (31) to the invariant manifoldN presented in section (2.3) can also be applied
in this case, and reduces the mapRa,b in (47) to the standard AY map [3]. Moreover, map (47)
can be obtained from the YB map R̃p,q in (39) after the following choice for the parameters

a1 = b1 = 1, a2 = b2 = 1, α2 = β2 =−1, α1 = 2a, β1 = 2b ,

and the permutation in the variables

x↔ X, y↔ Y, u↔ U, v↔ V .

This implies that the vAY map (47) admits the Lax matrix

L̃(X,x,a) =

x1X1 + a+λ x1X2 −x1
x2X1 x2X2 + a+λ −x2
−X1 −X2 1

 . (51)

This Lax matrix is equivalent to the Lax matrix (46) as it can be directly obtained from (46)
by inversion and a similarity transformation by a permutation matrix.

4. Conclusions

In this paper we studied reductions and degenerations of a family of YB maps with 3× 3 first-
degree polynomial Lax matrices. We also introduced compatible Poisson structures associated
with the Sklyanin bracket and invariant conditions, ensuring the Liouville integrability of all
the presented maps.

YB maps serve as fundamental building blocks for constructing higher-dimensional dis-
crete integrable systems. As it was shown in [26, 27], each YB map generates an hierarchy of
commuting n-dimensional transfer mapswhich share the same integrals. A different variant of
transfer maps occurs by considering periodic initial value problems on lattices, in correspond-
ence with staircase initial value problems of integrable lattice equations [21, 22]. While the
dynamics of an individual YB map sometimes may be trivial (e.g. involution), the dynamics
of the associated transfer maps display highly non-trivial behaviour.

All variations of transfer maps preserve the spectrum of their corresponding monodromy
matrices, constituting of products of Lax matrices. In this setting, YB maps with Lax matrices
compatible with the Sklyanin bracket, as the maps presented in this paper, hold a significant
advantage as they generate Poisson transfer maps with commutative integrals derived from the
spectrum of the corresponding monodromy matrices.

The family of the YB maps presented in this work includes all cases involving 3× 3 Lax
matrices linear in the spectral parameter and with the degree one coefficient being a constant
and diagonalisable matrix. The connection between the maps that we obtained can be sum-
marised in figure 1. The arrows in the graph indicate a connection between the maps which
can be a reduction, a limit, a choice of parameters, or a simple transformation in the dynamical
variables that is a symmetry of the YB equation.

In future research, we aim to study families of YB maps and corresponding degenara-
tions, with 3× 3 Lax matrices associated with different Jordan forms of the highest-degree
terms. This will complete the classification of 3× 3 binomial Lax matrices under conjugation.
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Figure 1. Connections between the various maps presented in previous sections.

Furthermore, we intend to include the 3-dimensional consistent lattice equations associated
with all these maps and investigate their integrability features.
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