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Editor: Hubert Saleur We extend the equations of motion that describe non-relativistic elastic collision of two particles in
one dimension to an arbitrary associative algebra. Relativistic elastic collision equations turn out
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37K10 (unifies) the linear and the non-linear approach of discrete analytic functions.
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1. Introduction

The physical phenomenon of the non-relativistic elastic collisions of particles is governed by the equations that give rise to a
map with the Yang-Baxter property (see Section 3.1) and after a suitable reinterpretation leads to a system of linear difference
equations [1,2]. In this article, we show that abandoning the assumption of commutativity of variables, even the simple linear
integrable difference system of equations associated with elastic collisions, yields nonlinear, non-abelian integrable difference system
of equations. From this non-abelian difference system we can recover the abelian one as a special case. Actually, in general we obtain
several abelian systems with different features. In that respect, the non-abelian system serves as a “top” system since it includes
(unifies) the abelian ones. In other words, if we consider two or several systems of equations where the dependent variables are
elements of a field, that is the multiplication of variables is abelian (commutative), then one can try to unify these systems in the
following sense:

First, extend one of the systems to the non-abelian setting i.e. allow all of its variables to be elements of an algebra A rather than a field.
Second, show that the original abelian systems are special cases of the non-abelian one, which are obtained by specifying the algebra (or
some of its subspaces) in question.
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In this article we present two examples of such a procedure. In the first illustrative example, we unify, in the aforementioned
sense, the equations that describe non-relativistic elastic collisions of point-mass particles with a system of equations that includes
the equations of relativistic elastic collisions as a subsystem. In the second example (that can be considered as an extension and a
reinterpretation of the first one) we unify the linear and the nonlinear approach of discrete analytic functions. In the classical article
on discrete analytic functions [3], the authors show that Duffin’s linear theory of discrete analytic functions [4] can be viewed as a
linearisation of the nonlinear theory that “is based on the ideas by Thurston [5] and declares circle patterns to be natural discrete
analogs of analytic functions”. Here instead we present the two theories as special abelian cases of the non-abelian theory.

There is not a unique procedure to extend an abelian system to its non-abelian counterpart. To resolve this non-uniqueness issue,
we perform the non-abelian extension on the level of the underlying Lax formulation known from the theory of integrable systems
[6]. The procedure of using the Lax pair formulation to lift an abelian system to its non-abelian version has already been considered
in the literature, see e.g. [7].

The following system of non-abelian equations serves as a central point of this article

o =l =0 =, (1a)
W =+ (1b)
u' ! =yl (10)
W 0 = o 0l (1d)

where i # j € {1,..., N}, N >2 €N and we assume that both the primed variables x'/, v’/ and the non-primed ones y’, v’ belong to
a unital associative algebra .A over a field F.
System (1) is equivalent to the matrix refactorization problem,

L@ s DLW s ) = L s AL '3 2) (2)
where L is the following Lax matrix

u+i A )

uu#g@::< 0 ey 3

and 4 stands for a spectral parameter, which is assumed to belong to the centre of the algebra. The refactorization problem (2) in
components reads

W+ D+ ) = + D'+ D), o
(W = D" = 2= = D' = A, -
W+ 0+ 0 (W = ) =+ DO+ (= ). o

Demanding that (4) hold for every 4, (4a) is equivalent to (4b) and together with (4c) we obtain exactly the system of non-abelian
equations (1). The sub-system, (1b), (1c) could be re-interpreted as a difference system in edge variables associated with the discrete
nonlinear chiral field (or 6-model) equation [8] (see Section 4). Various reductions of (1b), (1c) have been considered in the literature. In
detail, in [9,10] where the algebra .A was considered as the algebra of the n X n matrices over C, the solution of (1b), (1c) with respect
to '/, /' has been explicitly presented as a multi-component Yang-Baxter map. The Lax matrix (3) with entries in a commutative
ring and in connection with the linear theory of discrete analytic functions can be found in [11].

The article is organized as follows.

In Section 2, we consider two choices of the underlying algebra A. The first choice, is to take the field of real numbers R as
the algebra A. This choice leads to the equations that describe the elastic collisions between the i-th and the j-th non-relativistic
particles, where m’ := %, m = ;4]_1 and v/, v/ respectively denote the masses and the velocities of the particles before collision, while
the primed variables denote these quantities after collision. The second choice is to consider all u’s as off-diagonal 2 X 2 matrices
over the field R and all v’s as diagonal 2 X 2 matrices over the same field. This choice results in the equations that describe the elastic
collisions of relativistic particles.

In Section 3, first we assume that A is a division ring and then we show that the system (1) can be solved for four (out of
eight variables) and give rise to maps A% x A2 — A? x .A2. We prove that these maps are multidimensional compatible, while their
companion maps satisfy the Yang-Baxter property.

In Section 4, we reinterpret (1) as a system of difference equations defined on edges of the ZV graph and furthermore we associate
difference systems of equations defined on vertices of the same graph. Specifically, the system of vertex equations on the functions
1. W, 0,0, : ZN > A, where A a division ring, reads

Vv, -y = ¢i¢_l,
o, —o=¢'p, (5)
Xi+x=di(w; —w)d’_l,
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where i € {1,..., N} and the subscripts denote forward shifts in the i-th direction (see Fig. 2 and Section 4.1 for details). In particular,
having eliminated v, w, and ¢ from (5), we obtain the discrete nonlinear chiral field (or oc-model) equation [8] for the function ¢ that
reads

b (07 =7 ) = (0= ) 97, ©)
which is coupled to the following linear equation for the function y

by®7 G+ 0+ Gy + 207" = by G+ 0 + iy + 20807 ™

In Section 5, we show that the solutions of the difference systems of equations defined on vertices of quads on the ZV graph,
satisfy systems of three-dimensional vertex equations. For example, we show that the solutions of (6) and (7) satisfy the following
three-dimensional system

-1 _ -1
Dijbic Bjx = iy bije
(d)i_kl (2 + 1) =85 (e + )(k))¢k +( o5 (i + ) = b7 (e + Zi)) é; 8)
] -1 —
+(¢jk ()(jk +}(j) _‘f’,-j ()(ij +)(j)>¢j =0,
wherei#j#ke{l,...,N}.
In the final Section 6, we show how the linear and the nonlinear approach of discrete analytic functions are related via system
(5). When A =C, system (5) can be treated as the basic equations of the theory of discrete analytic functions [4]. While, when as
A we choose the subspace of 2 x 2 off-diagonal matrices over a commutative ring, system (5) can be reinterpreted as the nonlinear

approach to discrete analytic functions [5]. Therefore, we relate (unify) in the sense mentioned in the beginning of this introduction,
the linear and the nonlinear approach of discrete analytic functions.

2. Reductions to classical and relativistic elastic collisions of point-mass particles

In this Section we show that in the abelian case, system (1) describes the elastic collisions of non-relativistic particles. Furthermore
we show that the relativistic elastic collisions, with an additional degree of freedom, are obtained by a suitable choice of the underlying
algebra A.

2.1. Classical head-on elastic collisions of point-mass particles

Let the point-mass particles labelled by the index i € N, with initial respective masses and velocities m' and v/, undergo pairwise
one-dimensional elastic collisions. The conservation of kinetic energy and the conservation of momentum in the event of collision of
two particles respectively read

ifi\2 J(0d\2 o ir (o in)2 12
+m (V) = + ,

m' (0')"+m ( .). m_(lv)_ m (U. )_ i4jen, ©
mv' +m'v =m" v + w0V,

where m'’,m/’ and v/, v/’ denote the respective masses and velocities after the collision. Demanding that momentum is preserved
in any Galilean frame leads to the conservation of mass

m+m/ =m"" +ml’ (10)
In the standard elastic collision process, it is assumed that there is no transfer of mass between the particles, i.e. we have
m' =m, m’=ml. amn
Then (9) equivalently reads
ml (o + ) (v = 0") 0l (0 +07") (o —0') =0,
m (V=) +m (v -0') =0

or when m' (v — v'’) #0,

>

v+ o =0+,
S o . (12)
m' (U’ —U”) +m! (v’ —U") =0.

In the following Proposition we show how to obtain the equations that describe classical elastic collisions of point-mass particles
from an appropriate reduction of system (1).

Proposition 2.1. When we consider the underlying algebra A to be abelian, e.g. A = R, the system of equations (1), for u" = u' = (m")~!
and /' = p/ = (m/)~!, reduces to
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m! =m/, m! =m, v — ol =0 — vi, mi(vj' — Uj) =mj(ui — U”), a3
or to
m’ =m!, m!’ =m/, o = =0 — 0, m @ — vy =m/ (v —v"). a4

The latter coincides with (11), (12), that is the equations of classical elastic collisions of two point-mass particles with masses m',m’ > 0,
with velocities v', 1/ before the collision and velocities v'', /' after the collision.

Proof. For A =R, equations (1b) and (1c) yield y’ = g/ and /' = ' or "' = ' =: (m")~! and p// = u/ =: (m/)~". In the latter case
system (1) becomes exactly (14) that coincides with (11) and (12). []

2.2. Head-on elastic collisions of relativistic point-mass particles

Let the relativistic point-mass particles labelled by the index i € N, with initial respective rest masses mg and mé and respective
velocities u’ and u/ before the collision and velocities u'’,u// after the collision. The conservation of relativistic momentum and energy
under the elastic collision respectively read

mé)u” méuf’ mé)u" méuj
- + ,
A R )
c c c
i J i j (15)
mg N my _ my N my
V() () () e
where c the speed of light. Introducing the change of variables
() -1
R*>x' - =c——=—€(-¢0),
(xi) +1 | N
() R
R* 3 x" — u"’ =c————€ (—c,c0),
(xi) +1
that is a bijection, equations (15) become
(7= ) e o= )= - ) o - L)
m x’.'+L +m! xj'+L =m x’A+l +m xj+L
0 xi’ 0 xir) 0 xi 0 xi /)
By adding and subtracting the equations above we obtain the conservation laws
mf) (x”—x'):mé (xj—xj'), (16)
i (1 1 i (1 1
i —_ et (2 _ 2
m (=)= =) an

which are equivalent to the conservation of relativistic momentum and energy.
It turns out that the system of equations (1) under a suitable choice of the underlying algebra .4 includes the relativistic elastic
collisions, henceforth it relates the Newtonian and the relativistic approaches.

Lemma 2.2. Let A = A, P A, be a Z,-graded algebra over C. Let the odd subspace A, of the algebra A be spanned by the 2 X2 off-diagonal
matrices

i (0 X g (0 XV
H = xi o) H = xi’ o )
and the even subspace A, be spanned by the 2 X 2 diagonal matrices
i y o ir_ y'oo
”‘(0 Y">’ ”‘(o Y )
Then the system of equations (1a)-(1d), restricted on these subspaces respectively reads
y=y=y =, Y-y =y -y, (18a)

x4 xI =xt X/, X"+ XV =X+ X/, (18b)
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X =XxI, Xxl" =xI X7, (18¢)
Y XY =Xy XY XY+ XY = XY+ Xy, (18d)
and it satisfies the following invariant relations

XX =xi X!, X' X9 =xI X7 | yi/_Yi/zyi_yi’ y/'/_Yj/zyj_y/“ (19)

Proof. By restricting (1) on the odd and the even subspaces of the Z,-graded algebra A, we obtain exactly (18).
The system of equations (18) admits two solutions with respect to the primed variables which they read

X =x/, X=X/, X =x, X/ =xi,
y=y, YV =Y/, ¥y =y, Y/ =Y,
or

. -~ J . U J

X =X % X = % (20a)
X X

. Loy Jj ) 'd J

xj/:)y%, X],:xj)(ij-_—)i’ (20b)
X X

. Y -y JY! 4 xty/ Ly =Yl XUy 4 XY

oy LY X AXY Yy =xi X L y+a (200)

X'+ X/ x! +xJ xt+xJ X'+ X/
: Y-y XTIy 4+ XY : oy =Y JY'T 4 xtyl
y = XY XY , Y/ =x7 2 LYYy (20d)

xi 4+ x/ X+ X X+ X/ xi 4 x
By substituting (20) into (19), we prove that the invariant relations hold. []

Proposition 2.3. The system of equations (18b), (18c¢) is equivalent to (16), (17), hence it describes elastic collisions of relativistic pairs of
particles.

Proof. From Lemma 2.2 we have that (18b), (18c) respect the invariant conditions
xi'Xi’=xiX[:=ai, XX =xI X7 =al.

Under the change of variables (x', X, x/, X/) — (x/,a’,x/, a/), the invariant conditions read
o =a, o =a,

while (18b), (18¢c) become

xl! _ xl — x/ _ Xj,,

i L_L)_ f(i-L)
(F-5)=d(5-5) @1

a/xx =o' xI X

Under the re-scaling (x, X)) (\/ alx', \alx/ ) followed by the re-parametrization a' = (mz))z, al = (m{))z, where m! ,mé represent
the rest masses of the particles, (21) reads

mz)(x” —xh= mé(xj —x/"), 22)
i1 1 i (1 1
i —
"o (5= 3)=m (5 -5 ) @)
= ! 24

Note that from the three equations above, as expected, only two of them are functionally independent. Indeed, by multiplying (24)
with (22) we obtain (23). It is clear that equations (22), (23) coincide with (16), (17) and that completes the proof. []

Remark 2.4. In Proposition 2.3 we proved that the sub-system of equations (18b), (18c) is equivalent to the description of elastic
collisions of relativistic pairs of particles. At this point it is not clear to us if there is an underlying physical phenomenon that the
whole system of equations (18a)-(18d) describes. We would like here to mention that using (19) we re-write the equations (18a)-(18d)
(or (20) in the new variables

L XX Xy YY) e (L ml) X (m))E Y Py ),

where (mf))2 =xI X, (mé)2 =x/XJ, pl =Y -y, p/ =Y/ —y/, to obtain
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) mz)x’ + m{)x/

X" =x) —— ——, = —— —,
m{)x’ + mé)x/ m{)x’ + m:)x/
[ Jr_ . J
my" =my, my' =mj, (25)
Y=y +A, Y=y +A,
p=—. P=—p
where
P . J i ij
) ) xixd (v — ) m,p my p!
A::_<(m6)2_(’"3)2> i i j(~y jyf.) i o +xj< o T T o >
[ Jj i Iy j [ Jj i iy
(mox + myx )(mox + mgx ) moxt + myx my xt 4+ mgx

Note that the variable y could be considered as an additional degree of freedom.

Remark 2.5. An equivalent description of the relativistic elastic collisions of particles is obtained by

. 0 710 4 70l . . . ;
= <zi’0 4l 0 , v'=v" =0/ =0/ =: ¢, (constant),

where z:0, 7"l € C. Then (1) reads

7V =2 + k(@ P) (@ + 7)), 7 =2 — k@, )2 + 7)), (26)
where zi — (Zi,O’ Zi’l), zi/ - (Zi,Ol’ Zi’“),

ke o = L2 =2
(' +2),7' + )

and ( , ) denotes the bilinear form (z',z3) := z/92/:0 — 212/l The map R : (z!,2}) — (2",2)’) represents the transformation of the
momentum-energy vectors of two particles under relativistic collision [2]. In this setting, the vectors z! and z" correspond to the
momentum-energy vectors of the two particles before and after collision, that is

. . . Ei . . . . Ei" .
zi= Zl,o,zl,l ==, i , Zl/ — Zl,()il,zt,ll ==, il JieN,
( ) Pty ( ) Pty
where E’, E'’ denote the relativistic energy of the two particles and p/, p’’ their momenta before and after collision respectively.
3. Elastic collisions as maps

In the abelian, case system (1) can be solved uniquely with respect to the primed variables v/, v// ', 4! in terms of the un-primed
ones. Provided that m’ + m/ # 0 we obtain the maps

R (Wm0 m) - (Vom0 mT) 27)
where
i1 _ j m—m j ir i
v =v ++(U—Uj), m' =m',
m' +m/
o mi—md ) )
U/,:Ul‘i'*(vl—l)]), mﬂsz.
m' +m/

Maps R;; will be referred to as elastic collision maps. The elastic collision maps have the Yang-Baxter property, that is if we take three
particles with given velocities v!, v* and 17, after the interaction of the 1st particle with the 2nd, followed by the interaction of the
1st with the 3rd and finally of the 2nd particle with the 3rd, the outgoing velocities are the same if the order of the three interactions
is reversed (see Fig. 1).

Alternatively, the system (1) can be solved for v'/, m’ 1/, m/ in terms of v/, m' v//, m/’ provided that m’ — m/ # 0 to obtain

Q;; (W m my e (0 m 0 mT ), (28)
where

. . i Jro, . . .
m +m
U”=U”+—(U'—U“), m' =m',

mi—mi!
i il

. . om 4+ m . . . .

u’:u’+i—j,(v’—1ﬂ'), m =m'’,
m —m

Maps Q;;, will be called companion elastic collision maps.
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ms3 m1
mi ms3

Fig. 1. The Yang-Baxter relation, realised as elastic collision of three particles moving on a circle. That is the outgoing velocities after the interaction of the 1st particle
with the 2nd, followed by the interaction of the 1st with the 3rd and finally of the 2nd particle with the 3rd (left figure), are the same if the order of the three
interactions is reversed (right figure).

Note that in the non-abelian case the problem of expressing some variables of the system (1) as functions (maps) of the remaining
ones is more subtle. In detail, in order to avoid indeterminacies we have to consider that the velocities and the masses of particles
that participate in the collisions to be elements of a division ring. Also, as we shall see, in order to obtain the non-abelian elastic
collision map, the solution of a system of Sylvester equations is required. In this Section, we address all these just mentioned issues
and we investigate the properties of the obtained maps. First we recall the definition of Yang-Baxter maps and the definition of
3 D-compatible maps and we show how these notions are mutually related. Next, we show that the maps (28) and their non-abelian
versions are 3 D-compatible, whereas the maps (27) and their non-abelian versions are Yang-Baxter.

We would like to mention that the conservation relations (22)-(24), which are equivalent to the conservation of the relativistic
momentum and energy, can be considered as the defining relations of the following map

1

0

iy J o J iy J o j
myx + m x ;mox +m0x
xJ

Ry (' x) o (¢ 1" = <x’ X
- T -

mox’ + moxJ mox' +m

This map is equivalent with a Yang-Baxter map that was referred to as H ;‘I I in [12]. While relations (25) can be considered as the

defining relations of a two-component Yang-Baxter map that extends H ;‘, ;- This two-component map explicitly reads

Ry o Ly o)y ey Py )

Amgx"+m{)xj ) ) ,mgxi+m6xj ) }
= x’ji.,y’+A,—pl;X'j7_,y’+A,—p’ ,
i i j i i j
myx’ + mx myx! + mgx
where
S X (! — ) (o P’
A= (=) —— X0 (T P )
(mé)x’ + m{)x/ )(m{)x' + mz)xf) m:)x’ + m()x/ m{)x’ + m! x/

3.1. Yang-Baxter and 3 D-compatible maps

Let X be any set.

Definition 1 (3 D-compatible maps [13]). Let Q : X XX 3 (x,y) — (u,v) = (f(X,y), g(X,y)) € X X X, be a map and Q;;i#je({1,2,3},
be the maps that act as Q on the i-th and j-th factor of X X X X X’ and as identity to the remaining factor. In detail we have
Ot (X,y,2) > (X,¥1,2) = (f(X,¥), (X, ¥),2),
O3 1 (xy,2) ~ (X3,5,2) = (f(X,2),y, 8(X,2)),
Oy (X,y,2) = (X,¥3,2y) = (X, f(,2),8(y,2)).
The map Q : & X X - X X X will be called 3D-compatible or 3D-consistent map if it holds X,3 = X35, Y13 = Y31, Z» =Z,|, that is
S(X3,y3) = f(X3,2,), g(x3,¥3) = f(¥1,21), 8(%p,2y) = 8(¥1,29)- (29)
Definition 2 (Yang-Baxter maps [14,15]). Amap R : X X X 3 (x,y) ~ (u,v) = (s(X,y),#(X,y)) € X X X, will be called a Yang-Baxter

map if it satisfies

Ri3 0 Ri30Ry3 =Rp30Ri30 Ry, (30)

where R;; i # j € {1,2,3}, denotes the maps that act as R on the i-th and the j-th factor of X X X X X, and as identity to the remaining
factor.
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The first instances of Yang-Baxter maps appeared in [14,15]. The term Yang-Baxter maps was introduced in [16,17] to refer to
maps that serve as set-theoretical solutions of the Yang-Baxter equation. The Yang-Baxter equation originally appeared in quantum
physics [18,19] and in statistical mechanics [20,21] and it was further noticed that it is equivalent to the braid group relations
[22,23]. Within this identification, the Yang-Baxter theory emerged in various areas of mathematics such as quantum groups (Hopf
algebras, von Neumann algebras), knot theory and, most importantly from the point of view of this article, the theory of discrete
integrable systems [24].

Definition 3 (Birational maps). An invertible map R : X X X 3 (x,y) — (u,v) € X X X will be called birational, if both the map R and
its inverse R™! : X X X3 (u,v) ~» (x,y) € X X X, are rational maps.

Definition 4 (Quadrirational maps and their companion maps [25,13]). Amap R : X X X © (X,y) — (u,v) € X X X will be called
quadrirational, if both the map R and the so-called companion map R¢ : X X X © (x,v) ~ (u,y) € X X X, are birational maps.

Proposition 3.1. [13] Map O : (x,y) —~ (f(X,Y),g(X,y)) is a 3 D-compatible map, iff its companion map is Yang Baxter map.
The definitions above can be easily extended to N-dimensions with N > 3.

Definition 5 (Multidimensionally compatible maps [13]). Let Q : X X X 2 (x,y) = (0, V) = (f(X,y), g(X,y)) € X X X, be a map and 0
i#je{l,...,N}, be the maps that act as O on the i-th and j-th factor of X" and as identity to the remaining factor. In detail we
have

Q;; (xx L x) e xj ij X
=& &), g XD, X, i#je(l,....N}
The map QO : X X X - X X X will be called multidimensionally compatible if it holds
;’.k=x§c. i#j#k#i€{l,...,N}.
Remark 3.2. The companion map Q¢ of the multidimensionally compatible map Q, satisfies the following Yang-Baxter equations
05005 005, =05, 005 00, i#jEk#IE (L N},
3.2. The non-abelian companion elastic collision maps are multidimensionally compatible

Here we prove that the non-abelian extension of (28) that is system (1), is multidimensionally compatible. First, we need to extend
(1) to multi-dimensions, that can be done by the following identification
(W, W W o ) = (Ui,ﬂi,U;,M;;Uj,ﬂ{,Uj,Mj), i#j€e(l,...,N}L

1

In terms of this identification (1) reads

U;—UJ=U{—U[, (31a)
Wi = ]+ (31b)
o =l i, 310
Mj.vj + U}ﬂj = ,u{vi + U{ﬂi, (31d)
where i # j € {1,..., N'}. This is a linear set of equations with respect to U} v{ , /4;., /4{ . Solving this set of equations for U; U{ , ,uj., ,u{ ,
we obtain the defining formulas for the maps Q;;. Indeed, the non-abelian maps Q;; explicitly read
Qij:(Uisl'{i;vjsﬂj)’_)(U;’ﬂ;;U{’ﬂ{>v i#j€(l....N}, 32)
where
wh =Ky (KY) 7 (33)
o= (1! = ol = (=) ) (k) 34)

and the expressions K’/ are defined by the formulas
K = Mi —/4j.

We will need the following lemma.
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Lemma 3.3. Consider the maps (32), then the following relations hold

(1) Kli’j + K,.j 4 Kjk’ =0 (additive closure relation);

S NI
@ wu, (1) : uk = ;4;.‘ (y;) u! (multiplicative closure relation).
(3) The expressions

iTj.k « _ b ik

T/ ._Kk K' (35)
are symmetric with respect to the interchange j to k, and they satisfy

e <irj,k)_1 ipik L igik _ (36)

where "W/ and 'Q/k are defined as follows
L L . A\l . ;
it (1= ) ™) (=) = (1208 () ) -, 37)

iﬂj'k:=(/4;—;4;.‘>(uj—vi)—(ui—ui)(vk—vi), (38)

which are clearly antisymmetric with respect to the interchange j to k.
Proof. The proof of the lemma is given in Appendix A. []
Now we are ready to formulate the main Theorem of this Section.
Theorem 3.4. Maps (32) are multidimensionally compatible.
Proof. The proof of this theorem is presented in Appendix B. []

3.3. Yang-Baxter maps and the Sylvester equation

Theorem 3.4 states that maps (32) are multidimensionally-compatible. In the following proposition we present the companion
maps of (32) which are Yang-Baxter maps due to Proposition 3.1.

Proposition 3.5. The companion maps ij of (32) read

ij:(vi,ﬂi;v{,u{)H(U;,M};v’,uj>, i#je(l,...,N}, (39)
where
U; = u{ + hi, v =0+ h,
i_ ijy~1 Jo_ i ij\~1 (40)
wo=pl+ (&), W= (V)

and h', g'J satisfy the following system of Sylvester equations

(41)

(/t{ + (g"f)_l) A" + (ui - (g"’)_l> =ul (g") 7 = (") ud.

Proof. In order to find the companion maps ij we need to solve (31) for U; /4; v/, i/ in terms of v, i', Ull s /4{ . Omitting the identity
solution u; = v{ , /4;. = /4{ ,v/ =vl, W/ =y, we consider the auxiliary variables g/, and h'/, defined by

ph=pl + (), ol =ul +ht (42)
Substituting the expressions above into (31a) and (31b), we respectively obtain

W=pu = =0+ (43)
Substituting (42) and (43) into (31b) and (31c), they become exactly the system of Sylvester equations (41) and that completes the

proof. []

We remark that in a similar manner we can find the inverse of the maps Qf;, hence the original maps Q,; are quadrirational.
Further recent developments on non-Abelian Yang-Baxter maps can be found in [26-29].
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by ——— x' = Xmt1/2041 —— Purinsi 23 Xy [253
&
<. =
] i
- =
E é y Y1
E il
S S
-
Gy —————— X Xmt1/20 ——— D1 ¢ X ¢,
(a) Descriptive notation (b) Compendious notation

Fig. 2. Variables assigned on vertices and edges of an elementary cell of the Z> graph.

4. Non-Abelian elastic collision maps as difference systems
4.1. Reinterpretation of a multidimensionaly compatible map as a system of difference equations on the ZN graph

There is a natural association of a map with a difference system defined on the edges of an elementary quadrilateral of the Z>
graph. Indeed, a map R : X X X 3 (x,y) — (x',y’) € X X X, can be considered as a difference system defined on the edges of an
elementary quadrilateral of the Z2 graph by making the following identifications

XEXm+1 2,n° yEym,n+l 2

, / , / mne, (44)
X =EXpt1/20+10 Y EYmtln+1/2

so that the “primes” have been interpreted as increments on the independent variables. Moreover, we can adopt the compendious

notation (see Fig. 2)

X :=Xm+l/2,n’ y :=Ym,n+l/2’ S| :=Xm+3/2.n’ etc. ez
m,n ,
X, I=Xm+1/2,,,+1 =u, y; :ZYm+1,n+l/2 =V, ::ym,"+3/2’ efe.

where with subscripts we denoted discrete shifts on the associated Z2 graph. We extend our notation to the ZV graph as follows

xi=x, x:=y, xj.::xj, x{::yi, i#jef{l,...,N}. (45)

Note that in this notation the superscripts represent the associated edges of the ZV graph where the variables are assigned, e.g. see
Fig. 2. When x represents an M € N component vector, so x’ stands for the vector x assigned on the i-th edge of the ZV graph, we
denote its components as follows

x = (xM, M) iefl,...,N}, M eN.

In this concise notation introduced above, the difference system x; = F(x',x/), is associated with the map (x',x/) —~ (x;xlj ) =

(F !, x)), F(x/,x! )), where F a rational function. This difference system will be called multidimensional compatible iff

x}kzx;;j, i£j#k#ie{l,...,N}. (46)

For the rest of this article and unless else specified, we have

Xi:=x=(yi,ui), xj:=y=(;4j,uj), i#Zje{l,...,N}.
With the reinterpretation considered above, the abelian version of elastic collision map appeared in the discrete integrable systems
theory in [1,30,2], see also [31] for their connection with discrete Hirota’s Korteweg de Vries equation.

4.2. Non-Abelian companion elastic collision maps and associated difference systems

With the reinterpretation we presented in the previous Section, we can treat the defining relations of the maps (32) that is (33)
and (34), as difference systems that relate the two-component variables defined on the edges of an elementary quad of the Z" graph.

Theorem 4.1. Consider the following Lax system

¥, = L', u DY, ¥, =L w DY, (47)

where the Lax matrix L is given by

10
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LW, ;1) := i
@', A) 0 u-2

Let all entries of the Lax matrix be assumed to belong to an associative algebra A, and A, which is referred to as the spectral parameter,
assumed to be an element of the centre of the algebra. The following holds.

(1) The compatibility conditions of the Lax system (47) i.e.

LW us DLW w2 ) = LW s DLW ' 2) o

that are supposed to be valid for every value of 4 are equivalent to the following system of difference equations defined on the edges of
the ZN graph

v§. -/ = U{ -, (49a)
Wi+ = ]+ (49b)
i = pl i, (49¢0)
,uj. v+ vj.yj = /4{ v+ U{//, (49d)

wherei#je{l,...,N};
(2) they correspond to the following systems of difference equations defined on the vertices (vertex systems) of the ZN graph

Vi—wy= ¢i¢_l, (50a)
o, —oc=¢7', (50b)
X+ x=d0,— o) (50¢)

(3) The relations (50), serve as hetero-Bdcklund transformations between the following three vertex systems

by (67 =071 ) = (di-¢)) 07", (51a)

by d; g+ 0+ Ui+ 28071 = 07 G+ 0 + Gy + 20bid ™ (51b)
and

b (¢;1 - ¢i_1> = (¢i - ¢j) ol (52a)

i@y = @7 + i@ = )b~ = (@i = )P + bj(@; — @) (52b)
and

(i — v —w)=(y;; —yv)Ww; —w), (53a)

(i —wpy + 20+ g+ 1) —w) = (i —w) g + 0+ (g + 20w —w). (53b)

(4) The difference systems (49) are linear with respect to the variables vj., U{ N /4;., ﬂf and provided that the expressions u' — u/ are invertible,
they can be solved with respect to these variables to obtain

o= = W ' = W) (54a)
o) = (! — v = (v =) W = )7 (54b)

The system of equations in edge variables (49) is multidimensionally compatible.
(5) The systems of equations in vertex variables (50) are multidimensional compatible.

Proof. (1) The proof follows by direct computation. Indeed, the compatibility conditions (48) of the Lax system (47) explicitly read

(W + D+ ) =] + D' + 2, (55a)
(W) = D! = ) =(u] = D' = . (55b)
(Wi + A0 + 0w = 2) =(u! + D' + 0] (4 = 1), (55¢)

Demanding that (55) hold for every A, (55a) is equivalent to (55b) and together with (55c) we obtain exactly the system of
differences equations (49).

(2) The procedure to obtain a system of vertex equations associated with its edge system counterpart, is nowadays referred to as
potentialization [32-38]. Namely, equations (49a), (49b) and (49c) guarantee the existence of the potential functions y, v, ¢,
respectively

11
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o= Xit+x v = xit+x (56a)
W=w -, W=y -y, (56b)
u=¢ig, W=¢07", (56¢)

Then equation (49d) can be written in the conservation form
(¢7106), — 7 b= (970/) — 7'/ (57)
1

Moreover, (57) guarantees the existence of the potential function @ which is defined by

Pl p=0, -, (;bj_lujd;:a)j -o. (58)

Furthermore, taking

pi=¢7",

due to (56c¢) equation (49b) becomes the conservation relation

(™) =pip™ = (p0™") = 2", (59)
that guarantees the existence of the following potential &

ai—azp,p_l, aj—zf:pjp_l. (60)
From (56) and (57), we eliminate v*,1/, u', 4/ and together with (60) we obtain (50).

(3) From the difference systems in vertex variables (50), we use the compatibility conditions ¢;; = ¢, xi; = Xjis Wij = Wji> @;j = @,
to either eliminate y and w, obtaining (51); eliminate y and y, obtaining (52); or eliminate ¢ and w, obtaining (53).

(4) The proof of this fact is essentially the same as the proof of Theorem 3.4.

(5) In order to prove that the vertex systems (50) are multidimensional compatible we have to show that Vi # j #k e {1,...,N},
Gijic = Pikjs Xijk = Xikj» Wijk = Wix; and o, = oy;. Let us first prove that ¢, = ¢;;;. From item (4) of this theorem we have
that ;4; = yij. Substituting the definition of the potential ¢ (56c) to the previous relations we obtain ¢, jkqufkl = dix; qS;j]. So in
order ¢, = ¢;; to hold, it should be that ¢, = ¢, but this trivially holds since the potential ¢ exists. Similarly we prove that
the remaining potentials are multidimensional consistent. []

Note that, equations (49b), (49c) also appear in the context of discrete differential geometry and serve as the defining relations
of the so-called skew parallelog_ram nets [39,11], cf. [40]. In that respect (49) could be realized as deformations of skew parallelogram
nets since for v’ = v} = v/ = Uf = ¢, where the constant c is an element of the field that the algebra is defined over, we recover (49b),
(49¢). In [35,41,26,42,28], reductions of (49b), (49¢) on certain subspaces of a Z,-graded algebra over a non-commutative ring
were considered together with the associated non-abelian Yang-Baxter maps and the corresponding difference systems in edge and
in vertex variables.

4.3. Abelian elastic collisions of point-mass particles as difference equations on the ZN graph

Under the identifications (44), (45), the defining relations of the abelian map Q; j (28), define the following difference systems in
edge variables

U;—Uj=U{.—U[, mi<U;—v[)=mj<Uf—vj), i#je{l,...,N}. (61)

1

The first equation of (61), guarantees the existence of a potential function y, such that

v =y + 72 v =xj+x.

In terms of the potential function y the second equation of (61), reads

(m' =m’) (i = 20 = (m' +m’) (i = 2) = 0. (62)
On the other hand, The second equation of (61), guarantees the existence of a potential function y, such that
p¥i¥ o Uy
m' m/

Then, in terms of the potential function y the first equation of (61), reads

(W' =) iy =)+ (W' + 1) (w; —w) =0, (63)

where y' :=1/m’ and p/ :=1/m/. The linear difference systems in vertex variables (62) and (63), are related by the substitution

12
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4 vi—v
Xitx=—7" Xptx= .
m

5. The closure relations and systems of three-dimensional vertex equations

In Lemma 3.3 we have provided two algebraic relations which are satisfied by the multidimensional compatible maps (32) on any
cubic-cell of the ZN -graph. Clearly, these algebraic relations also hold for (54a), (54b) that serve as the difference systems in edge
variables associated with the multidimensional compatible maps (32). These relations serve as closure relations (cf. [43]) since they
hold on any cubic-cell of the N-cube lattice where the non-abelian systems (54a), (54b) are defined.

5.1. Three-dimensional systems of vertex equations

In the following Proposition we provide all closure relations associated with the difference systems (54a), (54b), as well as the
corresponding systems of three-dimensional vertex equations. As a result we obtain coupled systems of three-dimensional vertex
equations.

Proposition 5.1. A. On any cubic-cell of the N -cube lattice, the solutions of the difference systems (54) satisfy the following closure relations
O K+ K"+ K =0, where K := i —
(i) Sy/SI*SH =1, where 51 = (u) ™
(i) T} + T + T =0, where T 1= ul —1/;
. i ik ki e el 1 . . o
@) U +U" + U; '=0, where U™ := ¢ u'¢p - ¢7'w/ ¢, and ¢ the potential function defined in (56¢).
B. The solutions of the difference systems in vertex variables (51), (52), (53) satisfy the following systems of three-dimensional vertex equations
b1yt by = Dby e
(in terms of yr reads : (i =y —vi) ™ Wiy = Wi = W)™ Wy —wwy =y~ = 1),
<¢,v_kl ()(fk + 1) - ¢J_k] ()(jk + }(k)) o + <¢,»_jl ()(ij +x) - ¢,~_k] (i + )(i)) b,
-1 —1
+ <¢jk (i + ;) = (2 + 1/))‘15/' =0,
(¢ik - ¢jk) ¢;] + (¢ij - ¢ik> ¢;1 + (¢jk - ¢ij) ¢;1 =0,
(¢;¢' (2 + 2) = #70 (i + n)) b+ (¢7,1 (x5 + 21) = b3 (rae + 21) ) ®; (Xy)
-1 -1
(03 (et ) =95 (1 + 1) ) #=0.
(G = Gsu) b + (D = bu) 7 + (B0 = by) 87" =0,
(Dix (03 = 01) = (@30 =04 )) by + (B3 (@1 = ) = by (03 — ;) ) 7! @)
~1
+ (i (0 — ;) = byj (w0 —@;)) ¢ =0.

(&)

Proof. The proof of the first two items (i) and (ii) of part A. of the Proposition have been essentially proved in Lemma 3.3.
Let us prove item (iii). Since T/ := v’ — v/, we have

Qg ik ki ik ik
T +T/" + 1" = v} —v; +vf Vi +u; U;(—O,
=uk —ui =ul—u/ =) —uk
where we have substituted (31a).
(iv) Since U™ 1= ulp — q};lufqb, we have

Uk ki i _ B , y
U +U0 4 U =g (”:J"pi - ”}d’j) + 95k (”f‘ﬁj - ”fcd’k) + o7 (i —uf ) =0,
N —_

:(¢;luj_¢;lui>¢ :(¢;1uk_¢;1uj)¢ =<¢’_—1uu¢;1uk)¢

where we have substituted (57).

B. Rewriting the closure relations (i) — (iv) in terms of the potentials (56a), (56b), they become exactly the three-dimensional vertex
system (&X,). On the other hand, rewriting them in terms of the potentials (56a), (56¢), they coincide with (X,). Finally, expressing
the closure relations in terms of potentials (56¢), (57), we obtain (k’:). O

13
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We recall that the first equation of (&,), is related to a non-abelian three-dimensional equation that was introduced in [44], that

is
Wik = W = wi) ™ Wy = wd Wi —w) ™ Wi —w)wy —w) ™ =1 (64)
via the Béacklund transformation y, — y = ¢;¢p~!. The abelian version of (64) coincides with the equation referred to as (y,) in [45].

Also, the first equation of the three-dimensional vertex systems (X,) and (XI), first appeared in [44] and in the Abelian limit coincides
with the equation referred to as () in [45].

6. A unified approach of discrete analytic functions

In this Section we show that both the linear and the nonlinear theories of discrete analytic functions can be considered as special
cases of (5). We start with the following definition.

Definition 6 (Discrete analytic functions on an embedding of the Z* graph [46,47]). Let ¢ : Z*> — C be an injective embedding of the
72 graph to the complex plane C and let the function F : C — C. Then the composition y = F o ¢ is another embedding of the 7>
graph to the complex plane C. We say that the function F is discrete analytic on the embedding ¢ at an elementary quad that consists of
the vertices {(m,n),(m+ 1,n),(m,n+1),(m+ 1,n+ 1)} of the graph, iff the equation

(O’i—O'j)(j’[j_l)=(5[j_o—)(1[_Ij)’ (65)

holds for the quad. We say that the function F is discrete analytic on the embedding o, iff the equation (65) holds for every elementary
quad of the graph.

Remark 6.1. Since the definition is “local” i.e. it is restricted to elementary quads, it can be extended to any planar quad graph.

Remark 6.2. Equation (65) is a discrete analogue of d f(z) = 0, that in discrete integrable systems theory is referred to as the discrete
Moutard equation [48,49].

In the literature, discrete analytic functions usually are defined with a prescribed embedding . In Ferrand’s definition [50-57]
the embedding ¢ is a square embedding {m +ineC|(m,n) e Zz}. Duffin’s definition [4,58] assumes that the embedding consists
of rhombi only. In article [59] Mercat deals with rectangle embeding o. In this article we assume parallelogram embedding, i.e. for
every quad of the graph the following constraint holds

0',-j+0'—c7,-—6j=0. (66)

However, we would like to stress that in Mercat approach [46], where essentially discrete analytic transformations are the transfor-
mations that preserves the so called discrete conformal structure, the role of the embeding ¢ is secondary.
The important observation is that equation (65) can be rewritten as

(O'[j - O'J-)()(,-j + ){j) + (O'j - 0')(}(/ +x)+(c—o)(xi+x)+(0; — 5[})(}({/ + 1) =0. (67)
If we define the directed integral over the directed edge (a, b) of the graph as

_ 1+ 1@

5 (o(b) - o(a)),

/ x(o)do :
(a,b)

then equation (65) serves as the discrete analogue of the Cauchy integral theorem ¢ f(z)dz =0 [4], which can be written as

% x(0)do =0.

¢

In the formula above ¢) means that the integration is performed over an elementary quadrilateral of the Z? graph.
An important characterisation of the discrete Moutard equation is that it leads to the discrete Laplace equation by the sublattice
approach (see [49])
(0, —0) (0, = 0))ij — 1)+ (o_i_; —0) (o —0_)a_imj — X+ 8
+o_i; — U)_I(Uj —o_ )=y — )+ (o — 0')_1(0'_/ —o)(i—j — ) =0,

that serves as the discrete analogue of (6)2( + dﬁ) f(x+iy)=0.
Remark 6.3. The discrete Cauchy integral theorem (67) (or equivalently (65)), is a local property (it is defined on a single quad) and

can thus be easily extended to an arbitrary quad-graph. In addition, the transition from (65) to the Laplace type equation (68) can
be performed in an arbitrary quad-graph.
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Finally, we would like to stress that the formulas (65), (67) and (68) are written in a form that is valid in the non-abelian case.
6.1. Non-abelian unification of the theories of discrete analytic functions

We will show now that both the linear theory (see Definition 6) and the non-linear theory (see [60]) of discrete analytic functions
have a unified description.
The system of difference equations (50) under the assumptions:

(1) the values of functions y and @ commute with the values of any of the functions ¢, v or o;

(2) the functions y, w, ¢, v and o are embeddings of the Z> graph in an associative algebra A i.e. they are considered as maps
7% > A;

(3) the values of the functions ¢, y, o belong to the domain and values of functions y, @ belong to the codomain of the maps
F,: A— A,suchthat y=F,o0¢, y=F,oy,w=Fo0,w=F,0¢,o=F;oy and w= Fs00';

reads
Xi +2’=¢i¢_l(wi - ), (69a)
Xi+tx=W; —yw)w;, - o), (69b)
(0; —0)xi + x) = (0; — w). (69c¢)

Furthermore, if we assume that if @; — w # 0 then from equations (69a), (69b) and (69c) we infer that

wi—w=dip (70)

oi—o=¢7'¢, (71)
and the compatibility of (70) and (71) leads to the following difference equations with one dependent variable each:

by (@7 == (¢ = dd 7, (72)

(wij —wp; —y)=(y;; —wdw; —y) (73)

(6;; —0;)(0; —0) =(0;; — 0;)(0; — 0) 749

In addition the functions x4’ and v/

ﬂi :=llli—ll/=¢i¢_1’ (75a)
Vo= Xitx= <;b,-<;b_1(w,- - w), (75b)

are naturally defined on the edges of the Z2 graph.
Summarizing, both the linear theory of analytic functions and the non-linear theory arise as special cases of system (69), or more
precisely as special cases of the structure O(F, o), where

(i) the function ¢ : Z> — A is an embedding of the Z? graph into an algebra .A;
(ii) F: ADImo>x+— y=F(x)€C,isafunctionand y := F oo;
(iii) the embeddings ¢ and y commute i.e. if x €Imo and y € Im y then xy = yx;
(iv) the embeddings satisfy

(0',‘—O'j)()(ij—){)=(f7[j—0')()(,‘—)(]‘)’ (76)
that is equivalent to

(655 —0)(xij+ x;)+ (05 —0)x; + x)+ (6 —0)(x; + 1)+ (0; — 0;))(x;; + x) =0, (77)
that implies

(oy; — o) (o, - )iy — 1)+ (o — o) o - o_D)x_icj — 20+ 78)
+(0'_,'j - 0')71(0'1' - O'_,-)()(_[j -+ (O',»_j - 0')71(0'_j - O‘,—)(){[_j -x0)=0;

(v) in general no restriction on the embedding ¢ is imposed.
! We recall that y = F, o ¢ means that for every (n,,n,) € Z*> we have ¢(n,,n,) = F, o ¢(n,,n,) = y(n;,n,) and similarly for the remaining functions.
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6.1.1. Linear theory of discrete analytic functions

If one considers A = C, the system of equations (69c) and (74) coincides with the Definition 6 of discrete analytic functions
on parallelogram embedings. Indeed, equation (69c) after elimination @ gives (65), whereas equation (74) in the abelian case can
be rewritten as (o;; — 0; — 0; + 6)(6; — 6;) = 0, which means that either the faces of the domain are parallelograms or they locally
degenerate to a line.

We plan to dedicate a separate article to investigating further consequences of system (69) in the theory of discrete analytic
functions.

6.1.2. Non-linear theory of analytic functions
We show now that the non-linear approach of discrete analytic functions theory (see e.g. [5,61-63,60,64]) is a special case of the
non-abelian theory.
We follow the steps we have used in Lemma 2.2. We take
i 0 d i xit+x 0
by —w = g i i
dimewe |8 4] el 0

where the entries of the matrices are functions Z2 — C. Equations (49b), (49¢) can be rewritten as
ai=ai_aji bi=bi_bjai
Joopi—pi 0 T gi—ql

Multiplying the sides of the equations we get

(a'b);=d'V',
so the product of the two variables (a')? :=a'b' is a function of the i-th independent variable only. So we can set

a =aiyi, b= %.
We conclude that x4’ should be of the form

H =YY= a_: o |’

¥

where o' are given C valued functions which depend only on i-th independent variable of the graph, and y' are C valued functions
that have to be determined. It turns out that the functions y' must obey

Vi =vly, (79a)

d (=)= (v = ). (79b)
Equation (79a) guarantees the existence of potential 7 such that

Y =17,
while equation (79b) becomes the discrete modified KdV equation [65]

—7;T) =l (1,1, — Tj‘t').

a'(r 17

ij%
Then equation (69a) reads

(i + 1) =r;7(0; — w).
Applying the point transformation

X = (=1 g, e G VAR

we obtain the system of equations

(i — 1) =77(0; — w),

+17;7) =a/ (1,7, + 7;7),

a'(r 17

ij%j

which constitutes the foundations of the alternative non-linear integrable discretization of analytic functions [60].
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Appendix A. Proof of Lemma 3.3
We prove the three items of Lemma 3.3.
(1) Since K"/ := ' — i/, we have
K,i’j+Kl.j’k+Kj]."i=u2—yi+/t{—y:‘+uf—y;=0,
where we have substituted the expressions ;45, p#q€{i,j,k} from (33).

(2) Applying the relations (33), we verify the second point of the lemma.
(3) We now prove the third point. There is

ik — K]i,jKi,k _ (“;c _ ”i) Kk — (Ki,k”i (Ki,k)—l — Ky (Kj,k>—1)Ki,k

— Kk (Kj,k)—l Ki,kﬂi W (Kj,k)—l Kk

"

PNk

The expressions ' A/** are antisymmetric with respect to the interchange j < k. Indeed, under expansion and recollection of terms
A7k reads

iAJk = (”j _Mk)fl (Mi)2+ ((ﬂk)—l _ <ﬂj)—l>

~
EJ:k

The first two terms in the expression above are clearly antisymmetric under the interchange j to k. The same is true for the term

EJ* since we have

. 1\ ! -1 A1 . 1! L -1 .
Eik — <1 — (ﬂj> l) _ (1 _(Mk) 1Mj> -1- (1 - (ﬂk) 1) _ (1 _ (1 _ (”1) 1”k> > = —EkJ,
where we have used twice the identity (1 - AB™! )71 +(1-BA™! )71 = 1. To recapitulate, since both K/** and 'A/¥, are anti-
symmetric expressions under the interchange j to k, their product that coincides with ‘IV-K (‘K = K/:Ki AJ-¥) | is symmetric.
Let us now prove relations (36). We have
ik (irj,k)_l ipik —
o - S . R A\~ . .
iy <(,r,,k) (s () ™) (=) = () (1 ~ k() ) (v >)
R - o . : o S AL, .
=Tt (K™ () ™ (0 = o) = ()T () (0 =)

= (s ]) (=) - (s =) (09 =) =
where we have used (35) that results
T = (1= ()™ ) s KM =T = (1 A ) K, 80)
to eliminate the underlined terms of the latter expressions.
Appendix B. Proof of Theorem 3.4
In order to prove that mappings Q;; are multidimensional compatible we have to prove that v;. = vhooml = mf(j, ViFj#k#i€

kj’ k
{1,....N}. Y
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Let us first prove m; W= m;'(j, or equivalently /4;. o= uij, where 4 1= (m' )71. Shifting (54a) to the k-direction, we have
i i i i, A\
Mjk=(Mk—/4k>/4k (Mk—ﬂk> . (81)
There is
. . . . . -1 . . . —1 L =1
py =y = (=) (=) = (W =) (W= )T =T (KT
so (81) reads
i ik ik\=L i ik (k) — ]
e ="TH (KHE) i KHE(T)
Substituting 4/ that reads u} = K"*u' (K i’k)_l into the relations above we obtain the multidimensional compatibility formula
. o S |
p ="THeut (TH4) (82)
that is clearly symmetric under the interchange j to k since V¥ is symmetric (see Lemma 3.3) under the same interchange. Finaly,
it can be shown easily that
i _ ) ij
W=+ K (83)
Now we prove that v;k - ULI. =0,Vi#j#k#i€{l,...,N}. Shifting (54b) in the k — th direction we have
Y S R N
Ky = s = vl + (o] =)
Using (35), (83) and ;4;( = Ki’kyi (Ki’k)_l, the relations above read

vl T = i (o = UK 4T (K)ol K+ (u{( - u;c) KKyt

Since ‘TV* is symmetric under j <> k, we have

<U;k _ U;‘(j)irj,k =M;kin,k 4 iUk ((Ki’k)_l U;‘(Ki,k _ (Ki,j)—l uj.Ki’j> FiIQIk (84)

where Q) 1= (vfc - v;c) Kik — (Uf - U}) K'Y, Using (54b) shifted accordingly, we substitute Ui, vl U;? and vj. into {Q/k and the
latter coincides with the expressions (38) of Lemma 3.3. In order to prove the multidimensional compatibility we have to prove that

the Rhs of (84) identically vanishes. Indeed, after using (82) the Rhs of (84) reads

ik i (irj,k)_l iQik 4 ipik (”i)_l ((Ki,k>_l U;CKi,k _ (Ki,j)—l U;Ki,j>
N (85)

ik

FQIk i

We use (54b) shifted accordingly and after expansion and recollection of terms, the expression ' A/ reads

= ()" ot () ) o (1= )7 =)= (1 () ) 7)) o

>
=0 due to Lemma 3.3

or (see (37))
iAJk — i\{;j,kui‘ (86)
Using (86), the expressions (85), that constitute the Rhs of (84) read

ik i <irj,k)_1 INdk ik i ("Ff~",4" (ipj.k)“ Wik 4 Qj’k> u=0

J

~
=0 due to Lemma 3.3

and that completes the proof.
Data availability

No data was used for the research described in the article.

18



P. Kassotakis, T. Kouloukas and M. Nieszporski
Nuclear Physics, Section B 1012 (2025) 116824

References

[1] T. Kouloukas, Relativistic collisions as Yang-Baxter maps, Phys. Lett. A 381 (40) (2017) 3445-3449.
[2] T.E. Kouloukas, Discrete integrable systems associated with relativistic collisions, Phys. D: Nonlinear Phenom. 456 (2023) 133937.
[3] A.L Bobenko, C. Mercat, Y.B. Suris, Linear and nonlinear theories of discrete analytic functions. Integrable structure and isomonodromic Green’s function, J.
Reine Angew. Math. 2005 (583) (2005) 117-161.
[4] R.J. Duffin, Potential theory on a rhombic lattice, J. Comb. Theory 5 (3) (1968) 258-272.
[5] W.P. Thurston, The finite Riemann mapping theorem, in: Invited Talk at the International Symposium on the Occasion of the Proof of the Bieberbach Conjecture,
Purdue University, 1985.
[6] P.D. Lax, Integrals of nonlinear equations of evolution and solitary waves, Commun. Pure Appl. Math. 21 (5) (1968) 467-490.
[7] A. Mikhailov, T. Skrypnyk, Zhukovsky-Volterra top and quantisation ideals, Nucl. Phys. B 1006 (2024) 116648.
[8] 1.V. Cherednik, Quantum and classical chains for two-dimensional principal chiral fields, Funkec. Anal. Prilozh. 16 (1) (1982) 89-90.
[9] T.E. Kouloukas, V.G. Papageorgiou, Yang-Baxter maps with first-degree-polynomial 2 X 2 Lax matrices, J. Phys. A, Math. Theor. 42 (40) (2009) 404012.
[10] T.E. Kouloukas, V.G. Papageorgiou, Poisson Yang-Baxter maps with binomial Lax matrices, J. Math. Phys. 52 (7) (2011) 073502.
[11] A.L Bobenko, Y.B. Suris, Discrete Differential Geometry: Integrable Structure, vol. 98, American Mathematical Soc., 2008.
[12] V.G. Papageorgiou, Yu.B. Suris, A.G. Tongas, A.P. Veselov, On quadrirational Yang-Baxter maps, SIGMA 6 (2010) 9.
[13] V.E. Adler, A.I. Bobenko, Yu.B. Suris, Geometry of Yang-Baxter maps: pencils of conics and quadrirational mappings, Commun. Anal. Geom. 12 (5) (2004)
967-1007.
[14] E.K. Sklyanin, Classical limits of SU(2)-invariant solutions of the Yang-Baxter equation, J. Sov. Math. 40 (1988) 93-107.
[15] V.G. Drinfeld, On some unsolved problems in quantum group theory quantum groups, Lect. Notes Math. 1510 (1992) 1-8.
[16] V.M. Bukhshtaber, Yang-Baxter mappings, Usp. Mat. Nauk 53 (1998) 241-242.
[17] A.P. Veselov, Yang-Baxter maps and integrable dynamics, Phys. Lett. A 314 (2003) 214-221.
[18] J.B. McGuire, Study of exactly soluble one-dimensional n-body problems, J. Math. Phys. 5 (1964) 622-636.
[19] C.N. Yang, Some exact results for the many-body problem in one dimension with repulsive delta-function interaction, Phys. Rev. Lett. 19 (23) (1967) 1312-1315.
[20] R.J. Baxter, Partition function of the eight-vertex lattice model, Ann. Phys. 70 (1972) 193-228.
[21] R.J. Baxter, Exactly Solved Models in Statistical Mechanics, Academic Press, London, 1982.
[22] E. Artin, Theorie der zopfe, Abh. Math. Semin. Univ. Hamb. 4 (1925) 47-72.
[23] E. Artin, Theory of braids, Ann. Math. 48 (1) (1947) 101-126.
[24] N. Hietarinta, J. Joshi, F.W. Nijhoff, Discrete Systems and Integrablity, Cambridge Texts in Applied Mathematics, vol. 54, Cambridge University Press, 2016.
[25] P. Etingof, T. Schedler, A. Soloviev, Set-theoretical solutions to the quantum Yang-Baxter equation, Duke Math. J. 100 (2) (1999) 169-209.
[26] A. Doliwa, M. Noumi, The Coxeter relations and KP map for non-commuting symbols, Lett. Math. Phys. 110 (2020) 2743-2762.
[27] P. Kassotakis, T. Kouloukas, On non-abelian quadrirational Yang-Baxter maps, J. Phys. A, Math. Theor. 55 (17) (2022) 175203.
[28] P. Kassotakis, Non-abelian hierarchies of compatible maps, associated integrable difference systems and Yang-Baxter maps, Nonlinearity 36 (5) (2023) 2514.
[29] S. Konstantinou-Rizos, A.A. Nikitina, Yang-Baxter maps of KdV, NLS and DNLS type on division rings, Phys. D: Nonlinear Phenom. 465 (2024) 134213.
[30] A. Dimakis, F. Miiller-Hoissen, Matrix kp: tropical limit and Yang-Baxter maps, Lett. Math. Phys. 109 (2019) 799-827.
[31] P. Kassotakis, M. Nieszporski, Difference systems in bond and face variables and non-potential versions of discrete integrable systems, J. Phys. A, Math. Theor.
51 (38) (2018) 385203.
[32] P. Kassotakis, M. Nieszporski, Families of integrable equations, SIGMA 7 (100) (2011), 14 pp.
[33] P. Kassotakis, M. Nieszporski, On non-multiaffine consistent-around-the-cube lattice equations, Phys. Lett. A 376 (45) (2012) 3135-3140, arXiv:1106.0435.
[34] T.E. Kouloukas, V.G. Papageorgiou, 3D compatible ternary systems and Yang-Baxter maps, J. Phys. A, Math. Theor. 45 (34) (2012) 345204.
[35] A. Doliwa, Non-commutative lattice-modified Gel’fand-Dikii systems, J. Phys. A, Math. Theor. 46 (20) (2013) 205202.
[36] A.P. Fordy, P. Xenitidis, Z" graded discrete Lax pairs and integrable difference equations, J. Phys. A, Math. Theor. 50 (16) (2017) 165205.
[37]1 M. Nieszporski, P. Kassotakis, Systems of difference equations on a vector valued function that admits 3d vector space of scalar potentials, arXiv:1908.01706
[nlin], 2019.
[38] P. Kassotakis, M. Nieszporski, V. Papageorgiou, A. Tongas, Integrable two-component systems of difference equations, Proc. R. Soc. A 476 (2020) 20190668.
[39] W.K. Schief, Discrete Chebyshev nets and a universal permutability theorem, J. Phys. A, Math. Theor. 40 (18) (2007) 4775.
[40] T. Hoffmann, A.O. Sageman-Furnas, J. Steinmeier, Skew parallelogram nets and universal factorization, arXiv:2401.08467 [math.DG], 2024.
[41] A. Doliwa, Non-commutative rational Yang-Baxter maps, Lett. Math. Phys. 104 (2014) 299-309.
[42] P. Kassotakis, Discrete Lax pairs and hierarchies of integrable difference systems, arXiv:2104.14529 [nlin], 2021.
[43] S. Lobb, F. Nijhoff, Lagrangian multiforms and multidimensional consistency, J. Phys. A, Math. Theor. 42 (45) (2009) 454013.
[44] F.W. Nijhoff, H.W. Capel, The direct linearization approach to hierarchies of integrable PDEs in 2+ 1 dimensions: I. Lattice equations and the differential-difference
hierarchies, Inverse Probl. 6 (1990) 567-590.
[45] V.E. Adler, A.L. Bobenko, Y.B. Suris, Classification of integrable discrete equations of octahedron type, Int. Math. Res. Not. 2012 (8) (2012) 1822-1889.
[46] C. Mercat, Discrete complex structure on surfel surfaces, in: Proceedings of the 14th IAPR International Conference on Discrete Geometry for Computer Imagery.
DGCI’08, Springer-Verlag, Berlin, Heidelberg, 2008, pp. 153-164.
[47] M. Biatecki, P. Kassotakis, M. Nieszporski, Discrete analytic functions on an embedding of a graph in C, 2025, in preparation.
[48] J.J.C. Nimmo, W.K. Schief, Superposition principles associated with the moutard transformation: an integrable discretization of a (2+1)-dimensional sine-Gordon
system, Proc. R. Soc. Lond. A 453 (1957) (1997) 255-279.
[49] A. Doliwa, P. Grinevich, M. Nieszporski, P.M. Santini, Integrable lattices and their sublattices: from the discrete Moutard (discrete Cauchy-Riemann) 4-point
equation to the self-adjoint 5-point scheme, J. Math. Phys. 48 (1) (2007) 013513.
[50] J. Ferrand, Fonctions préharmoniques et fonctions préholomorphes, Bull. Sci. Math. 2nd ser (68) (1944) 152-180.
[51] R.J. Duffin, Basic properties of discrete analytic functions, Duke Math. J. 23 (2) (1956) 335-363.
[52] Richard James Duffin, Charles S. Duris, A convolution product for discrete function theory, Duke Math. J. 31 (1964) 199-220.
[53] S. Hayabara, Operational calculus on the discrete analytic functions, Math. Jpn. 11 (1966) 35-65.
[54] C.R. Deeter, M.E. Lord, Further theory of operational calculus on discrete analytic functions, J. Math. Anal. Appl. 26 (1) (1969) 92-113.
[55] D. Zeilberger, H. Dym, Further properties of discrete analytic-functions, J. Math. Anal. Appl. 58 (2) (1977) 405-418.
[56] D. Zeilberger, New approach to theory of discrete analytic-functions, J. Math. Anal. Appl. 57 (2) (1977) 350-367.
[57] D. Alpay, P. Jorgensen, R. Seager, D. Volok, On discrete analytic functions: products, rational functions and reproducing kernels, J. Appl. Math. Comput. 41 (1-2)
(MAR 2013) 393-426.
[58] C. Mercat, Exponentials form a basis of discrete holomorphic functions on a compact, Bull. Soc. Math. Fr. 132 (2) (2004) 305-326.
[59] C. Mercat, Discrete Riemann surfaces and the Ising model, Commun. Math. Phys. 218 (2001) 177-216.
[60] A.I. Bobenko, S. Sechelmann, B. Springborn, Discrete conformal maps: boundary value problems, circle domains, Fuchsian and Schottky uniformization, in:
Alexander I. Bobenko (Ed.), Advances in Discrete Differential Geometry, Springer, Berlin Heidelberg, Berlin, Heidelberg, 2016, pp. 1-56.
[61] K. Stephenson, Introduction to the Theory of Circle Packing: Discrete Analytic Functions, Cambridge University Press, 2005.

19


http://refhub.elsevier.com/S0550-3213(25)00034-3/bib2846EA4218808CE9BE4A4E7279374530s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib44FD14A669B1E64DC2E250EE8E501A51s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bibD43087F5237C7BD75334559AC7A9201Bs1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bibD43087F5237C7BD75334559AC7A9201Bs1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bibA2A3F74C5CE9EB084AF220D7AD97775Fs1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bibA8252D135D35133BF1E0AC0CBF48D00As1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bibA8252D135D35133BF1E0AC0CBF48D00As1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib6F0170FBFAE85EC13F565665B8D74F3Bs1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib03B8559B069017FDD403BC08942E7DFAs1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bibB88C6A0D62FF4B1391E36C1CA7A31440s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib12AC19CF4A4F56974F6859001F86ECCFs1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib167007230543A76B5297D0BF632809E7s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib689624DC395928538C3AC39EF61F58E1s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib037F134C4D98D631318962917C38A290s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib49A10E7222CD68D96F7F75AB88F6821Fs1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib49A10E7222CD68D96F7F75AB88F6821Fs1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib69B60FE88416AC9816F221C03D98E95Ds1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib42FAE5AF89943FD7F7C875AB09C20377s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib6C0276F6D3269EF919263D961F981B58s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib0E04518213DBEB5FC7633BD9572C02F9s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bibC9FEE80359CF0AA7108E647F7471FA47s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib8B34C284CD30EA910D1CA07EC26FCA85s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bibBAD0C3A2FB77F09BC5A27EA5506C68ACs1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib444F9AEB484F05F4C315025BCFD319D0s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bibB65DD1462BAF3F774A7B04E0BD464AA2s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib8F54F92553607CFFFA38F78045D5F22Bs1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib0E14FA82C3E6B101858F108EE458D7C7s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib613FC0F9C09EEC767901146BFD5199FEs1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib02392856E312A7B7CBAFF1B8E7D88396s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib6ECA09FE69E105D6DF29575AA50CD5E2s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bibA2D3A33640CD1E313EC42F47861B37C8s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bibB465BD483E36F034816A888B8B2F24B3s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bibD012EEA314FBA8952A84AAD5A310F26Fs1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib05E6C9C5831C13184390CE0E4A9E8ACBs1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib05E6C9C5831C13184390CE0E4A9E8ACBs1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib41ECDA3433D38DB7119C3CD8A885AF54s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bibA463F4D5A23595D1CF2E4D49E510AACCs1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib16241CE8A7E48F8364C72717EDD1FF7Cs1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib61B6AEB1C0CA15230F59CD7DAABC4173s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib8138B836AF6B603D9DB69A761B929039s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib32312ED652C4F50939B06AA4588ABD14s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib32312ED652C4F50939B06AA4588ABD14s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib9BC7EE3EFF33DB313962247784E513E2s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bibF43433ABB2A052EB6BBF7ABE0061245Ds1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib1A523949E745F2E388B0FEC4BDEFB370s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib9AE7C84E9C3B3DE7EA4F2A56165AC119s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib69F0C03999D75DCA03F0ABE473C4ED87s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib7B8DCDEF9281D9E56A347B31146FEDF7s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib22D8EED5691733E1DD7675187E75E174s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib22D8EED5691733E1DD7675187E75E174s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib6A8D8680B842BE02E3AC86927BB548D2s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bibC02371EB98DE6B79AC88A864D9930311s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bibC02371EB98DE6B79AC88A864D9930311s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib9D33C702BDDCBFD68E136C32BA4E548As1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib9D33C702BDDCBFD68E136C32BA4E548As1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bibF4200E60DD4E6AE8979AA642B7E4D6D5s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bibF4200E60DD4E6AE8979AA642B7E4D6D5s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib8B3B8AF2A4641DEC6BB73042307D8E21s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bibA1D9E6732301CE4B44F804337CB9C92Fs1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib1A27743BCFF468844E4E6550D27EAA5Es1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib94DA30172BA494282E6856618595B711s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib88F367738038A4E5C0CFC56A7FDC1725s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bibAC927A7B53D762040CC5D8F975502C86s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib5CE606D7BC1108A57397173F380D06B8s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bibE1D6FDAD7FCF47EC87FA90001390D614s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bibE1D6FDAD7FCF47EC87FA90001390D614s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib64287249888EDF38B79700DB193F4D58s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib575BF5B3706988F05129CEA30681774Ds1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib28A37BB4141CCF895D64336FAFAEDDD6s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib28A37BB4141CCF895D64336FAFAEDDD6s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib315A977BA9A12CFD077C70970AA63F6Cs1

P. Kassotakis, T. Kouloukas and M. Nieszporski

Nuclear Physics, Section B 1012 (2025) 116824
[62] A.L Bobenko, T. Hoffmann, B.A. Springborn, Discrete minimal surfaces: geometry from combinatorics, Ann. Math. 164 (2006) 231-264.
[63] A.L Bobenko, T. Hoffmann, Hexagonal circle patterns and integrable systems. Patterns with constant angles, Duke Math. J. 116 (2003) 525-566.
[64] N. Joshi, K. Kajiwara, T. Masuda, N. Nakazono, Discrete power functions on a hexagonal lattice I: derivation of defining equations from the symmetry of the
garnier system in two variables, J. Phys. A, Math. Theor. 54 (33) (2021) 335202.

[65] F.W. Nijhoff, A. Ramani, B. Grammaticos, Y. Ohta, On discrete Painlevé equations associated with the lattice kdv systems and the Painlevé vi equation, Stud.
Appl. Math. 106 (3) (2001) 261-314.

20


http://refhub.elsevier.com/S0550-3213(25)00034-3/bib530039FD3E6C5439B3D405E2C1EE137Es1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib27F03AAEF45C4D436E92A468518034A4s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib0E75A6F8598E5B2E87590238A90330D9s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib0E75A6F8598E5B2E87590238A90330D9s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib3FC266FDA4AC71AD3DEC3CF7B6FDF3E8s1
http://refhub.elsevier.com/S0550-3213(25)00034-3/bib3FC266FDA4AC71AD3DEC3CF7B6FDF3E8s1

	Non-Abelian elastic collisions, associated difference systems of equations and discrete analytic functions
	1 Introduction
	2 Reductions to classical and relativistic elastic collisions of point-mass particles
	2.1 Classical head-on elastic collisions of point-mass particles
	2.2 Head-on elastic collisions of relativistic point-mass particles

	3 Elastic collisions as maps
	3.1 Yang-Baxter and 3D-compatible maps
	3.2 The non-abelian companion elastic collision maps are multidimensionally compatible
	3.3 Yang-Baxter maps and the Sylvester equation

	4 Non-Abelian elastic collision maps as difference systems
	4.1 Reinterpretation of a multidimensionaly compatible map as a system of difference equations on the ZN graph
	4.2 Non-Abelian companion elastic collision maps and associated difference systems
	4.3 Abelian elastic collisions of point-mass particles as difference equations on the ZN graph

	5 The closure relations and systems of three-dimensional vertex equations
	5.1 Three-dimensional systems of vertex equations

	6 A unified approach of discrete analytic functions
	6.1 Non-abelian unification of the theories of discrete analytic functions
	6.1.1 Linear theory of discrete analytic functions
	6.1.2 Non-linear theory of analytic functions


	Declaration of competing interest
	Acknowledgements
	Appendix A Proof of Lemma 3.3
	Appendix B Proof of Theorem 3.4
	Data availability
	References


