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We present rational Lax representations for one-component parametric quadrirational Yang-Baxter maps in
both the abelian and non-abelian settings. We show that from the Lax matrices of a general class of non-abelian
involutive Yang-Baxter maps (K-list), by considering the symmetries of the K-list maps, we obtain compatible
refactorization problems with rational Lax matrices for other classes of non-abelian involutive Yang-Baxter

maps (A, H and F lists). In the abelian setting, this procedure generates rational Lax representations for the
abelian Yang-Baxter maps of the F and H lists. Additionally, we provide examples of non-involutive (abelian
and non-abelian) multi-parametric Yang-Baxter maps, along with their Lax representations, which lie outside

the preceding lists.

1. Introduction

Yang-Baxter maps, i.e. set theoretical solutions of the Yang-Baxter
equation,'® play an important role in the theory of discrete inte-
grable systems. The Yang-Baxter equation expresses a compatibility
condition associated with classical integrability features, such as Lax
representations, conserved quantities, Backlund-Darboux transforma-
tions, invariant Poisson structures, symmetries and exact solutions (see
e.g. Refs. 5, 7-12).

A type of quadrirational Yang-Baxter maps on CP' x CP' has been
partitioned under the Yang-Baxter equivalence into two lists the F-
list” and the H-list.'> These two lists do not provide a complete
classification, as various examples of non-involutive Yang-Baxter maps
of the same type exist that are not included there (see e.g. Ref. 14).
This fact does not diminish the importance of F and H lists, since they
include some of the most celebrated examples of Yang-Baxter maps
which are related to well-known integrable lattice equations and have
very interesting geometric interpretation. As was shown in Ref. 15, the
non-abelian counterparts of the F and H lists can be grouped into four
distinct, non-equivalent lists: the K, A, H and F lists. In the abelian
setting, all three lists X, A, H become equivalent to the H-list, while
F reduces to the F-list.

In this paper, we aim to present rational Lax representations of the
abelian F and H-list quadrirational Yang-Baxter maps and their non-
abelian analogues (K, A, H and F lists). Matrix refactorization problems
and Lax matrices of Yang-Baxter maps first appear in Refs. 5, 16, 17,
where a construction of Lax matrices by Mobius transformations on CP'
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is also presented. However, a direct application of this construction
does not always successfully produce rational Lax matrices. This is
particularly obvious in the case of the F-list Yang-Baxter maps. To
overcome this difficulty, we use the symmetries of these maps.

We begin with the more general case of the non-abelian Yang-
Baxter maps in the K-list. We present a map with additional free
parameters that generates all the K-list for specific constant values of
these parameters.!> Hence, a rational Lax matrix associated with this
map produces all the rational Lax matrices of the KX-list maps. The maps
from the rest non-abelian cases are obtained through the symmetries
of the KC-list. Based on these symmetries, we introduce refactorization
problems involving rational Lax matrices for A, H and F lists. The
abelian limit of the K-list gives rise to rational Lax matrices for the
H-list Yang-Baxter maps (except of Hy, which is treated separately),
while the abelian limit of the F-list produces compatible refactorization
problems with rational Lax matrices for the F-list. This approach does
not apply to the F;,, map, as it lacks a counterpart in the H-list.

Finally, we present non-involutive six parameter extensions of the
non-abelian %, Fy.K;;. H,, Yang-Baxter maps and their associated
Lax representations.

1.1. Yang-Baxter maps and Lax matrices

Amap R: XXX - XXX, R: (x,y)+~ (u(x,y),v(x,y)), where X is
a set, is called a Yang-Baxter (YB) map if it satisfies the Yang-Baxter
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equation
Ry30R 30R 5 = Rp0R 30Ry;.

Here, R;; for i,j = 1,2,3, denotes the action of the map R on the i and
Jj factor of X x X x &, i.e. Rj(x,y,2) = (u(x,y),v(x,y),2), Riz(x,y,2) =
(u(x, 2), y, v(x, 2)) and Ry3(x, y, z) = (x, u(y, z), v(y, 2)).

AYBmap R: (XxD)xXxI) ~ (XxI)x (X xI), with

R : ((x,p), (. @) = ((u, p), (v, @) = (W(x, p, y,9), p), (V(x, p, ¥, 9), @), (1)

is called a parametric YB map.>'” In this definition the set X is the
Cartesian product of the set of variables X and the set of parameters
I with elements p,q € I which remain invariant under R. Typically,
we consider that the set of variables X and the set of parameters I
have the structure of an algebraic variety. We mainly deal here with
the case where, X is the set of complex numbers C or more precisely
Riemann sphere CP' and the set of parameters I is C” or (CP')", where
n denotes the number of parameters. However, we discuss also non-
abelian cases, where we assume that X is a division ring .4, while the
parameters (including the spectral parameter that appears in the Lax
matrices) will be considered as elements of the center of the ring. We
often keep the parameters separately and denote a parametric YB map
as RP(x,y) : XxX - X x X treating it as family of maps.

According to Ref. 16, a Lax Matrix of the parametric YB map (1) is
amap L : XXIxI — Mat(nX n), such that

L(u,p,0)L(v,4,¢) = L(y, 4. O)L(x, p, D), (2)

holds for any ¢ € L. If the converse is also true, i.e. if the condition
that Eq. (2) holds for any ¢ € I implies (4,0) = R, ,(x, y), then L(x,p,{)
is called strong Lax matrix. The parameter ¢, which does not appear in
the map, is called the spectral parameter.

On the other hand, solutions of (2) give rise to YB maps under the
so-called 3-factorization property of the matrix L, which states that if
u=ul(x,y),v=vP4(x,y) satisfy (2), for a matrix L and the equation

L%, p.OL($, 4. OL(Z,7.{) = L(x, p. ) L(y. 4. O ) L(z. 7. {)

implies that = x, § = y and 2 = z, for every x,y,z € X, then
R, ,(x,y) = (u,v) is a parametric YB map with Lax matrix L.'®

As it was shown in Refs. 16, 17, if a YB map is generated by an
effective action of the linear group GLy, then the YB equation yields a
Lax representation. Conversely, using similar arguments from Ref. 16,
we can show that the solutions to the refactorization problem (2),
which are expressed by actions of GLjy, satisfy the 3-factorization
property and thus are YB maps.

Proposition 1.1 (Ref. 16). We consider a parametric map R™ : XxX —
X x X with

RV 2 (x, y) = (@™ (x, ), 0P(x, ) 1= (u, ),

an effective’ action GLy x X — X and a matrix valued function L :
XxIxI— GLy such that

u=L(y,q,p)lx], v=L(x,p,q)yl, 3

where L[x] denotes the action of L € GLy on x € X. Then the map R
is a parametric YB map if and only if

L(x, p,O)L(y.4.{) = L(v,q, ) L(u, p, ©). 4

In many cases, we can derive rational Lax matrices of YB maps on
CP' x CP' by considering the group GL, acting on CP' by Maobius

b

transformations,'®!7 i.e. for L = € GL,, L[x] := ”:—* . For

d cx+d
example, Adler’s map (Hy, map in the list of Ref. 13) is given by
p—4q p—q
=y— ,v=x4"—2=, 5
= x+y v=x x+y )

¢ L e GLy acts identically on X, iff L = Id
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which is derived by the Mobius transformations corresponding to

x p—C+x2>

1 x

L(x,p.{) = ( (6)

Hence, L(x,p,¢) is a Lax matrix of Adler’s map.>'® However, this
procedure of obtaining rational Lax pairs of rational YB maps is not
always successful. For example, the F;;, YB map’

u:y<1—p_q>,v:x<l—u>, 7)
x—y xX—y

is derived by the Mobius transformation that corresponds to the Lax

matrix
VX xp-x+0)
L(x,p, &) :==|_1 _\/; , ®

\/;

that is clearly not rational.
1.2. The H and the F list of quadrirational YB maps and their symmetries

In order to distinguish between equivalence classes of YB maps
we need an equivalence relation that is introduced in the following
Proposition.

Proposition 1.2 (Ref. 13). If R : Xx X - X x X is a parametric YB
map and ¢(p) : X — X a family of bijections parametrized by p € I, then
the map

R = (97 (p) x ™ (@) RPI($(p) X $(q)) ©)

is a YB map. Eq. (9) establishes an equivalence relation in the set of YB
maps and if the YB maps R and R are related by (9) then we refer to them
as equivalent.

The following definition introduces the notion of a symmetry of a
YB map.

Definition 1.3 (Ref. 13). A symmetry of a YB map R?? : XxX — Xx X
is a parametric family of bijections o(p) : X - X, such that

(6(p) X a(@)RP! = RP(a(p) X 6(q)). 10)

Note that if 6(p) is a symmetry of a YB map R

1> then the maps

R° =(c(p)™! x Id)RPI(Id X 5(q)), R° =(Id x o(q)"" )R (a(p) X Id),

are parametric YB maps as well. In general, neither R° nor R’, are
YB equivalent with the map R. Note that when the YB map R, , is
involutive then R° = R°.

Definition 1.4 (Ref. 7). Amap R : X XX - X XX, with R : (x,y) —
(u(x, y), v(x,y)), is called quadrirational if both maps v(x,-) : X — X and
u(-,y) 1 X - &, for fixed x, y € X respectively, are birational isomorphisms
of X.

In Ref. 7, Adler, Bobenko and Suris classified all parametric quadri-
rational maps of the subclass [2 : 2] on CP' x CP' into five cases of
the so-called F-list under (M6b)* transformations, i.e. Mobius trans-
formations acting independently on each field x, y,u, v. All these cases
turned out to be YB maps. However, in general the YB property is not
preserved under (M6b)* transformations (quadrirational maps are not
necessarily YB maps). That allowed'® to complement the F — ist with
five additional cases that form the so-called H-list. The maps in the
H-list are derived from those in the F-list through the symmetries of
the latter. Explicitly the F and the H-list are presented in Appendix.

Applying Proposition 1.1 to any member of the F or the H-list, we
obtain associated Lax pairs. Note though that the obtained Lax pairs of
the H-list are rational (an appropriate normalization might be of use)
while the ones of the F-list (apart F;;; and F; ) are not.
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Table 1
Lax matrices of the H-list of quadrirational YB maps.
H, Hy, Hiy, HYy Hy
=2 - I Iplx—=1) I Ipx px & x —{+x?
L(x,p; ) < x-1 -l 1 x-1 1 1 1 1 < r=¢ )
p—x x x - X 5 ! *

In Table 1, we present the rational Lax matrices of the H —list, which
are obtained by Proposition 1.1. Indeed, it can be easily shown that the
mappings H; — Hy, (see Appendix) can be expressed, via a GL, action,
as (3) for the corresponding Lax matrices given in Table 1. In addition,
(4) for each L given in Table 1, is equivalent to H;—H,,. So the matrices
L given in Table 1, serve as Lax matrices for the H-list of Yang—Baxter
maps.

2. Lax matrices of YB maps which are related through symmetry

The following is the main Theorem of this article.

Theorem 2.1. Let RP : (x,y) — (u,v), be a YB map with Lax matrix
L(x,p,¢) and 6, := o(p) a symmetry of this map. Then the YB map,

R := (o, X IORM(Id X 5,) : (x,y) > (@,0), (1n
satisfies the refactorization problem

L(o, @), p.)L(D, q.§) = L(oy(¥), 4. ) L(x, p, {), 12)
while the YB map

R® :=(Id x 0, )RPM(0, x Id) : (x,y) ~ (& D), (13)
satisfies

L(i, p, ) L(0,(0),q,8) = L(y,q,{) L(6,(x), p, ). a4

Furthermore, if L is a strong Lax matrix then Eq. (12) is equivalent to
(@, 0) = R°(x, y), while (14) is equivalent to (i, 5) = R°(x, y).

Proof. Let RPY(x,y)
derive that

= (u(x,p,y,q),v(x,p,y,q)), then from (11) we

(0,(@), D) = (u(x, p, 6,4(¥), 9), v(x, p, 6,(¥), 9))- (15)
Now since L(x, p,¢) is a Lax matrix of R”9, we have that
L(u(x, p,o,(»), @), p, O)L(v(x, p, 64(y), 0, 4, §) = L(0,(»), 4, ) L(x, p, ),

(16)

which according to (15) is equivalent to (12). Furthermore, if L is a
strong Lax matrix of RP4, then Eq. (16) is equivalent to (15) which is
equivalent to

(@, 0) = (o, uCx, p, 6,(), @), VX, p, 5,3, ) = R°(x, y).

The proof that the YB map R’ satisfies (14) is similar so we omit
it. [

Remark 2.2. Eg. (12) does not provide a Lax representation of the YB
map (11) in the classical sense of the definition associated with Eq. (2), as
it involves two matrices, L := L(x,a,¢{) and M := L(c,(x), a, §), instead of
one. However, we still somewhat loosely refer to L and M as Lax matrices,
since each one is a Lax matrix of a YB map.

2.1. Rational Lax matrices for the K,A,H and F lists of non-abelian
quadrirational YB maps

Recently, there has been increased interest in non-abelian ana-
logues of YB maps.!>!%22 The non-abelian extensions of the F and
the H lists were obtained in Ref. 15. In detail, there were considered
quadrirational YB maps defined on A x A where A a division ring,
that served as the noncommutative analogues of the F and the H

lists. Moreover they were referred to as the 7 and the H list of non-
abelian quadrirational YB maps. Furthermore, two additional lists of
non-abelian quadrirational YB maps were obtained the so-called X and
the A lists (see Fig. 1).

The following YB maps were obtained in Ref. 15

Kb ZC L (x, ) = (u,v), where
u=y(axy+bq — cq(x + )" (axy + bp — c(gx + py)) ., a7
v =(axy + bq — c(py + 4x)) (axy + bp — cp(x + y)) ' u,
AP = (T X id) K (id X )t (x,9) = (,0),  where
u =py (ab(gx + py) — cq(bp + axy))~' (ab(x + y) — c(bq + axy)), (18)
v =q (ab(x + y) — c(bp + axy)) (ab(qx + py) — cp(bg + axy) ™' x,
HYY = (7' xid)Kyp, (id X B) 1 (x,) = (u,0), where
u= (@ b= o~ @xy—bpy-2y1)
(p(axy - bq)(gy - = (axy - bp)(%y -n! ) (19)
v= (a(ab - czq)xy +abc(q — p)y + bq(czp - ab))
(a(ab - czp)xy + abe(p — q)x + bp(czq - ab))_1 X,
Fr = o™ X id) Ky (id X ow) © (x,y) = (u,0), where
u=p (cpx — )b —cy)™" —algx — py)cq —ayy™) ™"
(b(x = »)(b—cy) ™" — clgx — py)cg —ay)™'),
v=gq ((ab —*q)x + be(q — p) + (¢*p — ab)y)
(4(ab— c>p)x + ac(p — g)xy + p(c’q — ab)y) ™ x,
(20)

where a,b and ¢ denote free parameters that take values in the center
of the division ring .A and so does the Yang-Baxter parameters p,q.
Due to equivalence relation (9), the parameters a, b, ¢ can be scaled to
1 when they are neither 0 nor 0. So without loss of generality we can
assume that a,b,c € {0,1,00}. The maps K, .. Agper Hyper and Fyp e,
for a = b=c =1, are referred to as the generic maps (or members) of the
K, A H, and F lists respectively.

These generic maps admit the dihedral discrete symmetry group
D, = (a,fla®> = f*> = (af)> = Id), that is, the following families of
bijections

D)t x 2 (ax - ep)ex =), W) s x e 2px, @1

serve as a birational realization of D,.

A strong Lax matrix was associated to the generic member of the
K list in Ref. 15. Theorem 2.1 allows to obtain Lax matrices for the
generic members of the A, H and F lists, out of the strong Lax matrix
of the generic map of the K list, as the following Proposition suggests.

Proposition 2.3. Assuming that the spectral parameter { and the Yang—
Baxter parameters p, q are elements of the center of the division ring A, the
following statements hold.

1. The generic map of the K list, that is mapping (17), is equivalent to
the refactorization problem

L(u, p.O)L(v.4.{) = L(y. 4. O)L(x. p. ).

where
L(x,p.§) := <

ax —cp
a—cpx"

{(b—cx) \ .
p(bx~1 — c)> ’ 22
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H~K~A

(b) Abelian setting

Fig. 1. The 7, H, K and A lists of quadrirational Yang-Baxter maps in the non-abelian and in the abelian setting. The generic members of these lists are related by the morphisms

@ : R— (¢! xid)R(id X ¢p) and ¥ : R — (w~' xid)R(id x ), where ¢, y, symmetries.

2. The generic map of the A list, that is mapping (18), is equivalent to
the refactorization problem

M(u, p, )L, q,8) = M(y, q, O L(x, p, O),

where L is given in (22) and
pbx~" =) Cb(1 - gpx-1>>

a(l — %x)

’

M(x,p,¢) = ax — pe

3. The generic map of the H list, that is mapping (19), is equivalent to
the refactorization problem

M(u, p,{)L(v,q,8) = M(y,q,5)L(x, p,§),

where L is given in (22) and
M(x,p,0)
b(ax — cp)(ex —b)~' —cp ¢b <1 - E(ax —cp)ex — b)’l)

p (alex = b)(ax — cp)™' —¢)

e (1 - p%(cx — b)(ax — cp)’l)

4. The generic map of the F list, that is mapping (20), is equivalent to
the refactorization problem

M(u, p, )L, q,8) = M(y, q, ) L(x, p, O),

where L is given in (22) and
M(x,p.0)

.= <p (a(ex —b)(ax —ep)™t —¢)

a — c(ax — cp)(cx — b)~! b(ax — cp)(cx — by~ —cp

¢ (b= cplex — b)(ax — cp)™! )>

Proof. The first item of the Proposition was proven in Ref. 15, where
it was shown that K admits the strong Lax matrix (22). Then, using the
fact that the generic maps of the K, A, H and F lists are related via the
symmetries (21), the proof of the remaining items of the Proposition
are a direct consequence of Theorem 2.1. []

Corollary 2.4. By specifying the constants a, b, c € {0, 1, o} appropriately
in (17)-(20), we obtain members of the associated K, A, H and F lists
of Yang-Baxter maps. For example, the non-abelian extensions of F;, Fy;
and Fyy; respectively are 7y :=F\{ |, Fiy = Fy{ | and Fypp = Fi
Also, F;y, is obtained from F;; and F), is obtained from F;, by limiting
procedures (see Ref. 15).

Assuming that all variables that participate to the aforementioned maps
commute, K, A H, and F lists collapse to the H and F lists of YB maps
(see Fig. 1). That allows us to obtain the rational Lax matrices associated
with the F-list of quadrirational Yang—Baxter maps which are presented
in Table 2. Note that we were not able to obtain rational Lax matrices
associated with Fyy, since the latter does not admit any symmetry. Mapping
F;y admits the Lax matrix (8) that is not rational so we did not include it
in Table 2.

3. Discussion

In this article we have provided rational Lax matrices for the generic
members of the F, H, K and A lists of non-abelian quadrirational Yang—
Baxter maps. In the abelian setting, we obtained rational Lax matrices
for the abelian quadrirational YB maps of the H and the F lists.

As already mentioned, due to the lack of classification results up to
the equivalence relation introduced in Proposition 1.2, the H and the
F lists do not exhaust all quadrirational abelian YB maps and the same
holds true for the 7, H, K and A lists. A possible direction for future
research is to complete the classification of quadrirational YB maps at
least in the abelian setting. For example there exist YB maps which
are quadrirational but not equivalent with any member of the F or the
H list. One of such maps together with its associated Lax matrix was
firstly introduced in Ref. 14, as a four-parameter extension of the H ;‘I /
YB map. This map turned out not to be an involution, which explains
why it is excluded from the H and F lists (the involutivity property of
a map is preserved under Yang-Baxter equivalence).

In what follows, we present four non-abelian six-parameter exten-
sions of F;;;, K;r;» Fy and H,, maps. We denote these maps as °F;;;,
°Krrr> Fy and °Hy, and since they turn out to be non involutive, they
are not equivalent to their two-parameter counterparts. Explicitly they
read RPY : (x,y) ~ (u,v), where p := (p, pD, p@), q := (¢, 4"V, ¢®) and

w=p~'y (p?x - ¢Vp) " (pg@x — gpMy),

S TNANC RN MR I 0 CFrrn)
v=¢""x(pPx - qVy)" (pg?x - qpVy),
=gV = pV 4yt (p— g+ qDg® — pDp2y
_1
x (P =g +x-y), ¢F)
14
p=p® — g 4 x4 (p— g+ qVg® — p0p)
1
X (p(l) - q(z) +x—= y) >
and
— -1
w=p~'y (PPx+4¢"y)" (pg®x+ap"y), e
— -1 IIr
v=¢"'x (PPx+4Vy)" (pd®x+ap"y).,
=g + 0 4 y— (p— g+ qDg® — pD 2y
O] -1
X (p +q +x+y 5
( ) €Hy)

0=p® 44 4 x4 (p—gq+qVg® — p0)
-1
x (P +g?P +x+y),

where for ¢, the YB parameters transform as

(2) (2) M, —4(2)).

0., 254,40, 4?) = (p,—pV, -p®; 4, —¢

The non-abelian YB map °X;;; was firstly introduced in Ref. 23. In
its abelian limit and for p = ¢ = 1, coincides with the two-parameter
extension of H# =~ given in Ref. 14. Note that in Ref. 21 the non-Abelian

111
hierarchies of the K and the A lists were obtained.
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Table 2

Lax matrices of the F—list of quadrirational YB maps.

Partial Differential Equations in Applied Mathematics 13 (2025) 101094

x—a

x—1
o —

ta-1

X

L(x,a;8) .

Cax x  a—¢(+x°

( )

1

Fy
aX=L

< xt —{a(a—l)x%u 1
_ 4

1-x

M(x,a;¢) —l
ot

) |

a—¢+x?

—-X

—Cax -X

)

We will now present explicitly the Lax matrices of the aforemen-
tioned non-abelian maps of this Section. The YB map °K;;; is equiva-
lent to the refactorization problem
L(u,p,$)L(v,q,8) = L(y,q, ) L(x,p, ),

p(l) ¢x
px7t p?
refactorization problem

M(u,p.0)L(v,q,0) = M(y,q,0)L(x,p, D),

(1) (1)
P {x P

_ (2)>, M(x,p, ) < _
px p —px

Finally, ¢H,, is equivalent to the refactorization problem
L@, p,—pV, —p®. O L. 4.4V, —¢?,0)

= L(y.9.4".¢?,OL(x, p. pV, p?. ),
x+p0 2+ D+ pP)x+p-¢

1 x+p@
equivalent to the refactorization problem M (u,p,{)L(v,q,$)

M(y,q,0)L(x,p, ), where

where L(x,p,$)

1 ) while ¢F;;; is equivalent to the

—&x
p®

where L(x,p,¢)

1 1

).

where L(x,p,¢) := , while ¢Fy, is

=D 24 (D 4 @ _

. X—p X+ PV +p)x+p-¢

L(x,p,{) = ( 1 —x—p? ,
_(x+pY P HD +pP)x+p-¢

M(x,p,{) = 1 x+p(2) .

We leave the study of the non-abelian multi-parametric extensions
of YB maps to a future study.
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Appendix. The F and the H-list of quadrirational Yang-Baxter
maps

The Yang-Baxter maps R of the F and the H-list, explicitly read:
R : CP' xCP' 3 (x,y) = (u,v) € CP! x CP!
where:

pyP,
qxP,

u= (I-g@)x+qg—p+(p—-1y

T g —px+(p—xy+plg— Dy

5

(Fp

oy
u= b px—qy+q—p
» _ _
P=—- (Frp),
v= EP, X=y m
q
u= P, px —qy
e P="—" (Frrp),
b= EP, x—y 111
q
= yP, q-p
P=1+——, Fry),
= xP, +x—y (Frv)
= y+PpP pP—q
P= , Fy),
= x+P, xX—y )
and
= 0, (p—Dxy+(q—p)x+p(l —q)
= o= Pt =pxtpl=a  p
= x07, (g=Dxy+@-qy+q(l-p)
q 1
u= -y+-0,
»’ pQ _p-axy (H,p)
o= gx_lg’ x+y-1
q q
y
“= pQ’ _ px+gqy (HA )
X =T I
v= 20, x+y
q
= 0, 1 +gxy B
=17 H
= x07!, 1+ pxy (Hppp)
= y-0, P—4q
= H
= x+0, X+y (Hy)
The symmetries of the F and the H-list are listed below.
X—=p P
o)t x - , wp) i x—=, (Fp), (Hp)
x—1 x
o) : x =1 —x, (Frp),(Hypp)
1
o(p) : x g v(p) txP —x, (Fron)-(Hiy ). (H P )
¢(p) 1 x> —x, (Fy), (Hy)

The Yang-Baxter map F;, does not admit a symmetry.
Data availability
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