- = =

FUNCTIONAL MODELS OF PROCEDURAL PROGRAMS

Mark Harman

Submitted in partial fulfilment of the requirements for award of Ph.D.
Sepltember 1992
The Polytechnic of North London



Declaration
(i) While registered as a candidate for
Ph.D. I have not been registered or enrolled for
another award of the CNAA or other academic or
prof essional institution.
(ii) None of this material has been included

in any other submission for an academic award.



Abstract

This thesis shows how any Procedural Programming notation may
be modelled by a purely Functional notation and discusses the
applications and implications of this modelling approach.

Existing ad hoc modelling techniques are gathered together

within a common framework.
The thesis shows that these techniques break down when the

state of computation for a procedural language 1is not an
environment mapping from identifiers to denotable values.

A simple method for overcoming this difficulty is introduced,
demonstrating that models may be constructed for all procedural

programming notations.

The modelling approach allows the considerable body of
functional reasoning techniques to be brought to bear in the

analysis of procedural programs.

The thesis introduces a simple technique called "Abstraction
Projection”, with which the programmer may project a model onto a
sub domain suitable for a particular analytic task.

Abstraction Projection removes from the model all detalls

irrelevant to the computation of values within this sub domain.

The thesis also provides semantic definitions for the terms
"Functional Language”, "Procedural Language" and "Referential

Transparency”.

Keywords : Functional Programming, Procedural Programming, Denotational
Semantics, Program-Proving, Program-Transformation, Referential Transparency,
Axiomatic Method, Functional Models, Abstraction Projection.
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CHAPTER ONE *‘ INTRODUCTION

Functional notations are considered superior to their procedural
éounferparts as a result of the rich algebrajc ﬁrOperties that they enjoy.

This thesis describes a complete strategy for modelling proéedural
programs by equivalent functional programs, thus ailowing a procedural

programmer to apply functional reasoning techniques to the analysis of their

programs.

1.1 Chapter Two: Procedural and Functional Notatior;s |

Chapter two sets out the functional notation used in this thesis (a
small subset of ML) and brief ly highlights the differences between the
Procedural and Functional style. This chapter also describes, iIn outline, tﬂthe
essential semantic framework within which the modelling ;trategy is

constructed.

1.2 Chapter Three: The ’Modelling Approach

¥

The first author to describe a functional modelling technique was John
McCarthy in [44,61]. McCarthy was concerned with describing the semantics of
programming languages, his work was subsequently incorporated into the

Denotational Description techmque [16] |
The first author to suggest that f unctmnal notation fwas an ideal
notation with Wthh to 1nvest1gate the propertles of procedural programs Wwas
James Morris in [79 80] |
In [79, 80 44 61] Morms and McCafthy describe several te'chrrliquesh for

modelling various procedural programmlng constructs.



Together with well-known techniques, such as modelling loop constructs
by tail recukrsion, there thus exists a set of as hoc approaches to modelling
most common procedural programming constructs by functional equivalents.

§3.2 describes these techniques and shows that they break down when the
state of comi)utation is not an environment mapping. That is, when the state
1S not a fnapping from thé identifiers of the language to denotable values.

In 8§3.3 a ‘simple technique for overcoming this difficulty is introduced.
This technique involves the inclusion of extra identif lers with a consequent

increase in the size of the denotable value space.

The inclusion of these extra identifiers allows the implicit part of the

state to be modelled (within the procedural notation) by the explicit part of
the state (the environment mapping). | o

- Many authors, for example Stoy in [16], claim that the non-referential
traﬁsparency of procedural languages is attributable to the presence qf the

assignment statement. §3.4 presents a brief polemic on the subject in which
this claim is refuted.

1.3 Chapter Four: Abstraction Projection

The model for a procedural program includes in its result tuple all the
semantic values computed by the program.

For large programs this is unacceptable.

Chapter four presents a simple technique called "Abstraction Projection”
which allows the programmer to project a model onto a reduced domain.

This means that several, distinct models may be produced for one
original procedural program, each projected onto a different domain.

Each of these models is a functional program that computes some part of

the overall effect of the procedural program. All computation details which
do not contribute to the computation of a model’s result will be lost, thus

providing the programmer with clarity by abstraction.



1.4 Chapter Five: Converting Models Back Into Procedural Notation
-Chapter five describes some techniques for converting procedural models

back into functional notation.

1.5 Chapter Six: Applications of Functional Modelling

Chapter six describes some applications of the modelling approach. .

These are ‘many- and varied, since .a model may be used to analyse and
prove properties of any compile-time feature of a procedural program.

Several programs from textbooks are used to demonstrate - the following

applications of modelling:

Proof
Specification-Recovery - - x - o
Error-Detection
Efficiency Improvements \ - .
Restructuring
Language Conversion
The examples are only small (the largest is about five pages). However,
the modelling techniques described in chapters three, four and five can all

be automated allowing the strategy to be applied to programs of arbitrary

size. , - - S



1.6 Chapter Seven: Semantic Foundations

Chapter seven investigates the semantic foundations of the modelling

strategy.

The advantage of a functional notation are to be found in its algebraic
properties. Specifically, many authors attribute a property called
"Referential Transparency" to functional programming notations. However,
authors disagree on what precisely constitutes "Referential Transparency”. In
§7.2 a definition of "Referential Transparency" is given. The implications of
this definition are investigated in §7.3.

§7.4 shows how a modelling strategy can be derived from and proved
correct in terms of the semantic description of the programming language.

In many languages it is not possible to substitute two pieces of syntax
which have equivalent meanings. This observation highlights a discrepancy
between the syntax of a language and its semantics. §7.5 introduces a
property called "Algebraic Closure”. "Algebraic Closure"” is enjoyed by any
language in which a piece of syntax can be substituted for any other piece of
syntax with equivalent meaning. The definition of Algebraic Closure may be
used in a generative mode, allowing a language to be rendered "Algebraically
Closed”, and thus ironing out the irritating discrepancy which denies a
programmer complete algebraic freedom.

The words "Functional Programming" and "Procedural Programming"” have
been used throughout this thesis (and, indeed, throughout the history of

computing) without appeal to any definition of terms. This lack of rigor is
addressed and rectified in §7.6 and §7.7.

§7.6 presents a definition of "Functional Language".

§7.7 presents a definition of "Procedural Language".

Finally, §7.8 looks at the issue of representing the interleaving of

events in functional language, demonstrating that this information is not

captured by a stream-based program in the style of Henderson [30].

17 Chapter Eight and Nine: Conclusions and Future Work

Chapter eight summarises the contribution of this thesis and chapter

nine briefly lists directions for future work.
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CHAPTER TWO FUNCTIONAL AND PROCEDURAL LANGUAGES

2.1 Introduction

The chapter outlines the semantic issues which differentiate between

procedural and functional languages.

The functional language, ML, is introduced in §2.2 and the :algebraic
rules of manipulation which apply to functional programs are listed in §2.3.

In §2.5 the Axiomatic method is briefly described and attention is drawn
to the problems experienced by procedural-language programmers due to the

algebraic inflexibility of procedural languages.

2.2 The Functional Notation, ML

There are many functional programming languages currently in use
[41,51,52,20,39,37]). All of these languages are semantically very similar.
The language ML has been used in this thesis since it seems to be the most
popular [S3].

Only a very small subset of the whole language ML is required for
modelling purposes. This subset is described in appendix Al. The standard

reference on the whole ML language is to be found in [41], however, it should
not be necessary for the reader to consult this text in order to appreciate

the functional modelling strategy described in this thesis.

2.2.1 A Brief ML Tutorial

What follows is a brief tutorial on the subset of ML used in this

thesis.

2.2.1.1 EXxpressions
The basic forms of side-effect-free expressions permitted in all and any
procedural notation are assumed to be available in the subset of ML used,

together with the operators for forming new elements of these basic types

from old ones.



2.2.1.2 Function Definition — e T

In ML, a function definition is introduced with the keyword "fun". Thus:

fun times x vy = X * y ;

describes the function which takes two parameters and returns the result

of multiplying them together.

2.2.1.3 Function Application
The application of a function to its arguments 1is written by

juxtaposition. Thus the application of the function "times", to the two

arguments "2" and "3", would be written:

' -

2.2.1.4 Tuples
In addition to the basic types of the language, compounds of types may

be formed by enclosing several elements (possibly of differing type) in

parenthesis. The result is the formation of an object called a tuple:

(1,true,’z’)

The arity of a tuple is often prefixed to the beginning of the word

tuple. For example the tuple just described is a "3-tuple”.



" concatenation.

2.2.1.5 Conditional Expr‘éssions

In a functional language, the ‘conditional is an expression. It is

written (in ML):

if E then E else E
1 2 3

Where E_ must be a boolean expression, and sz ~and E  may be any

expressions provided they have the same type.

The value of the conditional expression is E2 if the result of IEZ1 is

true and E3 if it is false. « e

2.2.1.6 Lists

The following notation.is used for lists:

"hd" for taking the head of a list and "tl" for the tail. The list
construction function "cons" may be written as an’ infix operator "::". The
empty list is written "nil", and the test for an empty list is written
S "null". A list of specified length may also be constructed by enclosing its

elements in square brackets. The "append"” function perf‘ orms list

-,

- 2.2.1.7 Strong Typing
" The model functions used in this thesis make use of~ untyped-lists. This
is a generalisation of the ML list (which is typed). |
It is fortunate that the functional notation may be executed, but from
the point of view of functional models, it is only the conciseness and
"algebraic” nature of the notation that is important.
The untyped lists used in models can always be replaced by completely

typed versions with the introduction of some extra construction and selection

b

functions for a "universal type".
L



2.2.1.8 Partial Application and Higher-Order Semantics

Consider the function "add", defined below:

fun add X y = X+y

This function takes two parameters and returns their sum. Using an ML

interpreter, a console session might include the following (the machine’s

printing is shown in italics):

funadd X y = X+y ;
add : int =) int -> int
add 23 5

28 : int

add1l (add 2 3) ;
6 : int

The machine responds to expressions by evaluating them.

When the programmer enters a function definition, the machine responds

by deducing the type of the function, in this case integer to (a function

from) integer to integer.

The type-inference aspect of ML is not an issue in this thesis and may
be ignored.

A common slogan associated with functional programs is that functions
are "first class citizens" [32]. This phrase is intended to convey the idea
that a function can be treated in the same manner as integers, characters and
other base-types. That is, functions may be the result of expressions and may

be combined to form new functions using various operators over functions.

To achieve a paradigm for programming in which functions are treated in
a similar manner to base types, functional languages allow their functions to
be applied to fewer arguments than they actually require.

The result of such a "partial” application is, itself, a function (which
requires the rest of its arguments before it can be "fully" evaluated). In

[32], Turner demonstrates the dramatic increases in’ program brevity that may

be achieved using partial application.



A simple illustration is the partial application of the addition
function defined above. The console session described above could be

continued as follows:

fun succ = add 1 :

succ : int -2 int

F

1=

The first line shows the programmer defining the successor function by
partially applying the function "add"” to only one of its two arguments.
The meaning of "add 1" can be viewed as the substitution of the

expression, 1, for the argument, X, in the body of add, thus:

succ-y =-l+y :

Applying a function to none of its arguments and applying a function to

all of its arguments are simply special cases of partial application.

2.2.1.9 Higher-Order Functions

Applying a function to none of its arguments hsimpljﬁr’ﬁ }ield:s‘the ‘function
itself. This is how higher-order semantics are achieved in f‘ unctional
notations. Namely, a function "g", may take ‘as its parameter a function. In
order to supply a particular (named) function to "g", say "f", all that Iis

required is to apply "f" to none of its parameters.

"

For example, a very useful function, usually- called "map", is one which

takes a function and a list and applies the function to each element in a

list to give a new list. Consider the console session:

fun map f L = if null(L) then []
else f(head(L)) :: (map f tail(L)) ;
map : (alpha -> beta) -> list(alpha) -> list(beta)
fun listinc = map succ ;
- listinc : list(int) -> list(int)
listinc {1,2,3,4,5] ;
[2,3,4,5,6] : list(int)




2.2.1.10 Anonymous Functions

Any function may be supplied as an argument to a higher-order function,

not just named functions and their partial applications.

This is achieved by having a notation for describing a function
anonymously, using an expression which yields a function as its result. These
functions are often called "Lambda Functions"”, in recognition of the fact

that the Lambda notation provides just such a facility, and was the first
"functional notation" [12,56].

In ML, a lambda function whose formal parameters are X seensX s and

whose result is given by the expression E, is written:

| n

Thus the definition of the successor function can also be written:

val suce = fn x => xX+1 ; |

- 2.2.1.11 Let Abstraction

The values of expressions which are to be "stored" for later use can be

achieved using the let abstraction clause:

let val x = E in G : |

This is an expression, the value of which is found by evaluating G with
all occurrences of "x" replaced by "E".

The let abstraction construct is thus merely syntactic sugar {64] for:

(fn x => G) E

10



The let abstraction construct may also be used with a tuple of

identifiers, xl,...,xn and a tuple-valued expression, E:

let val (x,...,x ) = E in G ;
1 n

The let abstraction construct can also be written as a "where”

abstraction:

let val x

2.2.1.12 Sequencing
In a functional notation the only sequencing of expression-evaluation is
that which is implicitly demanded by the data-dependency in the function-call

hierarchy.

In particular, there is no notion of the procedural statement sequence.

2.2.1.13 Henderson’s Lazy Streams

Because the programmer has no ability to explicitly demand a certain
execution sequence, representing Input and Output sequencing is a particular
problem for a functional style.

One solution to this problem, suggested by Henderson in [30], is to
write a functional program as a function, "f", from lists to lists. The
result of "f" (a list) is the output, and the input (also a list) is provided
to "f" as the value of its actual parameter.

In this thesis, functional programs are used as models of procedural
programs only in order to investigate properties of these programs. Input and
output sequencing does not normally form part of such. investigations and so
the problem of representing it does not normally arise. -~ .

In chapter three, a general modelling strategy is described. A modelling
strategy can always be constructed from the semantics of the programming
language to be modelled. This means that it is possible to model input and
output sequencing in a perfectly natural way if it is described in the

semantics of the language (see, for example §7.8).

11



2.3 The Fold/Unfold Transformation Rules
There are well-established rules of algebraic manipulation for

functional languages. These rules are collectively known as the "Fold/Unfold

Methodology" [22].

The rules allow new functions to be created and existing functions to be
altered, whilst guaranteeing that the whole functional program will still
compute the same result. These rules are used extensively throughout this
thesis, and form one of the main motivations for the modelling approach.

The six transformation rules are listed below. The notation Ela/b]

represents the expression formed by substituting all occurrences of b in the

expression E, by a.

(1) Fold

Let f(xl,...,.xn) = E and g(xl,...,xm) = E’ be the equations of two
functions f and g.

If E’ contains an expression E[tl/x],...,tn/xn] where tl,...,tn are n

terms, then E’ can be written E’[f(tl,...,tn)/E].

(2) Unfold

Let f(xl,...,xn) = E and g(xl,...,xm) = E’ be the equations of two
functions f and g, where E’ contains a function application f(al,...,an’)

(n“=n). The equation for g can be replaced by g(xl,...,xm) =
E’[A/f(al,...,an’)] where A = Elai/xil.

(3) Instantiation

r

Let f(xl,...,.xn) = E, and let cl,...,com be constants (m=n), then some
(or all) of the free variables (xl,...,xn) in E can be replaced by cl,...,cm
(assuming that the ci’s have identical types to the xi’s). In other words the

equation for f can be replaced by f(xl,...,xn)lci/xi] = Elci/xil.

(4) Abstraction

An expression E containing sub expressions Al,...,An can be replaced by

the expression: let val (¢l,...,pn) = (Al,...,An) in Elgi/Ail.

12



(5) Definition
A new function equation can be introduced providing the left hand side
of the equation does not already exist in- the program. Thus either a

completely new function is introduced, or the domain of an existing  function

is extended.

(6) Algebraic Laws

The algebraic properties of the equation used in the functional program
can be exploited. Although this may seem 'to be obvious, it is, in fact, a
unique advantage of declarative programming over procedural programming. In a
procedural program it is not even possible to replace the occurrence of the
expression el + e2 by the expression e2 + el, thus exploiting the law of
commutativity of addition. This is because the semantics of the language does
not guarantee that the symbol "+" has the same algebraic properties as the
mathematical operator "+". In particular side effects in the expression el

may cause these properties to be denied.

2.3.1 Partial Correctness
The Fold/Unfold transformation rules are partially correct. That is,

although programs produced by transformation are guaranteed not to produce a

different result to their untransformed versions, there is no guarantee that

the transformed functions will terminate.

It is quite easy to see how the method can introduce non-termination

into a terminating program:

fun f(x)
fun f(x)

Il
P4

f(x) ;

folding

2.3.2 Completeness

There are many equivalent sets of recursion equations which cannot be
shown to be equal by transformation, however in these cases inductive proof
techniques can be employed to demonstrate equivalence. In this sense an extra

rule can be added to the six transformation rules above:

13



(7) Induction

Let f(xl,...,xn) .= E. If there is an inductive proof that the function
g(xl,...,xn) = E’ is equivalent to f then the function f(xl,...,xn) = E’ can

be introduced into the functional program.

The inductive technique used in this thesis is called "structural
induction” (It was introduced by Burstall in [23]). Many other proof
techniques exist (see, for example [50,57,60,61,85,86]). .

There has been considerable debate as to whether or not it is possible

and/or- desirable to construct proofs for large-scale programs. The main

arguments for either side of the debate can be found in [43,46,47,48,49].

14
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2.4 Programming Language Semantics
The unifying framework which binds all programming languages together is
the "state of a computation’.

The next section describes the concept of the state of computation for

procedural and functional languages.

2.4.1 The State Of Computation )

The state of computation is an abstract representation of the physical

- configuration of the machine executing the program.

The state is abstract in the sense that it need only describe those
features of the machine’s state which can effect the meaning of a program.
The precise construction of the state therefore depends upon what the meaning
of a program is. This is a choice made by the language designer.

Considerable work has been conducted on the meaning of programming
languages, much of which has been seminal to the work reported in this
thesis. References to some of the established results are summarised below:

The origins of the state-concept can be found in [9,10.11;26,44,61]. |

The mathematical aspects of semantics are described in [13,15,55,59,76].

Programming Language Semantics are described in [16,36,57,82]. |

Applications of and extensions to the basic theory can be found in
[17,35,45,81,84].

A semantic description of a program is called a- "direct" semantics, Iif
the meaning that it gives a program is a mapping from initial state to final
state. This thesis is conerned with procedural programs for which a direct
semantics can be defined.

Functional language Semantics are characterised by expression evaluation
within a (highly restricted) state called an "environment".

In §7.6 and §7.7 these remarks are made completely precise. In the next
section a more informal approach is taken, highlighting the essential
difference between the procedural and functional style and laying the

conceptual foundations for the modelling strategy described in the next

chapter.

15




2.4.2 The State Of A Procedural Program

Each statement in a procedural program is described as a modification to
the state in which it is executed. The meaning of an entire

statement-sequence is simply the composition of the individual state-changes

which describe each component statement.

2.4.3 The Environment

For any procedural language in which identifiers may be assigned values,
- the state will include an "environment".

The environment is a function which maps identifiers (in the domain I)
to the values (in the domain V). The domain, I, is the set of all identifiers
in the syntax of the language. The domain, V, is the domain of all values
which may be bound to these identifiers. V is termed the "denotable values"

of the language [16].

- The environment represents, in an abstract . manner, the values stored in

the memory of the computer.

For - example, an environment which represents the fact that the

identifier "x" is bound to I, "y" to 2, and all the other variables are
unassigned could be written (in ML):

fun Environment identifier = if identifier = "x" then 1

else if identifier = "y" then 2
else unassigned :

Environment : I - V ;

2.4.4 The Meaning "Unassigned" and Abstraction

'unassigned” is simply a member of V, which describes the value of any

and all variables which have not been assigned a value.

‘The use of "unassigned" is an example of abstraction in the semantic
description: Unassigned variables on a computer will be bound to "rubbish
values”™ (whatever happens to be in the machine’s memory at the time). However
these machine-dependant features are deliberately overlooked, all unassigned
identifier names being mapped to the same value by the environment. The
environment described here is thus sufficiently abstract that it can describe

the state of execution upon any computing device (including a trained human
with pen an paper).

16



2.4.5 The Meaning of a Statement Sequence
The meaning (or abstract effect of cornputation) of the statement

sequence:

can be described as a mapping from some initial environment, p, to a
n_n "_ "

final environment, which adds to p the bindings for "x" and "y" (overwriting

any existing binding for these two identifiers in p) :

fun M p identifier = if identifier = "x" then 1
else if identifier = "y" then 2
else p(identifier) ;

M:(I—)V)-—)(I-)V)

2.4.6 The Implicit State

There exist procedural language statements that create changes other
than to values in the store. For example, consider the statement: "Mode n",
which alters the screen mode of the display Idevice. |

Imagine a screen with four modes, numbered zero through to three.

In order to describe the meaning of a program in this :language, the
state must now be extended from the environment sV, to a cartesian product,
the first component of which is the environment mafpping and the second

component of which Is a number between zero and three, describing the

screen-mode.
k - i
Using this extended computation-state, the statement sequence:

Mode 2 ; Fred :=1

will be described by the state mapping M, below:

fun M (p,u) = (fn z => if z="Fred" then 1 else p(2), 2) ;
M: ((I5V) X int) > ((I-V) x int)

17



As more procedural features are considered, there is a consequent
increase in the size of the state required to describe the language.
For example, describing the effect of input and output statements

requires a description of the state of the corresponding devices.

Describing aliasing of identifier names (two names for the same value)

requires a more detailed description of the heap store.

2.4°7 The State Of A Functional Language

For a functional language, there are no statements; there are only
expression constructs. The meaning of an expression is the value produced by
expression-evaluation. This value may only depend upon the bindings for the

free variables in the expression, and thus the state for a functional

language is simply the environment mapping (IsV), which defines the meaning
of the free variables.

As more expression constructs are considered the size of the value

space, V, may increase, but the state itself remains simply an environment
mapping from (IsV).

2.4.8 Reasoning About Procedural Programs

In §2.3, a powerful reasoning technique for functional programs was

described. Using this technique, a programmer can regard their programs as
algebraic expressions, performing simple meaning-preserving manipulations
upon them. |

In procedural languages, it is possible to prove properties of programs

using a technique called the "Axiomatic Method”, but algebraic manipulation

rules, where such rules exist, will be highly complicated as a consequence of
the complexity of the computation-state.

18



2.5 The Axiomatic Method

The proof technique most widely applied to procedural programs is- the
Axiomatic Method. The technique is also called the "Weakest Precondition"”
method by Dijkstra in [43]. 3

Assertions, written in the Predicate ' Calculus, are inserted in between
the statements of a program. The free variables in these assertions are
simply the identifiers used in the program. This creates a connection between
the values computed by the program and the truth-value of assertions.

Each statement of the programming language can be described as an
assertion-mapping. The particular mapping for a statement defines the
assertion which will hold after the statement has been executed, in terms of
the assertion that held prior to its execution. | |

This _approach was first suggested . by Alan Turing in 1949 (4], but
received little attention until 1967 when Floyd suggested the idea as a means
of describing the semantics of a language{6]. (the idea was also put forward
in 1966 by Peter Naur[5]). ﬁ

In 1969, Hoare was the first. author to develop a calculus for program
proving, using insertion of Predicate Calculus assertions. Hoare extended the
approach to include most commonly used language features, creating what is
now known as the "Axiomatic Method" [7,8,33,34,42)." o

Consider a small subset of Pascal, the syntax of which is- described

below:

Syntax
{(Statement> ::= skip | X := e 1"S1'; S2 ! if e timn S1 else S2 |
whileb do S od
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The following rules may be used to modify assertions placed between

statements:

2.9.1

(1) Assignment Axiom

{ple/x]} x := e {p}

(2) Composition Rule

{p} S1 {(q A {q) Sz {r}
{p} S1 ; Sz {r}

(3) Conditional Rule

{p AN e} S1 {qy A {(p A ~e} Sz {q}
{p}) if e then S1 else S2 {q)

(4) While Loop Rule
{p AN e} S {p}
{p} while e do S od {p A ~e}

(5) Skip Axiom
{p} skip {p}

(6) Consequence Rule

{(p = p’)Ap’}Y S {q’ N (q' =» q))
{p} S {q}

An Example Proof Using the Axiomatic Method

The following procedural program calculates the quotient and remainder

produced by the division of two numbers. The input to the program is the two

values

"X" and "y" and the output is the quotient "a" and remainder

"X" divided by "y".

20
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In- order to prove that the correct values reside in "a" and "b" after
execution, the assertion "ay+b=x A -b=0" A b<{y" must be shown to hold. It
is necessary to add the conjunction "bz0 A b<{y" to ensure that the solution
is not "degenerate", for instance,- without this qualifier "a=0, b=x", would
satisfy "ay+b=x" without necessarily entailing that "a" is the quotient and

"b" the remainder. - g

Let the entire program be named S. An Axiomatic Proof, taken from [8],

{x20 A y=0}) S {ay+b=x A 0Osb(y)

by the axiom of assignment :

is presented below:.

{0*y+x=x A x20} a := 0 {ay+x=x A x=0) (1)
also by the axiom of assignment

{ay+x=x A x20} b := x {(ay+b=x A bz0)} I . (2)
combining (1) and (2) using the composition rule gives (3)
{O*y+x=x A x20}) a :=-0; b := x {ay+b=x A b20)} - (3)

by the consequence rule :
since x20 A y=20 =2 (O*y+x=x A x20) assertion (3) can be rewritten :

{x20 A y=20} a := 0; b := x {ay+b=x A b20) (4)

Now considering the body of the while loop :

by the axiom of assignment :

((a+1)y+b-y=x A b-y20} b := b-y {(a+l)y+b=x A b20) * (5)
also by the axiom of assignment :

{(a+1l)y+b=x A b20} a := a+l {ay+b=x A bz0} (6)
As before, the composition rule allows (5) and (6) to be combined :
{(a+1)y+b~-y=x A b-y20} b:= b-y; a:=a+l {ay+b=x A bz0} (7)

by the consequence rule :

since (ay+b=x A b20 A bzy) = (a+l)y+b-y=x A b-y=0

assertion (7) can be rewritten :

{ay+b=x A b=0 A b=y} b:= b-y; a:= a+l {ay+b=x A b=0) (8)

(This is the while loop invariant)
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The while loop - rule allows the invariant (8) to be combined with the

while loop predicate "bzy" giving (9), below:
{ay+b=x A b=0} while b2y do b:=b-y; a:=a+l od {ay+b=x A 0=b<y} (9)

Finally combining (9) with (4) gives the required proof:

{x=0 A y=0)
a := 0; b := x ; while bzy do b:=b-y; a:=a+l od

{ay+b=x A 0=b(y)

2.6 Manipulation Of Procedural Programs
Using the Axiomatic Method, the assertions written by the programmer in
Predicate Calculus notation "sit on top of" the procedural notation. It is

the assertion-notation that is manipulated and not the procedural notation in

which the program is written.

In a functional notation, the notation in which the program is written
is also the notation in which manipulations are performed and proofs

constructed.

On reason why proofs using the Axiomatic Method become drawn-out,

appears to be procedural notations’ lack of "algebraic flexibility”.

A comparison of the Axiomatic Method and the Functional Modelling
approach can be found in §6.5.
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2.7 Summary

This chapter has introduced the concept of functional and procedural
programming styles. The chapter raises the following issues, which shall be
taken up in the next chapter:

Proof techniques exist for both procedural and functional notations.

Proof techniques for functional notations use the functional notation
itself. Programs written iIn a functional style can be manipulated
algebraically using rules of transformation (the fold/unfold rules).

The procedural proof technique (the Axiomatic Method) requires tte
introduction of extra notation (in the Predicate Calculus), in which the

proof is constructed.

Programs  written In a  procedural notation are algebraically
inflexible. Functional language semantics can be described using a state
which only requires a mapping from identifiers to values. Such a state is
called an environment.

Procedural Language semantics require a state which includes many other

components in addition to the environment.
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CHAPTER THREE | ' THE MODELLING STRATEGY

}

3.1 Introduction

- This chapter introduces the functional modlelling approach as' a means for

analysing procedural programs.

A variety of techniques exist in print [79,80,44,61] and in the
"folklore" of functional programming, that will allow procedural programming
features to be compiled into equivalent functional programming features.

In §3.2 these existing techniques are introduced in the common framework
of a procedural language whose computation-state is simply identifiers to
denotable values (I->V). |

In §3.3 it is shown that the existing techniques break down when the
state of computation contains extra components other than (IsV). A simple
technique for overcoming this difficulty is introduced.

§3.4 sets out a brief polemic concerning ref erential transparency and

assignment. Specifically it is argued that assignment is not a

referentially-opaque construct.

3.2 Existing Techniques For Modelling

In §3.2 the state of computation is assumed to be 5sc31i=:ly an environment

mapping. In §3.3 this restriction is relaxed.

3.2.1 What is a Functional Model?

The meaning of a procedural program is a state mapping (this thesis is
only concerned with programs for which a direct semantics is possible)

The meaning of a procedural program, P, is thus a function which takes
an initial state, S, and produces a final state, S’.

If this state is simply a mapping from the identifiers in the program,
I, to some arbitrary value domain, V, then the program can be considered to
be a prescription for modifying some number of the identifier bindings in S,

in order to create S’.
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Since a statement-sequence can only ever affect a finite number of these
bindings, it can be modelled by an expression which defines a set of values.
The values of the "affected variables".

The final values of these affected variables will depend upon . the
initial state, S, in which the statement sequence is executed. However, these
final values will also only depend upon a finite number of the bindings (in
S).

Thus, for a statement sequence, defined by a mapping (I,V) - (I.V),
there exists a finite set of affected variables, and a finite set of values
needed to compute the final value of these affected variables.

The "needed values" are simply the initial bindings (in S) for some of
the variables used in the statement sequence.

A model for such a statement-sequence is simply a function, which takes
as its argument, a tuple of initial values for needed variables, and returns,
as Its result, a tuple of final values of affected variables.

This section explores some standard techniques for modelling procedural

programming constructs.

These techniques only apply where the state of computation is an
environment mapping.

3.2.2 Modelling Assignment ’

The archetype of a procedural language is the assignment statement.

It is possible to model assignment by let abstraction. All that is
required, is to ensure that the scope of the let abstracted identifier,
exists only up until any re-assignment to the variable.. That is, the scope of

the let abstraction must correspond to the extent [16] of the assignment.
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A nice illustration of this approach (and the benefits that accrue from
modelling) is given by the following example.

Consider the sequence of assignments below:

The "needed variables” of this sequence of statements are _the

L3

w..n"

identifiers "x" and 'y

ii " n.n

The "aff ected var1ab1es are also and "y".

Thus the model is;

fun f(x,y) = let val x

let val y
let val x

) JE, L ", "

This function can be manipulated (unfolding "x" and "y" in the result

tuple) to remove the let abstractions:

Which can be manipulated (using simple arithmetic properties) to:

fun f(x,y) = (y*.EX) :

¥

f v
i " -8 fi * ¥

e

Thus, the eff ect of the three assignment statemenfs is ‘revealed: that of
swapping the contents of the variables "x" and "y" (However, the proof
relied upon the laws of arithmetic, thus "x" and "y" contain numeric data).
This swapping techmque was used in the past when there 'was a high premium on
storage use. Nowadays, a programmer would be more likely to use the more
familiar technique involving a temporary variable. One .benefit of functional
modelling, is that these two techniques could be proved equivalent (for

numeric data), simply by unfolding model functions.
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3.2.3 Modelling Conditionals

In providing functional models, there are often several choices as to

the strategy used to model a particular statement.

Of course, one model will be convertible to any other alternative, using

functional reasoning.

Here are two methods for modelling conditional statements using

conditional expressions:

3.2.3.1 Modelling Conditionals In Context

A conditional may be modelled by appending the statement sequence after

the conditional to the end of each of the statement-sequences for the "then”

and "else" branches. Clearly, this strategy is Iinappropriate if a large

amount of copying is required.

if e then S else s, endif: s

> if e then s ; s else s : s endif
1 3 2’ 73

= if e then e1 else e2

Where e and e, are the results of transforming s ; S, and S, S
respectively.

3.2.3.2 Modelling Conditionals In Isolation
Alternatively, by forming the tuple of all the variables affected by

either the "then" and/or "else" branches, it is possible to form the Lh.s.

of a let abstraction, defining the new values for the variables in terms of a
conditional expression.

if e then s1 else s

2> let val (x ,x ... X ) = (if e then e else e )
1’72 n 1 2

n

where :r:1 ... X are the affected variables of the statements S .and sz,
and e and e, are models for the statements s, and s, respectively.
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3.2.3.3 An Example of a Model for a Conditional Statement

if x > 10 then a := X else b := X

Can be modelled by the let abstraction:

let val (a,b) = if x > 10 then (x,b) .else (a,x) in ...

Where the "..." is the model for the rest of the program after the

conditional statement.

3.2.4 Modelling Iteration
Procedural languages typically provide several repetitive constructs. In
each, a condition controls the repeated execution of a sequence of

statements. It is well known that all these constructs can be converted into

a while loop which, in turn, can be modelled by a recursive procedure:

while b do s = procedure P ;
begin
if b
then

begin
S

P

end

29
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3.2.5 Modelling Procedures

In order to model a any procedure, it is necessary to collect together

all the effects the procedure may have upon the values of variables.

There are two types of variable affected by a procedure call: those
passed as call-by-reference parameters and those global variables assigned a
new value in the body of the procedure. The two can be both treated in the
same manner by re-casting all global variable assignments within a procedure

body to call-by-reference parameter assignments.

For example, if "x" is a global variable then the procedure "p”

procedure p;
begin

X :1= e
end

can be recast:

procedure p’( var x : integer )} ;
begin

X :1= e
end

so long as calls to "p" are recast as calls to "p’", with the global

4

variable "X" passed as actual parameter.

3.2.5.1 Modelling Call-By-Reference Parameter Passing
The approach adopted by Morris in [79] for modelling procedures with

call-by-reference parameters is to use a function which returns the final

values of the call-by-reference parameters in a tuple.
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3.2.6 A Complete Example .

All the above modelling techniques can be used together in modelling the

procedure "locate"”, below:

type SomeArray = array [1..1000] of integer ;

procedure locate( A : SomeArray ; |
Element : Integer ;
var Location : integer :
var Found : integer ) 3

var 1 : 1nteger ;
begin
i = 0 s . , :
while (i<=1000) and (A[i]<>Element) doi:=1i + 1 ;
if I <> 1001 then begin

¥ 1

Found := true;
[Location := i
end

false

else Found
end

The while loop, within the procedure "locate", is modelled (in the

procedural notation) by the recursive procedure, "loop", below:

procedure loop ;-
begin
if 1 <{= 1000 then
if Ali] ¢ Element then begini :=i + 1 ;
| loop
end
end ‘

L

The conditional has to be nested in order to model the effect of

short-circuit evaluation of the boolean expression in the while loop:.
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The global variables affected by the procedure "loop” can be written as

a Call-By~-Reference parameter, giving:

procedure loop( var i : integer ) ;
begin
if i <= 1000 then
if A[i]l <> Element then begin i :=1 + 1 ;

loop
end
end ;
procedure locate( A : SomeArray ;
| | Element : integer :
var Location : integer :
var Found : integer ) ;
var i : integer ;
begin
i := 0 ;
loop(i) ;

if i <> 1001 then begin
Found := true;
LLocation := i
end

else Found := false
end

Using a strategy also employed by Morris in [79], it is possible to

model an array, using a function from array-indexes to values stored in the
array.

Thus the procedures "loop” and "locate"”, can be modelled in ML, by the
functions "loop" and "locate™:

fun loop(A, i, Element) =

1f i (= 1000 then if A(i) <> Element then loop(A, i+1, Element)

else i
else | ;

fun locate(A, Element, Location) =
let val i = loop(0) in
if i <> 1001 then (i, true)

else (Location,false) :
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3.2.7 Modelling Aliasing

It is possible to create an alias using call-by-reference parameter
passing. An alias is a name for a value which already has a name.

When a procedure, P, with two variable parameters is called "P(z,z)",
then an alias is created: within the body of P, there will be two names for
the global variable "z".

For a procedure-call which creates an alias, the semantics will
typically be written with a two-level store [16], and so will not be in the
domain (V).

In §3.3 a general method 1is described, . which allows modelling of

programs which exhibit such semantics.

3.2.8 Modelling Goto Statements

"goto” statements can be modelled by breaking the procedural program up
into sequences of statements which are not labelled, and modelling these as
parameterless procedures. The "goto"” statements, themselves, are modelled by
a call to the corresponding procedure.

This strategy is based on a method first used by McCarthy in [44,61].

Consider the program below:

It Z O

O then goto L2 ;
+ n 3

e

n

-
|
o
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The program consists of three blocks: the ‘two statements before "L1",

the four statements between "L1" and "L2" and the final two statements.

procedure LO ;

begin
< -

procedure L1 ;
begin
iIf n = 0 then L2 else begin

procedure L2 ;
begin |
X := X * 10 ;
Result := X
end

These parameterless procedures can be modelled by functions according to

the strategy outlined earlier in §3.2.
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In the model below, the fﬁnétiénf*"LO", takes the initial value of "N"

and returns the final value of the affected variables; "x", "n" and "Result":

T

fun LO(N) = L1(O,N) ;

fun L1(x,n) =-if n=0 then L2(x,n) else Ll(x+n,n-1) ;

fun LZixj = (x,n,x*10) #;

3.2.9 Modelling Calculated Goto Statements

If the label used by a goto statement rnaiy only be calculated at the time
the statement is executed then the statement is called a "calculated gotoh“l

Some procedural programs contain gdto étatemenfs, which cause execution
to jump into the body of a procedure. | |

Programs which make use of either ‘of these features *may {feQuire a
continuation-based semantics [16,45]. Such bfdgrams can be mode’llled:i butﬂ the
strategies that may be used lead to models which effectively interpré{ the
program that they model, and as such are not particularly well-suited to

manipulation.

3.2.10 Program Semantics verses Language Semantics

An important feature of the modelling approach, is that it is concerned
with individual programs and not languages.

The semantics of a language has to be constructed in such a way as to
prescribe a meaning for every program in the language. The denotation for a
particular program (derived from ‘the semantics of the language) is thus
defined over a. state which must account for the most semantically' intricate
program.

The semantics of' a particular program, may, however, ‘only require a
highly simple semantic description, even if it were to be written  in a
language which allows for highly intricate semantics.

Thus, a language may require a continuation semantics due to the
inclusion of calculated goto statements, but a program which does not use a
calculated goto statement can still be described without recourse to

continuation semantics.
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3.3 The Implicit State: A Problem for EXisting Techniques

Using the standard techniques described in §3.2, a model may be created
for any program which can be described by a mapping from (IsV) to (I-V).

In order to model any language construct one simply has to consider the
effect of the statement on the bindings in the environment.

However, procedural language semantic-descriptions typically require a
far larger state than simply (I»V) in order to describe other effects of a
program’s execution, such as changes to the input and output streams, the
state of the heap store, the screen-mode and so on.

In this thesis the term implicit state is used to describe all those
components of the state which are not in (I-V). The explicit state (or
~environment as Stoy calls it in [16] and elsewhere) is simply .the domain
(IsV). It is "explicit" in the sense that, for all its components, there
exists an explicit piece of program syntax (the identifier), which is bound
(by the environment mapping), to a semantic value.

The requirement for an implicit state in a program’s semantics, makes

the modelling techniques described in §3.2 invalid, as the following example
demonstrates:

program P ;
var X : integer ;
begin

X := 1

write(’Hello, world’)
end.

The model for this program (using the techniques described in §3.2)

would be simply the number 1, describing the value residing in the variable

X" after execution of the program and reflecting the change to the explicit

state.

Unfortunately, in addition to assigning 1 to "x", changing the explicit
state, the program also affects the output device, which is part of the

implicit state. This implicit effect is not modelled.

Were there to be no assignment statements at all, then the program would

cause no change to the explicit state and would thus have no model.
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3.3.1 The Output List: An Implicit State T
The state, S, for the program, P above, is defined by Gordon, in [36],

as:
+*
S = (V) XV

* » \
Where V, is a sequence of values drawn from V. V is the implicit

state, it represents the sequence of values on the output device.

- ¥ o
.q

3.3.2 Modelling the Implicit State

Clearly, the solution to modelling a program whose state is not in the
domain (I»V), is to alter the description of the state so ‘that it uses the
domain (IsV).

This can be achieved in a very straight forward manner:

A new, unused, identifier is introduced into the procedural program.
This new identifier is bound to the value of implicit state, thus making it
explicit. Where a program affects the implicit state, this can be modelled in
the procedural notation as an assignment to the new identifier. Modelling
implicit effects as explicit assignment statements is simply modelling of one
procedural program (with implicit effects) by another ' (without implicit
effects).

Of course allowing the value of the implicit state to be bound to an
identifier, may lead to an extension of the (denotable) ' value‘ space, V.
However, this appears to present no problems. B

In practice, it may be more convenient to introduce a separate
identifier for each component of the Iimplicit state. To illustrate the

modelling of the implicit state, two examples of implicit-state semantics are

now described: Input/Output and Heap-Store usage.
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3.3.3 Modelling Input and Output

Given that input and output are defined as semantic operations upon

lists (in a standard manner described by Gordon in [36]), then this implicit

state, and the effects upon it can be modelled as follows:

Two extra identifiers are introduced: "Input” and "Output®”, making

explicit the input list and output list state-components.

The affect of read and write statements upon the inptit list and output

list will be (procedurally) modelled by assignments to "Input" and "Output”
as follows:

read(x)
is procedurally modelled by
X := hd(Input) ; Input := tl(Input)

write(E)

is procedurally modelled by
Output := append(Output,[E])

Before the program is executed, no output will have been produced, so
the output list will initially be assigned a value "nil".

Thus, a statement sequence consisting of read and write statements is
modelled in the procedural notation by a sequence of assignment statements.

The state will then be the domain (IsV), which can be modelled in the
functional notation by the standard techniques described in §3.2
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3.3.4 An Example of Input/Output Modelling

Consider the statements:

read(x) ; write(x+1)

These can be modelled procedurally, by the statement-sequence:

nil
hd(Input)

tl(Input)
append (Output, [x+1])

These statements can be modelled by a function from needed varjables to

affected variables in the manner described in §3.2:

fun f(Input) = (tl(Input), hd(Input)+l) ;:

3.3.5 Modelling Interleaving of Input and Output

Consider the two programs: P

program Pl ;
var X : Integer
begin

read(x) : write(l)
end.

program P2 ;

var X : integer ;
begin
write(l) ; read(x)

end.
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The models for these two programs are identical:

fun f(Input) = (ti(Input), 1) ;

However, they do not behave identically when executed: execution of Pl

will not cause any output to appear if no input is received, whereas

execution of P2 will always cause output, regardless of whether or not any

input is ever received.

3.3.6 The Semantics of the Program Defines the Model

The fact that the modelling approach used here does not represent the
interleaving of input and output events is a direct consequence of the fact
that the semantics of the language (as described in [36]) does not describe
the interleaving of input and output events.

It is a matter of choice, when describing the semantics of a language,
as to what features of a program’s execution are significant enough to form
part of the semantic description. In §7.8, a different semantic description
for Input and Output is used to construct a modelling strategy. For this
semantic description the interleaving of input and output events forms part

of the state of a computation and, thus, interleaving is represented in the
model].

3.3.7 Programs Which Use the Heap

The heap store is another example of an implicit state in programming
language semantics.

Programs which use a heap may be described by a state which is formed
from the cartesian product of three values:

(IsV) X A X (A->V)

Where "A" 1is the domain of addresses and "A-V" is an abstract

representation of the heap. The second component of the state, "A", records
the address of the top of the heap.
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The semantic domain, V, will now include an extra‘ value, Rubbish, the

initial contents of the heap.

3.3.7.2 Modelling the Heap Store

In this exposition, the domain of integers will be used for addresses.

To model the heap, two identifiers are- introduced:

"H”, the heap function, a mapping from A-V

and

"hp", the variable which contains the address of the top of the heap.

Statements which affect the heap- are modelled in Pascal by assignment to
these two identifiers, thus making explicit the implicit heap, and top of
heap.

Of course, procedural languages do not usually allow for assignment of
function-valued expressions. However, there is no reason why they should not
(see for example [27,37]). For the purpose of modelling, it is possible to
suppose that any procedural language contains any denotable value domain

required by the introduction of the extra identifiers.

3.3.7.3 Modelling Pointer Dereference |

An address may be dereferenced, that is; ti’le information stored at this
address in the heap can be referred to, using the address. For the address,
a, the value stored at a in the heap, is found by ﬁapplyiingh"'rche“ heap function,
H, to the address, a. |

Of course, the dereference of an address may, itself, be an address,
thus allowing the heap to contain values which refer to other parts of the

heap.

3.3.7.4 Modelling Address Values
The "nil" pointer value will be assigned a "special" value, outside the
source domain of H. For example, -1 could be used.

In order to make models easier to read, nil, will be referred to by its

symbolic name.
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Dereference of the value "nil" is an error.

Demonstrating that the heap function is never applied to "nil", is thus
a form of store-access integrity proof.

In languages like "C" and assembly code, where address arithmetic is
permitted, it will not always be possible to refer to addresses symbolically.
In particular, the store~access integrity proof will ‘be that the heap

function, H, is always applied to values x, such that O = x = hp.

3.3.7.5 Modelling Changes to the Heap

An assignment statement may update the contents of the heap by

dereferencing an address.

The simplest example of this is the dereference of ‘a pointer variable.

For example:

it

This statement can be modelled procedurally by the (re)assignment to the
heap function:

That is, the new heap maps all addresses to the same values as the old

heap, except for the address, p, which is mapped to 42.
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3.3.7.6 An Example of Modelling: Aliasing

Assignment of one pointer variable to another does not affect the heap

itself, but it creates an alias as the following example shows:

program SimplePointer ;
var X,y : “integer ;

begin
new(x) ; newl(y) ; (* get an address for pointers x and y
X := YV 3 (* x* and y* are now aliases
X* 1= 42 ; (* implicitly assigns a value to y*
write(y®)

end.

n.n

The call new(p) simply assigns to the pointer variable, p , the value
of the top of the heap and increments the top of heap heap pointer.

The single write instruction can be modelled by the introduction of an

extra identifier, "Result”, to store the value that appears on the screen.

’

3.3.7.7 The Model for the "SimplePointer" Program
The model for the program "SimplePointer" is given below. The
intermediate stage of writing assignment statements for implicit state

changes is omitted.

The model is simply a sequence of definitions, modelling changes to the

environment.
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The model is given below:

fun SimplePointer =

let val hp = O . (* initial value of top of heap *)
val H = fn z =) Rubbish ; (* initial value of heap *)

val x = hp :

val hp = hp + 1 s (* models new(x) *)

val y = hp ;

val hp = hp + 1 : (* models new(y) *)

val x = y - (* x and y now identical *).

val H= fn z =) if z = x then 42 else H(z ) ; (* models x":=42 *)

val Result = H(y) (* models write(y”~) *)
in
(H,hp,x,y,Result) ;

Unfolding "Result” gives: Result = 42.
The aliasing of "x" and "y" is modelled by the fact that these two

identifiers are bound to the same integer value. Thus, when the heap function

is applied to either, the same value will be returned.

3.3.7.8 Modelling A Self Referential Structure

Used in a disciplined manner, pointers allow the programmer to define
and use lists, trees and other Abstract Data Types. Indeed, using the

modelling technique, the programmer can prove that an Abstract Data Type is

correctly implemented (see, for example, §6.6).
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Used in an undisciplined manner, however, the structures created can

become circular, as this simple example demonstrates:

program Money ;
type
string = “listrec ;
listrec = record
data : char :
rest : string
end ;

var Inf : string
begin
new( Inf) ;
Inf~.data :
Inf*.rest

end.

3.3.7.8.1 Modelling Record Structures
Record structures can be modelled using the tuple type.

The record type, "listrec”, is modelled by a tuple, with selection of

tuple-elements written using the symbolic names "data" and "rest", taken from

the field names of the record. ) 5.
For a tuple, T, and an index, f, the notation "TVf" representé an

expression which indexes the fth element of the tuple, T.

3.3.7.8.2 The Model for the Program: "Money"

The model for the program "Moneir" is as follows:

L

fun Money = t
0 ;

let val hp = ,
val H = fn z => Rubbish ;
val Inf = hp | ;
val hp = hp + 1 :
val H = fn z => if z=Inf then (’'£’,H(Inf)%data) else H(z) ;
val H = fn z => if z=Inf then (H(Inf)¥rest,Inf) else H(z) in
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Unfolding H(Inf) gives:

H(Inf) = (’£’, Inf) ;

In chapter four a technique called "Projective Abstraction” is
described. This technique makes it possible to create a model specific to a
particular value, or set of values. This technique can be used to produce

models specific to particular values, such as:

H(Inf) = ("£’, Inf) ;

It should be pointed out that the pleasing way in which a
self-referential structure such as H(Inf) "announces itself" in the model

notation is possible, only because an address may be referred to

symbolically.

3.3.8 Proving a Model Strategy Correct

Proving that a modelling strategy is correct (in terms of the semantics

of the language) is a straight forward, but long-winded matter.

A example demonstration of the construction of a simple modelling

strategy and a proof of its correctness can be found in §7.4.
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3.4 Assignment and Referential Transparency

In literature concerning functional programming, there appears to be
some confusion about precisely what feature of procedural languages makes
them non-referentially transparent (or referentially-opaque).

Many authors claim that it is the “assignment statement that causes a
language to be referentially-opaque.

- For example on page six of [16] Stoy says:

"In most programming languages referential
transparency appears to be destroyed. For -example, the
fact that we have deduced x=6 would not imply that. we

~could replace x by 6 everywhere within the scope of the

declaration of x; if the program contains a statement

like

if x>y then x :=x -1 e o

the value of X 1is not independent of position -

afterwards it even depends upon the value of y."

This view is slighily misguided.

The statement used as an example by Stoy, can be modelled by a function

';"f‘“,' which takes the original values of the variables "x" and and returns

", "

the final values o;‘ "x" and "y".

There are six occurrences of the identifier "x" in this string of

characters. The f irst, third,i fourth and fifth occurrence of "x" refer to one
value, the second and sixth refer to a different value. A {/ariable is a

binding of an identifier to a value. The above string thus contains one

identifier, "x", but two variables which use "x". Scope rules are used to

distinguish between different variables which use the same identifier.
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If an assignment statement such as the one described above Iis

referentially-opaque, then the lambda calculus must also be
referentially-opaque. However, this conclusion would clearly be -absurd: the
Beta reduction rule distinguishes between different variables which happen to
have the same identifier. It does this using a scope consideration embodied
in the notion of bound and free variables[12].

It is not the assignment statement that denies a language the
referential transparency property. It is the implicit state. Changes to parts

of this implicit state cannot be manipulated by substitution simply because

there is no identifier for which a value may be substituted.

[t may be that changes to an implicit state are written using an
assignment notation (for example, in the case of heap changes), however,

other implicit-state changes are notated differently, for example, input and
output statements.

3.5 Summary

‘This chapter collects together known functional modelling techniques

under a common framework.

Some of these techniques exist in print [44,61,79,80] and some are
simply part of the "folklore" of programming.

The framework used, is the semantics of the program, specifically the
program’s computation state.

If this state is of the form identifiers to values, then the "known

techniques” can be used to construct a model for a statement sequence.

This model is a function, taking, as its argument, a tuple of the needed
variables of the statement-sequence, and returning as its result, the tuple
of final values 6f the affected variables of the statement-sequence..

Unfortunately, the "known techniques" break down when the state of
computation is not of the form identifiers to values. However, as shown in
§3.3, this problem can be overcome by the introduction of extra identifiers.

The chapter thus presents a strategy for modelling any procedural

programming language feature.

The chapter also introduces the concept of an implicit and explicit

state and demonstrates that it is the latter that prevents a procedural

language from being referentially transparent.
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CHAPTER FOUR PROJECTIVE ABSTRACTION

4.1 Introduction

A model is a function which returns a tuple of values. Each' value in
this tuple is a semantic value computed by the procedural program being
modelled. A semantic value is either a value bound to an identifier used by
the program or a value of a component of the implicit state (for which an
identifier has been introduced according to the strategy described in chapter
three). 3

For any reasonably large program there will clearly be a large number of
values in this result tuple, too many to make the model useful as a tool for
analysis of the procedural program.

This chapter introduces a very simple technique for analysis of
functions which return tuples of values. The technique is called "Projective
Abstraction”.

In conjunction with the implicit-state modelling approach described
earlier in chapter three, Projective Abstraction allows a programmer to
create many distinct models of a single procedural program. Each model is
specific to the analysis of a particular set of semantic values computed by
the procedural program and "abstracts away"” from all other details of the

execution which do not contribute to the computation of this séf of values.

4.2 The Projective Abstraction Technique

The Projective Abstraction Technique consists in simply omitting some of
the values of a model function’s result tuple.

Thus, a function 1is projected onto a smaller target domain by
restricting the result tuple.

An Iimportant consequence of this projection is that the amount of
computation required to produce the result tuple 1is also reduced.
Specifically, an expression is only included in the projected function if it
contributes to the evaluation of the restricted result tuple.

Using the approach described in chapter three, a model function will

contain an identifier for any and every semantic value change created by the

execution of the program.
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The Projective Abstraction Technique thus allows the programmer to
choose some of these semantic values, and to produce a functional program
which computes only the changes in these values arising from execution.

The large body of work on functional reasoning techniques
[2,20,23,40,50,60] can then be brought to bear in analysing the affect of the
procedural program upon the semantic values.

Consider the example below: | ;

program TwoAssignments ;
var X,y : integer ;
begin

X : E1 ;
y : E2
end.

The model for this program is simply a function:

f(x,y) = (E1,E2) ;

If the programmer is interested in the final value of "x", then the
projected model would be:

f(x,y) = E1 -
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4.3 Reduction in Needed Variables

A further simplification that arises from projective abstraction is that

the size of the needed variable tuple may be reduced.

If the programmer decides to project the model onto "x", then the needed
variable tuple tells the programmer what the final value of "x" depends upon.
For example, if the needed variable tuple is empty, then "X" is a constant.

The Projective Abstraction Technique allows a programmer to use similar
kinds of analysis familiar from "run-time debugging”, that is, the inspection

of the contents of a particular variable or variables. However, there are two

crucial differences:

(1) The analysis is performed at compile time and is thus a symbolic

analysis, ranging over all possible executions of the program.

(2) All values of semantic interest are available for inspection due to the

modelling of the implicit state (with identifiers).

The Projective Abstraction Technique is thus simple, but powerful.

In the next few sections some applications of the technique are

described:

4.4 Henderson’s Lazy Streams

If the programmer projects the model onto the output list, then the
model will be a stream-based program in the Henderson Lazy Stream style{30].

Using stream-based models of this kind does not allow a programmer to
investigate the interleaving of input and output events.

However, this is often an advantage, as the programmer will want to
ignore such details and focus on the functional relationship between input
and output.

Should the programmer wish to investigate the interleaving of input and

output then they could employ the modelling strategy described in §7.8.
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4.5 New Programs From Old

Many programs compute several values within one part of the program. A

programmer may wish to reuse only a part of a program to compute just one of

these values.

Consider for example the program below:

program ArrayProcessing
var i,total, Biggest, Smallest : integer ;
A : array [1..1000] of integer ;

begiln
total := O ; Biggest := A[1l] ; Smallest := A[l] ;
for i := 1 to 1000 do
begin
total := total + Afli] ; |
if A[{i] > Biggest then Biggest := Ali] ;
if A[i] ¢ Smallest then Smallest := Alil ;
e nd ‘
end.

Separate programs can be created for each value computer using

Projective Abstraction. For example, choosing the final value of the

identifier "Biggest" as the result of the model yields the following model:

fun Biggest(A) = for(A,A(1),1)
where fun for(A,Biggest,i) = if i <= 1000

then if A(i) > Biggest
then for(A,A(i),i+l)
else for(A,Biggest,i+l)
else Biggest ;

Using the techniques described in chapter five it is possible to convert
this model back into a procedural notation.

However, it would be foolish to convert any model back into a procedural
notation without first investigating the model a little. The whole point of
modelling is to permit the use of functional analytic techniques. One such

technique is partial evaluation, which can be conducted symbolically at
compile-time.
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4.5.1 Partial Evaluation and Efficiency Improvement
Partially evaluating a functional program can result in an improvement

in the efficiency of the program. This benefit is demonstrated by partial

evaluation of the model "Biggest".

The call to "for" in the definition of “Biggest" is partially evaluated,

giving:
for(A,A(1),1) = 1f 1 <= 1000
then if A(1) > A(1l)
then for(A,A(1),2)
else for(A,A(1),2)
else A(1) :
Clearly

"1 <= 1000" is "true"
and
"A(1) > A(1)" is "false"

Thus

for(A,A(1),1) = for(A,A(1),2)

r 1-I-i-.‘: v * ¢ f % ' 1:,.5--1.

Using this identity, the model can be rewritten:

fun Biggest(A) = for(A,A(1),2)
where fun for(A,Biggest,i) = if i <= 1000
: then if ‘A(i) > Biggest
then for(A,A(i),i+l)
else for(A,Biggest,i+l}
else Biggest ;

93




When converted back into the Pascal notation this leads to the program
below:

program Biggest ;
var Biggest, 1 : integer ;
A : array [1..1000] of integer ;

begin

Biggest := Alll ;

for i := 2 to 1000 do if A[i] > Biggest then Biggest := Alil] ;
end.

4.6 Values of Program Constants

In the program "ArrayProcessing”, projecting the model onto the final
value of the identifier "i" gives the model:

val i = 1001 ;

This does not tell the programmer much about the program but then, since

the techniques can be automated, it does not require any effort either.

4.7 Heap Store Use

The identifier "hp" 1is introduced to model the top of the heap.

Projecting a model onto the value of "hp" will tell a programmer how much
heap store is used.

If the model yields a constant when projected onto this value, then it
reveals that fact that there is no need for the heap. The heap storage

strategy is only required when a programmer does not know how much store will
be required.
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4.9 Nothing New Lo

Of course, there is nothing that a prdgrammer can do using Projectiveﬁ
Abstraction (or modelling in general) that was not- possible using the
original procedural program. The procedural program’s text- is a. complete
. specification of the programs behaviour, and can be used to answer these
- sorts of question about the program’s execution.

A good programmer will be able to extract the "Biggest" program from the
"ArrayProcessing” program (§4.5) and will notice the efficiency improvement
to be gained by omitting the first loop cycle.

The modelling approach offers two significant’ enhancements to such "ad

hoc" reasoning:

(1) All the reasoning .performed using. the manipulation of --the rmodel is
guaranteed to be correct. That 1is, no manipulation can alter the values
computed by the program. The programmer is thus. free to "play" with their
program as if .it were simply a piece. of algebra, ignoring the fact that it is
to be executed by a computer. This algebraic freedom is the principal
advantage of -a functional notation over a procedural notation (see, for

example [80,90] and [21,18,32]). The modelling technique -allows - procedural

programmers to avail themselves of this advantage.

(2). The production -of - projected models may be performed entirely
automatically by a CASE tool (or to put it more prosaically, by a Compller,
albeit a compiler parameterised by the choice of Projection)..

In a small program, such as the array processing example above, it may
well be that a programmer can see immediately how to alter a program to
calculate only one value. However, the dependencies that have to be

considered in order to do this become too intricate for programs of greater

size and Projective Abstraction becomes a necessity.
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4,10 Summary h

The technique of Projective Abstraction is very simple.

A programmer simply omits some values from the result tuple of a
function, thus simplifying the function by specialising its resuit.

Together with the (equally simple) technique of introducing identifiers
to model the implicit state described in -chapter three, the programmer can
analyse, evaluate, manipulate and prove properties of any semantic value of
interest.

The functional modelling technique thus involves two abstractive filters
which "filter out" irrelevant aspects of a program’s execution, sharpening
the analytic focus. |

The first of these filters is applied by the programming language
designer, who chooses which aspects of all possible programs are to be
.described in the semantic description of the programming language.

The modelling strategy uses this semantic description when creating a
model, and so any aspect of execution ignored in the semantics will be
ignored in the model.

The second abstractive filter is applied by the programmer, who chooses
(by Projective Abstraction) those aspects of a particular program that are to

be modelled.

The technique of Projective Abstraction reduces the complexity of the

model to that which is sufficient to compute the semantic values onto which

it is projected. In small programs this complexity-reduction is of little

consequence, but for large programs its benefit will be keenly felt.
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CHAPTER FIVE CONVERTING MODELS BACK INTO PROCEDURAL NOTATION

5.1 Introduction

In this chapter various strategies for converting functional models back
into a procedural notation are discussed.

Converting a model back into a procedural program is inherently a matter
for the programmer, since the point of functional modelling is to reveal
inadequacies in the original procedural-program.

What constitutes an inadequacy depends upon the program 'concerned, so a
highly intelligent (i.e. human) strategy is required to produce an improved

program from a model.

Other techniques are discussed in the seminal work of John Darlington,

which was originally aimed at compilation of functional programs into

efficient procedural counterparts [9l1].

5.2 Evolution of program transformation rules

The techniques presented here are intended to be an aid to the
programmer only. It may well be that using a semi-automated system, various
heuristic rules will evolve and then become incorporated into automated parts
of the system (see appendix A2).

For example the method of goto removal set out in [88] and [89) are
examples of such heuristic rules: if the model produced by a "goto program"
is converted into "while" loops by the strategy outlined here, then the

resulting program will be very much like that produced by the algorithm
described in [89].

5.3 Some Things which Will Not be Converted Back
The strategy outlined here 1is directed at converting functions in

iterative form and does not address the problem of 1/0 interleaving.
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5.3.1 Iterative Form

The model functions which can be converted back into a procedural
notation, using the strategy outlined here, are those which are in iterative

form [44,61].

A function, f, is in iterative form if all calls to the function do not

occur within calls to any other function.

3.3.2 Loss of 1/0 Sequencing Information

As shown in chapter three, the information concerning the interleaving
of input and output events is lost when a procedural program is modelled,
using a simple list-based input and output semantics.

If a program, P, is manipulated to alter its structure and subsequently
converted back into the procedural program, P’, then P’ will not necessarily

interleave the input and output events in the same order as P.

-_=!w5! o Fm"f-"‘" —

5.3.2.1 Keeping the 170 Information Means Restricting the Fold/Unfold Rules

| If the programmer wishes to maintain interleaving information then the

model should include a "trace" in its projection (see §7.8).

5.4 Converting Functions in Iterative Form to Loop Constructs

The strategy proceeds by performing manipulations to the model

functions, rendering all models in a common form, from which, conversion to

loop constructs becomes trivial.

S8



- 85.4.1 © Maximal Substitution

All let abstractions, "let val x = Ei1 in E2", where Ei1 does not involve

. a call to a model function, are unfolded so that model! functions all take the

form:

f(x) = if pl(§) then EJ1
else if pz()-c) then E2
else ...

else E
n

Where x is the tuple of identifiers which form the parameters to the

function f, p, are predicates on this tuple and E:l are expressions containing

no conditional sub expressions.

5.4.2 Unfolding of Functions

The expressions EZi will be one of four possible forms:
i) An expression involving only base functions and members of X.
ii) An expression of the form g(x), where g is a model function.

iii) An expression involving a model function which is not in iterative

form.

g(z) in E", where y, and z

iv) The fourth possibility is "let val (y)
are subsets of X, g is another model function and E is an expression in one
of the forms i) - iv). This fourth possible form, when converted into a

procedural notation, leads to nested looping, it is discussed separately in

§3.7.
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As stated earlier, it is not possible, using this strategy, to convert
functions which are not in iterative form, so case iii) is ignored.

Expressions in form ii) should be unfolded until either. a recursive call
IS encountered, or a call to a recursive function is encountered. That is, if
an Expression, E, occurring in a function, f, is unfolded to produce a call
to f (by definition in iterative form) or a call to a function g, where g is
a recursive function, then E should not be unfolded any further.

If the model contains mutually recursive functions then the strategy
that must be employed is less  elegant due to the introduction of extra

variables. For this reason models containing mutual recursion are discussed
separately in §3.8.

5.4.3 The Fully Unfolded Model

After unfolding, each model function, f (x), is in the form described in

§5.4.3, where each lEZl is one in one of the following three forms:
i) An expression involving only base functions and members of X.

ii) A recursive call, f(e), where e is an expression involving only
base functions and members of Xx.

iii) A call to a function g, of the form g(e), where e is an expression

involving only base functions and members of x.

5.4.4 The Terminating Conditioq for a Model Function

"Termination" occurs when an expression of the form i) or iii) above is
evaluated.

In this discussion, the condition under which such a call is evaluated

is called the "termination condition" of the function.

That is, within a function, "f", the condition under which any of the

expressions Ei which contain no recursive calls to "f", are evaluated.

The "termination" condition of a model function is not, therefore, a

condition under which the model program itself, would terminate, but as will

be seen, it is the condition under which the loop that models the function
will terminate.
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S5.4.4.1 Examples - L L * . .

Below are two functions together with their "terminating conditions":

fun f(x,y) = if x = y then X
| | ‘else if x = (y+1) then y-x
else f(x~-1,y+l) :

The function, f, has "terminating condition", p(x,y):
P a t

p(x,y) = (Xx=y) or (x=y+l)

fun hi(x,y,z) =
if x{Oy then h(x-1,y+1,x+z)
else if y=z then y
else if x=z then h(x-1,y-1,2)
else g(x,y,2) ;

p(x,y,2z) = not(x<{y) and (y=z or (not(x=z))

In each case, the condition is produced, merely by examining the
predicates in the conditionals, without regard to the value computed by the

function.
Of course, the terminating condition may, itself, be manipulated
according to the rules of the predicate calculus. For example the second

predicate, p, can be rewritten:

p(X,Y:Z) = X=Y
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5.4.5 Converting to an Unbounded Loop * | TR

A recursive function, in iterative form, is converted into an unbounded
loop. That 1is, it is converted, either into a "while" loop, or a "repeat”
loop.

A recursive function will be ‘converted into a "while" loop if_ it
"terminates" without modifying any of its parameters. That is, if it returns

a subset of its parameter tuple or passes some subset of its parameter tuple

to another model function.

A recursive function will be converted to a ‘"repeat" loop if--it
"terminates” with some modified subset of its parameter tuple. That is, if_ it

returns an expression involving a subset of its parameter tuple and some base
functions, or passes such an expression to another model function.
There is, of course, some choice that may be exerted, since a "repeat”

loop with a body S, is equivalent to a "while" loop with S executed once

before entry.

5.4.5.1 The Loop’s Boolean Expression

If a "repeat” loop is being produced then the boolean expression is

simply the "terminating condition" of the model function.

If a "while" loop is being produced then the boolean expression is the

negation of the "terminating condition" for the model function.
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5.4.5.2 The Loop’s Body

The nested conditional expression is converted to a nested conditional

. statement:

if pl(X) then el  _
else if p2(x) then e2

else ...

K]

" Is converted to:

if pl(x) then Si -
else if p2(x) then S2

else

Except that those predicates that form part of the "terminating
condition"” need not be included.
Each statement, Si, 1s produced by. converting the expressions, - e1, :as

follows: .

5.4.6 Local States and Variables

The parameters of a model function are the "local state" in which the
function is evaluated.

The parameter names of this local state will be ‘used as. variable names
in the procedural program. S T

The body of the loop produced contains assignments to ‘these variables.
These assignments are formed by. assigning .to each variable, the expression

passed on recursive call to the function.
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5.4.7 Input and Output

The' re-assignments to the output list and inputlist will be converted
back into write and read statements.

If input occurred in the part of the procedural program modelled by a
model function, f, then f will include a paramfaﬁer, "inp"” (or some other name
introduced according to the strategy set 6:11: .in chapter 3). If output
occurred in that part of the procedural program, then f will include a formal
parameter "out" in its parameter list.

The parameters "inp" and "out" correspond to the input list and output
list. (The situation where there are more than one output device can be dealt

with naturally by extending the strategy outlined here).

Obviously, names are significant in the model, so if conversion into a

procedural notation is performed automatically, a convention on names for

devices must be followed (see §5.9).

5.4.7.1 Output

Output is modelled by appending output' elements onto the ':Jutpm;E list. So
to convert this back into the procedural notation, where ever the actual
parameter "append(OQut,L)" is passed for the formal parameter "Out" in a

function call this will be converted to write(L’), where L’ are the elements
of the list L.

5.4.7.2 Input

e

Converting operations on the input list back into the procedural

notation as read statements presents a some problems:

The statement "read(x)" is modelled by "let val x = hd(Inp) in let val
Inp = tl(Inp) in ...".

Now, these two definitions may become "separated" in the model due to

manipulation, but in converting a model into procedural notation expressions,

involving "hd(Inp)" and "tl{Inp)" must be converted to a
statement.

single "read”
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5.4.7.2.1 Introducing New Variables
Normally (for example, in Pascal, C and Fortran) the read statement
takes a variable parameter, in which the input is to be stored. The name for

- this variable parameter will have to be "invented".

5.4.7.2.2 Where to Locate the "read" Statements
In order to discuss conversion of operations on the input list it is
necessary to introduce two concepts: the "depth of input" in a’ model function

and the "amount of input: consumed”, corresponding to the expressions

"hd(Inp)" and "tl{Inp)" respectively.

5.4.7.2.1 The Amount of Input Consumed
The recursive call to a function will 'pass an actual parameter for the
formal parameter "Inp”". The expression for this actual parameter represents

"how much input is consumed on that call”.

5.4.7.2.2 The Depth of Input
The selection of elements from the input list has a "depth", this is the

highest index used to select an element from the input list.
The value of the depth and the amount of input consumed in a particular

model function are not necessarily identical.
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5.4.7.2.3 Depth is the Same as Amount Consumed

In most model functions the depth will be identical to the amount of
input consumed.

In such cases all the read. statements are to be put. inside the loop at
the appropriate point in the conditional statement structure.

For example, the function f, below, the depth is identical to the amount

of input consumed on each call:

fun f(Inp,t) = if t>100 then t

else f(tl(Inp),t+hd(Inp)) ;

It will be converted into the "while"” loop:

while not(t>100) do
begin
read(x);

t :1= t + X
end

5.4.7.2.4 Depth is Smaller than Amount of Input Consumed

If the depth is smaller than the amount consumed, then "dummy" read
statements must be included to read the extra input.

For example the function f, below, consumes 3 elements from the input
list on each call, and has a depth of 1.

fun f(Inp, t) =
if t>100 then t

else f(tl1(tl(tl(Inp))),t+hd(Inp)) ;
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It will be converted into the "while"” Hioop:

while not(t>100) do
begin
read(x):
read (Dummy) ;

read(Dummy) ;
t 1=t + X
end

5.4.7.2.5 The Depth is Greater than the Amount of Input Consumed
If the depth is greater than the amount of input consumed then some

input must be read before the loop is executed, and then at the end of the

loop body these variables must be updated.

For example consider the model function, f, below:

fun f(Inp,t) =
ift >
then t

else
f (hd(Inp)+hd(tl(Inp))+hd(tl(tl(Inp))),t1(Inp));

In this function the depth is 3 but the amount of input consumed on each

recursive call is 1.

Two values must therefore be read before the loop is executed, and these

variables must be updated at the end of the loop body.

The "while" loop produced to model this procedure.is:

read(X1) ;

read(Xz) ; - *

while not(t>100) do
begin
read(X3) ;

t := X1 + X2 + X3 ;
X1 := X2 ;

X2

end
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This is a highly unlikely eventuality however.

5-4-8 Example ) i

Consider the function, "S", below:

fun S(Inp,N,M,t) = if N=M then t
else let val t* = t+hd(Inp) in
let val N’ = N+1 In
S(ti(Inp),N',M,t?) ;

5.4.8.1 Unfolding

First, the let abstractions are unfolded, to produce:

fun S(Inp,N,M,t) = if N=M then t

else S(tl(Inp),N+1,M,t+hd(Inp));

Next, all function calls are unfolded until recursion is encountered. In
this case, this means no unfolding, since the function call

"S(t1(Inp),N+1,M,t+hd(Inp))" is already recursive.

5.4.8.2 The Loop-Body

The conditional structure is

if M=N then Si1 else S2

Where S1 and Sz are produced according to the strategy outlined in

‘§5.4.6. (This simply reduces to S2, since there is no need to test the

terminating condition within the loopj.
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'5.4,8.3 Converting to a "while" Loop
The function is converted into a "while" loop, since it returns "t"
unaffected if its "termination condition" is satisfied.

The "Termination condition” is "p(N,M) = N=M", so the "while" loop

predicate is "not(N=M)".

5.4.8.4 Input and Output

Now, this function consumes one element of "Inp" on each call so the
expression "hd(Inp)" is converted to the read statement "read(x)" which is to
be placed inside the loop, and where ever "hd(Inp)" occurs in an expression

it is replaced by "x".

5.4.8.5 Re-Introduction of Assignment

The body of the loop contains the assignments:

t := t+x
and
N := N+l

The "while" loop produced is thus:

while not(N=M) do
begin
read(x) ;

N := N+l ;
t : t + X%
end

9.5 Pﬁut*:tili'lg the Loops into a Statement Sequence

All that is required to produce a complete procedural program, is to put
the various "while" and "repeat” loops into a sequence, reflecting the call
graph of the model.

The model is a function fi1, which may call a functions f2,...,fn, each

of which may, themselves, call more functions.
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The first "while” loop in the statement sequence is the one which was
produced from fi1. If there is only one other function, f2, called from fi,
then the next loop in the statement sequence is that produced from f2.

If there is more than one function, {f2,...,fn}, called from fi1, then a

conditional statement is the next statement in the procedural program
produced. This conditional selects which loop is to be executed next from

those produced from the functions {f2,...,fn).

9.5.1 Avoiding complexity

A little consideration leads to the realisation that for a large set of
model functions, each of which calls several other model functions, . the
procedural statement-sequence produced by this naive strategy will be long
and complicated, involving many nested conditionals. The depth of conditional
nesting being roughly proportional to the number of model functions.

This situation is clearly unacceptable; it arises from the fact that the
procedural program produced according to this strategy makes no use of
procedure-abstraction: the program produced will be one monolithic sequence

of statements.

The obvious way to subdivide this monolith is to make use of the

procedural abstraction contained in the original procedural program.

The model functions fall into three categories: Those whose names are

introduced to model "goto" statements (i.e. those whose names are labels),

those whose names are introduced to model loop constructs, and those which
model procedures and functions in the original program, and use the original
names.

The last of these three are those model functions which correspond to
procedures in the original program. These model functions can be converted
into separate procedural programs, and each of these programs can then be
written as a procedure. The procedure will take as formal parameters, the

needed variables of the statement sequence produced, and return (via variable

parameters) the affected variables of the statement sequence produced.
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5.6 Automation

All of these conversions can be carried out automatically. However, it
is doubtful whether a fully automated strategy would be desirable: The
programmer’s intuitions about the model functions will provide valuable
insights into what manipulations to perform, and what conversion strategy to
use when converting back into a procedural notation.

For example, the programmer may decide that some of the model functions
produced from loops or "goto"” statements should be converted back into
‘procedures, | thus increasing the resulting procedural abstraction, and
improving the readability (and reusability) of the resulting procedural
program.

What is highly desirable is a semi-automated "CASE tool", many parts of
which would be fully automatic (for example production of the initial rﬂodel
functions, converting back according to various pre-defined strategies,

fold/unfold rules in the functional notation, maximal substitution and so

on).

Such a tool would be used interactively by a progra‘mmer. who would
analyse and manipulate a procedural program, producing proofs of program
properties, correcting mistakes, removing redundant computations and altering
the program’s structure to produce a better documented, more reliable,

efficient, reusable and proven program.

Some preliminary work has already been conducted on these lines (see

appendix A2), -and work continues[74], but more time and resources are

required.
The strategy is not complicated, all examples could easily be performed
by a programmer in a heuristic manner without reference to an algorithm of

conversion. Automation would merely act to remove the "donkey work" involved

in conversion of notations.

9.7 Nested Loops

The discussion so far has been concerned with model functions which

contain no nested calls to functions.
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A nested call, occurring within a function f, is an eXxpression:-E of :the -

Y

form below: ~ H } . S S

let val (x) = g(x) in E°’ L

Where E’ is either of the four forms hsted in §5.4.2.

.--il-r‘.p‘-

Such nested calls to functions produce procedural programs w1th nested

loops.

-
2
#5, &

5.7.1 Example

" mn

In this example the f unction r- 1s used to strip leading spaces f rom a

list, it terminates when the head of the list 1s not a character.

fun f(Inp,Out) ="
if hd(Inp) = .~ o
then Out
else
if hd(Inp) = *.° |
then let val Inp’ = r(tl(Inp))
in f(Inp’,Out)
else f(tl(Inp),append(Out, [hd(Inp)])) ; .

fun r(Inp) = if hd(Inp) = * * then r(tl(Inp))
else tl(Inp) ;

".n

The function "r" is converted to the "repeat" loop:

repeat read(x) until x ¢ * °
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The function "f" is converted to the repeat loop:

repeat
read(y) ;
if vy =’ "' then repeat read(x) until x & *°

else write(y)

until y =".

For greater perspicuity, the programmer may elect to form a procedure
out of such nested loops, particularly if the same model function is nested
in several places. This will be another area where a "CASE tool" would need

to be interactive, allowing the programmer to choose how a model is converted

into a procedural program.

5.8 Mutually-Recursive Model Functions |

In [89] the authors demonstrate that it is not possible to convert all
procedural programs, which contain "goto" statements, into procedural
programs, where the ﬁ"goto“ statements are replaced by "while" loops, without
introducing extra variables. |

This is "also obviously true for f unctional models. Those models which
cannot be converted into "while" loop programs, without the introduction of
extra variables, are precisely those model functions which are mutually

recursive.

Consider the two mutually recursive functions below: -

fun f(xl,...,xn) = if pl(xl..y..,xn) then EZ1

- else if pz(xl..... .xn) then g(EZ)
else ”Es) ;

fun g(xl,...,x ) if ps(xl.. : .,xn) then E4

else if p4(x1...*. ,xh) then f‘(Es)l
else g(E6) :

13
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These two mutually recursive functions can be joined together into one

function, "Both", by adding an extra parameter to "switch" between the two in

the body if this new function:

fun Both(xl, X, switch) =
if switch = "f"
then
if pl(xl,...,xn) then E'.1 |
else if pz(xl,...,xn) then Both(Ez, g")
else Both(ES,"f’")
if switch = "g"
then
if ps(xl,...,xn) then EZ4

else if p4(x1....,xn) then Both(Es,"f“)
else Both(Eb."g")

else (* invalid switch *)

Now the call "f (el,...,en)" is equivalent to Both(el,....en,“f“) and a

call “g(el,...,en)" is equivalent to Both(el,...,en,"g").

These are the only two calls to the function "Both"” which are valid.
Passing a value for "switch" other than "f" or "g" will not reflect any

possible call in the original model program.

However, the production of a function like "Both" is only intended to
indicate a strategy for converting mutually recursive model functions into
procedural notation; functions like "Both" will never actually be executed.

The strategy can clearly be extended to cope with an arbitrary number of
mutually recursive functions, all that is required 1s for "switch®” to have as
many possible values as there are possible mutually recursive calls.

Now the function "Both" can be converted into a "while” loop according
to the strategy outlined in §5.4.5. Of course, the "while" loop will also

mention the new variable "switch".

Clearly, it would be possible to convert the model into mutually

recursive procedures, in which case no extra variables would need to be
introduced.
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5.9 Naming Conventions in the Model

In converting operations on input and output lists, an assumption Iis
made that the names used for input and output lists are "inp" and "Out"
respectively. It has also been assumed that names of procedures will be
maintained in the model.

This presents no problems, and is only mentioned since it runs contrary
to the normal experience that the choice of particular identifiers Iis

unimportant and that consistent name changes may be performed in functional

programs without changing meaning.

The mode! functions are used to model procedural programs and so in
addition to their "meaning” as recursion equations, model functions also have

a "meaning” in terms of the program that they model.
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