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1. BBEIEHUE

Teopust mpocTpaHcTB ¢ MHAE(MUHUTHONH METPUKOH BO3HMKJA B padorax [lontpsruna, Cobonesa, Pus-
JIUTICA B CBSI3H C MOTPeGHOCTSMH TEOPUM YPaBHEHWH B YaCTHBIX TPOM3BOAHBIX. C TeX Mop Kpyr ee
MPUJIOKEHHH B MaTeMaTH4yecKo#d (DU3HMKe W OOILIEH TeOpHH ONMepaTopoB 4pe3BblUalHO pacuupuscs. O
MHOTHX M3 HHX MOXKHO Telepb y3HaTh U3 npekpacHbix kHur T. 5. Asuszosa u H. JI. Konauesckoro [1,2]
1, B ocobeHHocTH, [3]. Kpome Toro, Teopusi anrebp, rpymm, anre6p JIu omepaTopoB B MpOCTpaHCTBAX
Kpefina crana nmomy/sipHa y (PM3MKOB-TEOPETHKOB B CBSI3W C MHAE(PUHUTHBIMH MOAEJSIMH MOJIEBBIX TeO-
puit — cM. Hampumep pa6oTy [4] W uuTHpyemyw Tam Jautepatypy. B Hailell paGoTe roBOpUTCSI MOYTH
UCKJ/IOYUTEJbHO O pe3yJbTaTax CaMoOl TEeOpHUH OINepaTOpHO-anredpanyeckKux CHCTEM B NPOCTPAHCTBAX
C UHAe(QUHUTHOH METPHUKOH, a TaKKe O CBfI3M 3THUX pe3yJbTaTOB C HEKOTOPBIMHU APYTHMH 3afadaMu
(PYHKIIMOHAJIbHOTO aHaJ/IN3a; NPHUIOKEeHHsT TPeOyIOT oTaebHOrO 0630pa (MiH, ckopee, 0630pOB).

[TonBeka ToMy Hasan Obl1 onyOauKoBaH 0630p [34], Hanucauubiil P. C. MemaruaosbiM 1 M. A. Haii-
MapKoM, MaTeMaTHKaMM, CTOSIBIUIMMH Yy HCTOKOB NaHHOH Teopuu. [laB HacTosilied paboTe Takoe ke
Ha3BaHHUe, Mbl XOTeJ/H MOAYEPKHYTb, YTO OHA SIBJSETCS MPOLOJKEHHEM 3TOro 063opa.

HanomuuMm ocHoBHble onpenesenusi. [IpoctpaHcTBo ¢ urndegpunummuoli mempuroil — 3T0 JUHEHHOe
npocTpaHcTBO H, cHabxeHHOe MOoJyTopanuHeHOH GopMoit x,y — [x,y]|, KoTOpasi He sBJsieTCs] 3HAKO-
onpeneneHHol. Bektop x € H HasbiBaeTcs nosodxcumenvhoim (ompuyamesoHolm, HENOLOHCUMENbHBLM,
Hetimpaavioim), ecnd [x,x] > 0 (coorTBeTcTBeHHO, [z,z] < 0, [x,2] < 0, [z,2] = 0); noampocTpaH-
cTBo L C H Ha3blBaeTCs NOA0KHCUMENbHOIM (HENOAOHCUMENbHOIM, OMPULAMENbHbLM, HelmPaLbHbIM),
€CJIM BCe ero HeHyJseBble 3/1eMeHTbI M0J10KUTeNbHbl (COOTBETCTBEHHO, HEMOJOXKHUTE/bHbI, OTPHLIATE/bHE,
HelTpanbHbl). Janee, H HaseiBaetcsi npocmparcmeom Kpetina, eciv OHO PAcK/aiblBaeTcs B MPSIMYIO
CyMMYy IBYX CBOMX moamnpoctpaHctB, H = H; + Hs, rne H; nosoxurenabHo, Hy oTpullaTesNbHO, MPHU-
uyeM Hj siBsieTCsl TMJIbOEPTOBBIM MPOCTPAHCTBOM CO CKaJsIpHBIM MpOU3BeneHueM (x,y) = [z, z], a Ho
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sIBJIsIeTCSl THIBbOEPTOBBIM MPOCTPAHCTBOM CO CKaJSIpHBIM Mpou3BeneHueM (z,y) = —[z,z]. [lpomosmkas
CKaJsIsipHOe Ipou3BeleHHe Ha Bce [ nmo OUJIMHEHHOCTH, Mbl IpeBpaTUM H B rHib0epToBO NPOCTPAHCTBO.
Pasznoxenve H = Hy+ Hy He eIMHCTBEHHO, [I03TOMY U CKaJspHOE NTPOU3BELEHHE BBOIUTCS 110 PA3HOMY,
HO TOIMOJIOTHSI OT 3TOr0 He 3aBHUCHUT: BCe 3TH CKaJsipHble NPOU3BENEHHs KBUBaJIeHTHbl. B dacTHOCTH,
KOPPEKTHO TOBOPUTb O HENpepBIBHOCTH JHHEHHOro ornepaTtopa. B masnbHeliieMm, Bce paccMaTpuBaeMble
JIMHEeHHble OMepaTopbl MPearoJaraloTcs HelpephiBHEIMU; KaK 0ObIYHO, anredpy BceX TaKHMX ONepaTopoB
MBI 0603HauaeM B(H).

Ecau onHo u3 noanpoctpancts Hy, Hy (00bIYHO OTpHUIlaTeNbHOE) KOHeuHOMepHO, dim(Hs) = k < oo,
TO Mbl TOBOPUM, uT0 H — npocmparcmeo [lonmpseura uinekca UHIe(PUHUTHOCTH k, Wi, 6oJiee KOpPoT-
Ko, npoctpaHcTBo 1I;. He uck/ioyen u caydail, korna ob6e KOMIOHEHTb KOHEYHOMEPHBI, TOrAA HHAEKC
HHAe(UHUTHOCTH — 370 min{dim H;,dim Hs}. B no6om caydae, nHIEKC UHAE(DUHUTHOCTH COBMALAeT C
MaKCHMaJbHOH pasMepHOCTbIO HEHTPaJIbHOIO NMOANPOCTPAHCTBA.

HcxonHasi uHaeduHUTHast (opMa BbIpaXkaeTcs uepe3 CKaJsipHOe Mpou3BefeHUe (Gopmynod [x,y] =
(Jx,y), tne J = 1 — 2P, P —npoektop Ha Hs mapasnsenbHo Hj, MO3TOMY CHMBOJ .J HCMOJb-
syetcsl A/ MOAUYePKHBAHHS WHAe(GUHHTHOCTH (opMmel. Tak, moampoctpaHcto Lt = {z € H
[x,y] = 0 nast Bcex y € L} HasbiBaeTcsi J-0pmoeorasvHuim 00noOAHeHuem noanpoctpancTsa L C H;
omeparop T*, onpenenennwii pasenctsom [Tz,y] = [z, Ty|, HaspBaeTcs J-conpascerHbim K omepa-
Topy T’; coorBercTBenHo, T’ HasbiBaeTcs J-camoconpsscennsim, ecin T8 = T, u J-ynumapHoim, eciu
T* = T~!. CemeiicTBo onepaTopos F Ha3bIBAETCH J-CUMMEMPUUHBLM, ECIH C KAXKIBIM CBOMM 3JeMEeHTOM
OHO COIEPXKUT €ro J-conpsiKeHHBbIH.

[TepBbiii ry60KKi pedysbraT 3ToH TeopuH, Teopema [lontpsaruna—Co6oseBa, nonyueHusiit [TonTpsiru-
ubiM [35] (a panee CobosieBbiM [36] masi k = 1), roiacuT, 4To Jt060H J-camoconpsikeHHbIH onepatop B I1j
MMeeT HEeroJIOXKUTeJIbHOe HHBAPHAHTHOE MOANPOCTPaHCTBO padMepHocTH k. 3atem M. T. Kpeiin [16] no-
Ka3aJs aHaJOTHUHBIHA pe3ysbTaT AJs J-yHHUTapHBIX ONlepaToOpPOB, MPUMEHHUB NMPUHLHUI HENOABHKHON TOUKH
(B [34] monpoGHee roBopUTCS 06 UCTOPHUH TOTO 3aMeuyaTesNbHOr0 10KA3aTebCTBa, PaboTAOLIEro U AJsi
ornepatopoB B npoctpaHcTBe KpefiHa npyu HEKOTOPBIX YCJAOBUSIX KOMIIAKTHOCTH, U O CBSI3aHHBIX C HUM pa-
6otax U. C. MoxBunosa). ¥Yxke cpaBHUTe bHO HenaBHO B. U. JloMmoHocoB [71] Hales yAHBUTEIbHO KOPOT-
KO€e U 3JleMeHTapHoe J0Ka3aTeJbCTBO MaKCUMaJabHO 00lero Bapuanta TeopeMsl [lontpsaruna—Co6oseBa
(cm. Takxe padoty D.B. Kuccuna, B. C. Ulynbmana u FO. B. Typosckoro [70], roe 3To 10Ka3aTenbCTBO
TPUBENEHO C TOAPOOHOCTSMH, OTCYTCTBOBABIIUMH B OPUTHHAJbHOM BapuaHTe). B psne pa6ot mosydeHs!
BaxkHble 000011eHHss TeopeMbl [loHTpsirnHa—Co6o/eBa Ha HeorpaHUYeHHBblE ONEepaToOpbl, O HUX MOXKHO
y3HatTh, Hanpumep, U3 padotel A. A. [llkanukoBa [39] ¥ MpuBeNeHHBIX B HEH CCHIIOK.

Teopembl 06 MHBapHAHTHBIX MOANPOCTPAHCTBAX UIPAIOT NE€PBOCTEIEHHYIO POJib IIPU H3YUeHHH CTPYK-
TYpbl ONlepaTOpPHO-are6pandecKUX CUCTEM — OHH 00eCleurBalOT BO3MOXKHOCTb TPUAHTY/SALUH (2 HHOTIA
M IMaroHajM3alllh) CHCTeMbl, [I03TOMY B JAaJjibHeHIeM TeKCTe 00 TeopeMax 3TOro poga — HO He [Jis
OLHOTO omlepartopa, a IJs BceHd anreOpbl, IPynmel U T. A. — peub OyneT MATH nocTossHHO. Haiue wuaJo-
’KeHUe pa3bUTO Ha TPHU 4acTH — B [1epBOH paccMaTpUBaIOTCA a/aredpbl ONepaToOpoB B MPOCTPAHCTBAX C
UHJe(PUHUTHON MeTPHUKOH, BO BTOPOH — NpecTaBJeHHs aaredp B 3TUX IPOCTPAHCTBAX, U B NOC/eAHeH —
NpecTaBJIeHHs TPyIIl.

2. KJACCUDPUKALNY J-CUMMETPUUHBIX AJITEEP

[lepBblfi pe3ynbTaT 0 «KOJJEKTHUBHbIX» WHBAapUAHTHBIX MOANPOCTPAHCTBAX B MPOCTPAHCTBAX C MHJE-
(UHUTHOH MeTpuKO# Obl1 moayyeH M. A. Haiimapkom [29], mokaszaBiiuM, 4To Ji060e KOMMYTaTHBHOE
ceMelcTBO J-yHUTapHBIX onepaTopoB B II; HMeeT HemoJoXHTe/NbHOE WHBAPHAHTHOE MOANPOCTPAHCTBO
pasMepHocTH k. OTclona, KakK 3aMedeHo B [29], cienyeT aHa/MOTHUHBIH pe3ysbTatT [J/s ceMeHcTB J-camo-
COIpsI2KEHHBIX OIlepaTopoB U, 6oJjee 0OIIKUM 00pa3oM, Al KOMMYTAaTUBHBIX J-CUMMETPUUYHBIX CeMEeHCTB
onepatopos B IIj. Hanee, P. C. Mcmarusos [12] ycTaHOBHI, 4YTO BCsiKasi HePUBOAUMAs J-CHMMeTpUYHas
asnre6pa omneparopoB B npoctpaHctBe H Tuna Il miotHa B B(H) OTHOCHTE/bHO CJaboi onepaTopHOH
tonosiorut WOT (a Tak»Ke CHJIBHOM, YIbTPACH/IBbHOM U YIbTPacaab0# TOMOJMOTHH). DTOT pe3y/bTaT Cyllle-
CTBEHHO ycuaMBaeT TeopeMy Halimapka, MockosbKy KOMMYTaTHBHas ajredpa He MOKeT ObITb MJIOTHOH B
B(H). Ormetnm, 4To foKasatenbcTBO B [12] He ncmosbayer Teopem Ilontpsiruna—Co6oseBa u Kpefina:
OHO OCHOBaHO Ha cusbHOM pesysbrate LlIBapua [85] o cyllecTBOBaHHM MHBApHAHTHOIO MOANPOCTPAH-
CTBa y J11060r0 BO3MYIIEHHSI 3PMUTOBA onepaTtopa onepatopoM u3 Kiacca IlIstrteHa (B maHHOM ciaydae
MOYKHO OTPaHUUYHUTHCS BO3MYIIEHHSIMH ONEPaTOPaMH KOHEYHOT'O PAHTa).
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Teopemy HMcmarumnoBa MoxkHO nepedopMynnupoBaTh, CKasas, 4ToO eAMHCTBeHHas Henpusonumas WOT-
3aMKHyTast J-cuMMeTpuuHas anareodpa B Iy — ato anre6pa B(H). UTo MOXKHO CKa3aTbh O HEMPUBOAUMBIX
J-CUMMETPHUHBIX anrebpax, 3aMKHYTBIX 110 HopMe? DTOT BOmpoc paccMmatpuBajcs B padore A.U. Jlo-
ruHoBa u B. C. Ulyabmana [24], roe mokasaHo, uto Jwobast Takasi anre6pa A comepxut anre6py K (H)
BCeX KOMIAKTHBIX ONepaTopoB B H M, KakK C/leiCTBHe, CoBNagaeT (Kak anredpa, HO He Kak *-anare6pa) ¢
HekoTopod C*-anre6poii. Cxema 10Ka3aTe bCTBA:

1) Ecnu B A ecTb XOTb OIMH HEHYJIEBOH KOMIAKTHBIH ONepaTop, TO yTBEPXKAEHHE ClelyeT U3 U3BeCT-
Hoii Teopembl B. M. JlomoHocoBa [26].

2) JlokasbpiBaeTcsi, UTO ecJM 3aMKHyTas ajnrebpa, MOpoKIeHHas .J-CaMOCOIPSKEHHBIM ONEPaTOpPOM
B IIj, He COmEpPKHUT HEeHYJIEBbIX KOMMAKTHBIX OMEpaTOpPOB, TO OHA MMeeT WHBAapHaHTHOe k-MepHOe
OTpHULIaTeJbHOE MOAMNPOCTPAHCTBO, M MOTOMY TOMOJIOTHUECKH *-3KBHBajeHTHa Hekotopod C*-
aJqre6pe.

3) Ilo (Becbma ToHKo#) Teopeme M. Kynua [53], Bcsikasi 6aHaxoBa *-anrebpa, y KOTOPOH 3PMHUTOBBI
3/71eMeHThl opoxaanT C*-3KBHBa/eHTHBIE anredpsl, sBiaserTcs C*-3KBUBaJEHTHOM.

4) U3z pesyavrata B.C. Illynemana [42] (cm. caenyroowunit pasaen) caenyet, 4yto C*-3KBHBaJieHTHbIE
J-cuMMeTpuuHble anredpsl B 11, He MOTYT ObiTh HEMPHUBOAHUMBIMH.

J-cuMMeTpuUuHas anredpa onepaToOpOB HA3LIBAETCS HEBbLPOXOeHHOL, eClii OHA He HMeeT HeHTpalb-
HBIX MHBapHaHTHBIX MOAMpPOCTpaHCTB. B To#t e padore [12] P.C. Mcmarumnos nokasas, uto ecad A —
HeBBIPOXKIeHHas J-cUMMeTpHUuHas ajnredpa omnepaTopos B mnpoctpaHctBe H rtuna I, To H packnanel-
BaeTCsd B MPAMYI0 J-OpPTOTOHA/IBHYI0 CYMMY MHBapHaHTHBIX NoanpoctpaHcts H = Hy@ H1 & ... & Hy,
Takux, 4T0 Hy MOJIOXKUTENbHO, OCTa/dbHble H; 1160 oTpuuaTesbHble, Ju60 Buaa Il,,, cyxenue anred-
pol A Ha Hj siBisercsl *-aqreOpoi, a Cy»KeHHs Ha OCTa/jbHble CjaraeMble HeNnpuBOAWMEL. B pabote
B.U. Jlu6epsona u B.C. Ilynemana [19] knaccudpuunpoBansl Bce WOT-3aMKHYTble HEBBIPOXKIEHHbIE
anre6psl B .

OnucaHue HeBBIPOXKAEHHBIX a/iredp, 3aMKHYTHIX M0 HOpMe, naHo B kHHre J. Kuccuna u B. C. Wlyns-
MaHa [67, Teopema 13.7]; oHO OCHOBaHO Ha pe3yJbTaTax paboThl [24].

BoipoxkieHHble areOpbl YCTPOEHbl 3HAYUTEBHO coKHee. [ToHsITHO, uTo ecau anrebpa A C B(H) Bbl-
pOXKI€eHa, TO Cpeld ee HeHTPaIbHbBIX MHBAPUAHTHBIX MOANPOCTPAHCTB UMEETCS MOANPOCTPAHCTBO L Hau-
Gosbiueii pasmepHocTH. [logmpoctpaneTso LT O L TakKe MHBApHAHTHO, TaK uTo (haKTOP-TPOCTPAHCTBO
L+ /L nonyuaeT ecTecTBeHHYIO CTPYKTYpy mpoctpanctsa Il,,, rae m < k. B aToM mpocTpaHcTBe meii-
CTBYeT HeBBIPOXKIEHHas olepaTopHas ajredpa ,1’ uHayuuposanHasi A. IlockosbKy, Kak Mbl BHIEJH,
HeBBIPOXK/IeHHble aJareOpbl MaJo OTIHYAl0TCS OT *-anre6p, BO MHOTHUX 3ajadyax MOXKHO, u3beras He CJIHLI-
KOM CYIeCTBEHHbIX yC/J0MKHEHUH, CUUTATh, UTO CKaJspHOe MpousBeeHue B LT /L HeoTpuLaTe/bHO, T. €.
uyto dim L = k. Takue anre6pbl HasbiBaloTcs 6a3o8vimu (ground). OnHako B o0lIeM ciydyae pPeayKIUs
K 6a30BbIM a/rebpam — HemnpocTtas 3ajgada. HekoTopble pe3y/bTaTel 3TOro poga OYAYyT OTMeUeHbl HUXKe.

[Tycts A — 6a3oBas anrebpa B H, L — nHBapHaHTHOe TOANPOCTPAHCTBO pa3MepHocTH k. BribepeMm Ko-
cocBsi3HOe ¢ L HefiTpaibHOe mopnpoctpaHcTtBo M (3T0 03HauaeT, 4To 3pMHTOBa (hopMma [z, y] HEBBIPOXK-

nena Ha L x M, uiu, 4To TO e, ecTh 6asuchl e1,...,ex B L U e},... e, B M Takue, uto [e;, €] = d; 7).
Torna noampoctpaHcTso §) = L~ N M=+ ecrectenno usomopdHo Lt /L; 0HO MOJOKUTENBHO H
H=L+%9H+ M. (2.1)

B cooTBETCTBHH C 3TUM pasJsokKeHHEM, JeMEeHTHl aaredpbl A 3aMUCBIBAIOTCS BEPXHETPEYTOMbHBIMH OJI0K-
marputamu T = (Tj;)3 ;.

3anaya COCTOUT B ONMUCAHHUK 6a30BbIX anre6p B TepMHHaAX 0oJiee NMPOCTHIX ajnredpanuyeckux 0ObeKTOB,
CBSI3aHHBIX C KOMIIOHEHTAMH TPeyroJbHOTO PasJsoxkKeHHsl — 3TO eCTeCTBEHHO, OCKOJbKY CaMH KOMIIOHEH-
Tbl UMeIOT GoJsiee MpocTyio mpupony. JleHcTBUTENBHO, B «OCHOBHOH KOMIOHeHTe» Aggy 1= {The : T € A}
Mbl HMeeM JieJ10 C CUMMEeTPUUYHOH a/jre6pol ornepaTopoB B I'MJbOepTOBOM MPOCTPAHCTBE, KOMIIOHEHTHI
Aj1, A1z 1 Ass nedicTBYIOT B k-MepHBbIX NPOCTPAHCTBAX, KOMIIOHEHTBI A1g U A3 COCTOAT U3 ONEPaTOpoOB
paHra He Bellle k. [lepBble pesysnbraThl Ha 3ToM myTH noayyua M. A. Hatimapk [30], nocrpouBuuii mMo-
JIeJIH Pa3JIMYHbIX KJIACCOB KOMMYTAaTHBHBIX anre6p. Ero momesnu 6biu ynpoinensl A. M. Jlorunosbim [21],
MOKa3aBIIUM 3aTeM B pabore [22], KaK MOXKHO YJOOHO ONHCHIBATH PaBHOMEPHO 3aMKHYTble KOMMYTa-
THBHBIE ajreGpbl B mpocTpaHcTBax Tuna II;. [lisi HekommyTaTuBHBIX anre6p M. A. Haiimapkom [33]
Obl/IM [IpeaJI0KeHbl MOJE/H, OCHOBAHHBIE HA WCIO/b30BAHUM MAaKCHMAaJ/bHbIX KOMMYTAaTHBHBIX MOAaareop
koMmmyTanTta A’ anre6pel A. Takoil mogxon GblT BeChbMa IJIOAOTBOPEH B TEOPHHM CUMMETPHUHBIX ajredp B
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rU/bOEPTOBOM MIPOCTPAHCTBE, MOCKOJbKY TeopeMa (poH Helimana o 6GukoMMyTaHTe faBaja HeOOXOAUMYIO
uHdopmaun 06 A’. B curyauuu mnpoctpancT [loHTpsirnHa Takasi uH(OpPMALKsi OTCYTCTBOBaJja H, B
YaCTHOCTH, He OBbLIM HCC/IeN0BaHbl aareOpbl ¢ TPUBHAIbHBIM KOMMYTAHTOM (TaKue ajareOpbl Ha3bIBAIOTCS
onepamopHo Henpugooumbvimu). Borpoc o cTpoeHuH onepatopHo HenpuBoaUMbIX J W *-anre6p B I GbL1
OIHUM M3 HECKOJIbKHX, MOCTaBJeHHbIX B KoHIle 0630pa P.C. Mcmaruiosa u M. A. Haiimapka [34]; ero
petienue st caydas k = 1 Obio nano B pabore B.H. JluGepsona u B.C. llynemana [18]. Bosee
nonpoOHble 00CyXIeHHUs BeiLeynoMsiHyTeiX pador M. A. Haitmapka u A.H. JloruHosa, a Takxke Bce
HEeOOXONMMbIE CChIIKK HMeroTcesl B [34].

B pa6ore B.C. Illynbmana [41] 6biia mosydeHa KaaccH(pUKalus 3aMKHYTBIX 110 ONepaTOPHOM HOpMe
J-CUMMETpPHUHBIX anare6p B mpocTpaHcTBax Tuna Il;, He fBAAOIIMXCSH HEBBIPOXKAEHHBIMU (a c/emoBa-
TesbHO, 6a30BbiX). B pasnoxennu (2.1) npoctpanctBa L u M Tteneps ogHomepHbl: L = C¢, M = Cn,
[€,n] = 1. [IpousBosbHblil onepatop T° € A 3amUChIBaeTCs BePXHETPEYrONbHOH OMepaTOpHOH MaTpuien
(Ti;), tme T1y = M(T')1p, T3z = (1) 1pr, T1z = ¥(T)E®@n, Tio = yr &, yr € H, Ty = n@xr, 27 € H,
MO03TOMY MBI Oy/ieM MHCATh:

MT) yr (1)

0 T22 xrr . (22)
0 0 wuT)
Otobpaxenuss A : T +— Ap ¥ p : T +— pp — JTUHEHHBIE MYJbTHIJIMKATHBHBIE (DYHKIMOHAJB HA A, a

T +— Thy — *-mipencraBienne anre6pel A B rujb0epTOBOM MPOCTPAHCTBE §).
TMonoxum A? = {T € A: \T)=u(T) =0}, Ka={T € A:TLWH C L}, FAx = {T € A®: Ty, = 0}.

T:

Onpenenenue. Anre6pa A OTHOCHTCS K:

o muny M°, ecnu Ko = 0;

o muny M"', ecnn 0 # K, C A;

o muny M?, ecin K, ne comepxutca B A% u = \; ecau npu atom Fy = 0, To nuuem A € M??,
B MPOTHBHOM caydae A € M?;

o muny M?3, ecin K4 ne comepxutca B A% u p # \; ecam npu atom Fy = 0, To numem A € M3%;
B MPOTHBHOM caydae A € M3

Jlerko npoBepuTb, UTO Kaxaas 6asoBasi ajare6pa mnomnagaer B OAWH M3 3THUX KJIACCOB.

B [41] naetcsi nonpoGHOe omKcaHKHe 3aMKHYTBIX [0 OMepaTOpHO# HopMe anrebp Kaxaoro kJaacca. [1pu
3TOM a/Jre6pbl Beex KAaccos, kpome M1, omuchBalOTCS B MPUBLIUHBIX TepMuHax (C*-aare6pa, 3aMKHYTOe
MOANPOCTPAHCTBO THJAbOEPTOBA MPOCTPAHCTB, Habop yuces). Mbl He OylneM MPUBOAWUTbL ITH OMHCAHHS;
kpome [41], MX MOXHO HalTH, HanpuMep, B KHHre [67]. HaubGoabluit nnTepec npejacTapaser kaace M1
TYT KJIIOUEBBIM 3/JI€MEHTOM OIMUCaHHE SIBJSIETCS MOHSATHE *-3aMKHYMO20 K8A3UBEKMOpa OnepaTOPHOU
aJre6psl.

[Tycts Q — *-anreGpa omnepaTopoB B rnibOepTOBOM NpocTpaHcTBe §). Ee ksasusekmopom HaswiBaeTcs
otobpaxkeHue p : Q — §, ynosjersopsiouiee ycaosuio p(T'S) = Tp(S) nns Becex T, S € Q). KBasusekrop
HasbiBaeTcss *-3amkHymoin, ecn @ nonna orHocuressHo Hopmel [T, = ||| + |lp(D)] + llp(TH)|);
anasoruuHo omnpepessercsi WOT *-3aMKHyTble KBa3HBEKTOPHI.

HenpepbiBHBIE KBAa3HBEKTOPBI OMHCHIBAIOTCS TPOCTO: OHM 3aJAIOTCSl BEKTOpaMU = € $) Mo QopmyJe
p(T) = Tz (rakve KBa3HWBeKTOpHbl OyaeM HasbiBaThb npocmeimu). Dojee TOHKUH mpumep: mycTb R —
MOJIOXKHUTEJIbHBIH HHBEKTHBHBIH oriepaTop U3 (' Tako#, 4TO /sl HEKOTOPOTO BEKTOPA X € §) BBIOJHEHO
yenosue Qr C R$), Torna otobpaxenue p : T +— R™1Tz apasercs *-3aMblkaeMbIM KBa3UBEKTOPOM (T. €.
p *-3aMKHYT Ha monosHeHHH () 1o Hopwme || - ||;). B [41] nokasaHno, 4To 3TOT K/1acc NPUMEPOB yHHBep-
caseH: JI0O0H *-3aMKHYTBIH KBa3HBEKTOp 3alaeTcs TaKHUM crnoco6oM. KBa3HBEKTOPEl MOXXHO 3a/1aBaTb
M B TePMHMHAX MNPSIMbIX OMNEPAaTOPHBIX MHTErPaJioB NPOCTBIX KBAa3HBEKTOPOB, a TaKKe B TEPMHHAX HX
6eCKOHEYHBIX MPSIMbIX CYMM.

Tenepb Mbl MOXXeM ONHMCaTh, KaK yCTpPoeHbl anre6pbl 3 kaacca M'. Besikas takas anre6pa A sana-
eTcss HabopoM, COCTOSILIMM H3 *-ajareGpel () omepaTtopoB B f), ee *-3aMKHYTOro KBa3UBeKTOpa p, MOJ-
npoctpaHcTBa W, MHBapHaHTHOTrO I/t () U OPTOrOHaJMbHOrO K p(Q)), a TakxkKe 3aMKHYTOT'O HHBOJIFOTHB-
HOTO aHTHJIMHeHHoro onepartopa V' ¢ obnacteto onpenenenus D L (p(Q) + R). Anrebpa A o6o3HauaeTcs
MY(Q,p,W,D, V). IlpousBo/ibHbIf onepatop U3 A ompejessieTcs BuiGopoM onepatopa T’ € @, BEeKTOPOB
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z,y € W, u € D n gucea A,y € C v 3anuceiBaeTcss MaTpulen

A p(B)+y+Vu ol
T=1|0 Mg+ B p(B)+z+u
0 0 A

C Kax/(bIM *-3aMKHYThIM KBa3UBEKTOPOM p aJre6phl () MOXKHO CBSI3aTh BOHCTBEHHBIF KBAa3HUBEKTOP .
On onpesiesien Ha nonasredpe (), KommyTanta Q' anre6pel ), KOTOpas onpesieieHa Kak MHOXKeCTBO TeX
omepatopoB R € @', nnsi kotopeix orobpaxenue T — Rp(T') nenpepoisHo Ha A. KBasusektop p’ 3aman
yenosusimu: Rp(T) = Tp'(R) v p'(R) € Q9 ana seex T € Q, R € Q- Herpynuo nokasath, uTo
Q C (@), n p" nponomxkaer p. Ha camom niesie, cripaBefse clleyloWuii pesysbrar.

Ilycmo p — WOT *-3amxnymolil keaszusekmop onepamopHoi arcebpol QQ, u nycmo E — opmonpo-
exmop na ker Q. Toeda arcebpa Q, WOT-naomua 6 Q', (Q,),y = Q +CE u p" =p ® 0pg.

Kak cnencreue, B [41] nosydeHa Teopema o 6ukommyTante ajss WOT *-3aMKHYTHIX J-CHMMETPHUHBIX
anre6p B IIj: 17151 KaXAOro M3 LIECTH THUIIOB OMUCAHBI Te ajredpbl, AJs KOTOPbIX HMeeT MEeCTO COBIa-
nenue ¢ 6ukommyrtantoM. Kak samerus C. H. JlutBuHoB [20], u3 3T0Or0 OnucaHus MOXKXHO BBIBECTH, UTO
Bcsikass WOT-3aMkHyTast yHUTanbHas 6a3oBas ajredpa onepaTopoB B npocTpaHcTse Tuna Il;, nmerommas
paszessoUMi BeKTOp, COBMNaJaeT CO CBOUM OHKOMMYTaHTOM.

OcHnoBHo#t 1espto pabotsl C. H. JlutBunosa [20] 6bl10 moctpoenue Ilj-aHasora Teopur TOMHUTBI—
Takecaku. [Torpe6bHOCTb B MHAE(DUHUTHOM BapHaHTe 3TOH TEOPHUHU B TEOPHUH MoJeBbIX anrebp Baiitmana—
Buumana u oO6uiell pessiTUBUCTCKOM KBaHTOBOH TeOpHH MOJs MOAPOOHO 00OCHOBbIBaeTCs B padoTax
K. 0. Hanawsua u C. C. Xopyxero [4-7]. Kak nokasaHo B [4—7], moCTpoeHHe TAKOTO aHaJjora HartaJj-
KHMBaeTCsl Ha MPensTCTBUS CIeKTPaJbHOrO XapakTepa /sl MOLYJSPHOrO oneparopa. B yacTHocTH, Hens-
BECTHO, CIIPaBENJIMBO JiH, UTO cjgabo 3aMkHyTas J-cUMMeTpHuHas anrebpa omnepatopos B I, nmeromas
IUKJIMYECKHH U pa3iessouui BeKTop, aHTuu3oMoppHa cBoeMy KommyTaHTy. Onnako C. H. JIutBuHoBY
yIan0Ch MoKas3aTh, YTO Npu k = 1 oTBeT Ha 3TOT Bompoc noJoxuteneH. Paktuuecku, B [20] anajor
Teopun ToMmuTel—Takecaku MOCTPOEH MOJHOCTbIO — OMpefiesieHa MOAYJASPHAs TPyINa U I0KAa3aHo, UTo
crnpaBennuB 1I;-aHasor ¢pyHnameHTanbHOH TeopeMbl TOMUTBIL:

Teopema (cm. [20]). [lycmo A — caabo 3amkrymasn J-cummempuuras areebpa onepamopos 8 npo-
cmparncmee H muna 11y, umerowas yukiuveckutl u pasdeisroujuti sexmop. [ycmo A’ — Kommymanm
anreebpor A. Toeda cyuecmsyem anmuiunetinas unsoaoyus j: H — H makas, umo A’ = jAj.

B Gosee mosnneit cratbe B. C. lllyabmana [87] 3ToT pe3ysbTaT Obla MOJYyYeH Kak CJEACTBHE aHaJO-
THYHOTO YTBEpPXKIEHHS O KBa3UBEKTOpPaX:

Teopema (cm. [87]). [Tycmo ksasusekmop p *-areebpor Q C B($) WOT *-caabo samkuym, uno-
ekmuser u eeo obpas niomen 8 §). Toeda cyujecmsyem aHMUIUHELHAS UHBOAOYUUS | HA § maKas,
umo jQj = Q) u p'(jTj) = jp(T) drs awbozo T € Q.

Teopusi nBOHCTBEHHOCTH KBa3WBEKTOPOB MOJy4MJa AanbHelllee pa3Butue B padortax B.C. Illynbma-
Ha [45] u A.W. Jlorunosa u B.C. Ulynemana [25], mOCBsilIleHHBIX BEKTOPHO3HAUHOK ABOHCTBEHHOCTH
IJ1sT MOLy/ned Haj 6aHAXOBBIMHM ajire6paMu U ee MPHUIOKEHHUSM — B YACTHOCTH, K TEOPUH 3aMKHYTBIX
MYJIBTUIIINKATOPOB W*-ajre6p, Teopun pas3/ioKeHHs] HOPMaJbHBIX BECOB, TEOPHH JIEBBIX T'MJIbOEPTOBBIX
anredp ¥ TeopuH KOMMyTallMOHHBIX cucteM A. Ban [aiina [95].

B pa6orax C.UI. Mamwapunosoit u B. . Uununa [27,51,52] nocrpoennas B [41] knaccudukauus
MCI0J/1b30BaNACh 115 U3yUeHUs (PYHKIIMOHAJNBHOTO UCUHCJEHHS OT CaMOCOIPsI>KEHHBIX orepatopoB B I1;
ITa 3a/aya HMeeT IVyOOKYyH0 CBfI3b CO CIEKTPa/JbHOH TeOopHeH J-CaMOCONpPSIKeHHBIX ONEepaTopoB, IMO-
cTpoeHHo# B padotax M.I. KpeiiHa, ero yueHHKOB U COTpyOHUKOB. B paboTe Tex e aBTopoB [28] mns
J-cuMMeTpUuHBIX anredp onepatopos B I Obla1 nokasan anaJsor TeopeMsl mioTHocTH Kansanckoro. Has
anre6p omepartopos B IIj, Teopema MoTHOCTH KamjaHcKoro u ee crieKTpaJbHbIH BapHaHT!' 10KasaHbl B
paborax Tonra [92,94]. CtpyKkTypa nuneanoB J-cuMMeTpuuHbIX ajnrebp B Il usydasnace urom [96,97].

B 3ameuatesnbHoit padote [15] P.C. Mcmarunos nepedopmMynupoBas OAHO M3 CJENCTBUH TEOPEMbl O
IBOMCTBEHHOCTH KBa3HBEKTOPOB B TePMHHAX OINpeleseHHbIX UM aseebp Hatimapka.

! JTio6oit onepatop T' 13 c1aboro 3aMbikaHus anreSpsl A anmpoKCUMHUpYeTcsi orepatopamu U3 A, CleKTpasbHble pajuychl
KoTopbix He npesocxonsT r(T).
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Onpenenenne. [IycTb §) — rUIbGEPTOBO MPOCTPAHCTBO, §) — €r0 AyaibHOe MPOCTPaHCTBO. [Ipamyio
cymmy N () = B(H)BHBH MOKHO PaCCMOTPETh KaK HHBOMOTHBHYIO GAHAXOBY areGpy OTHOCHTEJIbHO
npousBenenust (11, x1,y1)(Ta, 2, y2) = (T1Ts, Tixe, T5y1), nuusomounn (T, z,y)* = (T*,y,x) 1 HOpPMBI
(T, z,y)|| = |T| + |||l + ||y||. /Trobast 3amkHyTasi *-nonanre6pa anredpel N (§)) HasbiBaeTcsl aseebpoii
Haiimapka.

Caencreue. [lycmo L — aacebpa Hatmapka. Ecau 0as aroboeo sekmopa h € §) nodnpocmpancmeo
{Th+x : (T,z,y) € L} naomuo 6 $H, mo L = Ly®HDN, ede Ly — nekomopas C*-areebpa onepamopos
8 9.

DTOT pe3ysnbTat OBbLT UCNOAb30BaH B [15] N/ MoJydyeHUst Ba’KHOTO KPUTEPUs] HENMPUBOAMMOCTH YHH-
TapHBIX NPeCTaBJEHUH TPy TOKOB.

BapuaHT K/acCUPUKALUN KOMMYMAmusHoLx J-CUMMETPUUHBIX (He 0053aTesbHO 3aMKHYTHIX) a/re6p
B 11y, ynauHo coemuHsitoluid ¥ ynpomatomuil Mogean M. A. Haiimapka [30], A.HW. Jlorunosa [21] u
B. C. lllynabmana [41], 661 npemsoxken O. {1, Beunepckum, C. H. JIuteurobim 1 B. Y. Uusnueim [47].
Mogenu 1/ KOMMYTaTHBHBIX 3aMKHYTHIX 10 HOpMe ajre6p B I moctpoensl B padorax Tonra [91,93].

B pa6orax W. ®anra, X. dura u C. Jlio [100, 101] 6blid MOCTPOEHBI aHAJOTH PACCMOTPEHHOH BbI-
e KJaaccuuKauuu J-cuMMeTpuuHbx anre6p B II; ass mpoctpaHctB [IoHTpsirMHA ¢ MPOU3BOJIBHBIM
MHIEKCOM HMHAe(UHUTHOCTH. 31ech, KaK U B [41], anre6psl pa3buBaiTcs Ha 6 KJaIaCCOB M AOCTATOUHO
Mpo3payHo ¥ KOMIIAKTHO MapaMeTpU3yITCs, OAHAKO IMPH CYLIECTBEHHOM OrpaHHUEHMH: paccMaTpHBa-
IOTCSI JIMIIb ajareGpbl, 3aMKHYTble OTHOCHUTEJbHO 0TOOpaXKeHUs1 yryioBo# mpoekunu 1"+ T3 («ycaoBue
A(1,3)»). Hccnenosanuio Haubosee MHTepecHOro kmacca I, coorserctBylomero knaaccy M! uz [41],
nocesitieHa padora dura [98]. HaubGosee mosausisi u3 stoit cepuu padora Sura [99] He mepeBesmena ¢
KHUTaHUCKOro, a ee abCTPAKT He JaeT MPeACTaBJeHUsl O pe3yJbTaTaX — B UACTHOCTH, HESCHO, YAAJM0Ch JIH
aBTOPY NpeofoJieTh orpaHudyenue A(1,3).

3. TIPENCTABJIEHUY *-AJITEBP

[lon npedcmasaeruem Tononoruueckont *-anreépel A B mpoctpanctBe H tuna Kpeiina unu [loHnTpsru-
Ha Mbl Oy[eM BCeria Moapas3yMeBaTh ee HelpepbiBHbIH HHBOJIOTHBHBIN roMoMopduam B anrebpy B(H) ¢
unpommonueis T +— T%. Ec/i He06XOMMMO 3TO MOXUEPKHYTh, MBI FOBOPHM O .J-CUMMETPUUYHOM TIPeICTaB-
JgeHnu. TepMuH *-npedcmasaenue ucnonb3yeTcs, Koraa peyb UAeT 00 HHBOJIOTHBHOM roMoMopdH3Me B
aJrebpy olepaTopoB B rM/1bOEPTOBOM IIPOCTPAHCTBe CO CTAHAAPTHOH HMHBogouued 1" — T*.

Ha npencraB/ieHHs eCTeCTBEHHO NMEPEHOCATCS ONpeleseHUs, BBelleHHble Bbllle AJis1 a/lredp oneparo-
pOB — HanpHUMep, Mbl Ha3blBaeM MOANPOCTPAHCTBA, HHBAPUaHTHLIE 1719 oOpasa NpelcTaBJieHHs, UHBapH-
AHTHBIMU JJIs1 [IPe[CTaBJ/IeHHUS, U COOTBETCTBEHHO OMpefesieM HEBBIPOXKAEHHBIE Ipe/icTaBaeH!s], 6a30Bble
NpeCcTaBJeHnus U T. .

HerpynHo nokasate, 4To aJsi J-CUMMeTPUYHOro npencraBaeHus m : A — B(H) cienyroliie ycJaoBHs
9KBUBAJIEHTHBI:

1) m nodobro *-npedcmasreruro;,
2) w(A) umeem urnsapuanmmuoie noonpocmparcmea Hi, Hy makue, umo Hy noaroxcumenvro, Hy
ompuuamenvro u Hy + Ho = H.

Ecnu H — npoctpancTBo THNa I, To ycoBHe 2) MOXHO 3amucaTh B BUIE
3) m(A) umeem unsapuarnmroe ompuyamesvHoe NOORPOCMPAHCMBO pasmepHocmu k.

Pasgymeercsi, uHopmauus o CTPYKType J-CHMMeTPUYHBIX a/re6p BO MHOTHX CJIydasiX MO3BOJSET Je-
JIaTb 3aKJIOYeHHs O CBOHCTBax mnpexncrtaBieHuil. Hampumep, Teopema P.C. HcmarusmoBa mokasbiBaer,
yTo J06oe HempuBopumoe ll;-npencraBieHue *-anre6pbl (MM TPYMIbl) BIOJHE HEMPHBOAMMO, a TEO-
pema M.A. Haiimapka [29] Bieuet yTBepkaeHHE O TOM, UTO JH0OOe J-CUMMETPHUUHOE MpeACTaBJeHHe
KOMMYTaTHBHOH *-anre6pbl B mpocTpaHcTBe Il uMeeT k-MepHOe HEMOJIOKHUTENbHOE HHBAPHAHTHOE TIOA-
npoctpanctBo. B pabore P. C. Mcmaruosa [12] 3T0T pe3ysbTaT MoJyuus Cjaeaymollee YCUIEHHeE:

Teopema. Ecau *-arcebpa A umeem noanyro (m. e. omoessrOUyrd) CUCmemy HenpusoouUMbLX
*-npedcmasaenuil, pazmepHocmu KOmopoix He npegsocxodam uucia d < oo, mo aoboe ee npedcmas-
aenue 8 npocmparncmee 11, umeem unsapuanmuoe noonpocmparcmso pasmeprocmu < kd, J-opmo-
20HaNbHOe J0NOoAHeHUe KOMOPO2O0 HEOMPUUAMENbHO.
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B pa6ore B. C. Illyabmana [42] 6bl10 n0Ka3aHo, 4To Besikoe npenctaBjieHue C*-anre6pol B 11 mogo6HoO
*-MpeACTaB/IEHNI0. 3aMeTHM, YTO /10 CUX T1OP HEHW3BECTHO, J000# i romomopduam C*-anre6psl B B(H)
nopobeH *-mpencraBieHuto (npobaema nodobus), B [42] mokasaHo, 4yTo mepeHoc pesyabrata ¢ Ilj-
MpeaCTaBJeHUH Ha TpeACTaBJeHHsl B JIIOOBIX NMpocTpaHcTBax KpeillHa paBHOCHJIEH pelIeHHI0 MPOOJeMbl
nono6us.

Hanomunm, uro 6aHaxoBa *-anre6pa Ha3bIBAETCS IPMUMOBOL, €CJU BCE ee CaMOCOINpPSKEeHHBIE 3Je-
MEHTBI UMEIOT BellleCTBEHHbIE CIIEKTPbl. DTO NOCTATOYHO MIMPOKHH Kjacc anaredp, HO 3a €ro paMKaMu
HaXONATCs, HATIPUMep, IPYTIOBbIe aareOpsl JIOKaJbHO KOMIAKTHBIX T'PYTII, He SIBJASIOLIMXCS aMeHabesb-
HbIMH (cM. HepaBHIOK padoTy Camen u Buepcemer [83]). Heckonbko paciiupsisi T4 paMKH, OyaeM Hasbl-
BaTb OaHaXoBy *-anre6py A noumu 3pmumosoil, eCiv 3JeMeHTHI C BELeCTBEHHBIM CIEKTPOM IJIOTHH B
(BellecTBEHHOM) MPOCTPAHCTBE BCEX €€ CaMOCOIPSIXKEHHBIX 3J1€MEHTOB.

Teopema (3. B. Kuccun, A. U. Jlorunos u B. C. llysabman, cm. [65]). Jloboe 1li-npedcmasirernue
noumu apmumosol areebpo. A umeem k-meproe HenoAOHCUMENLbHOE UHBAPUAHMHOE NOONPOCMPAH-
cmso. Ecau, k momy e, A He umeem HempuUBUANbHbLX KOHEUHOMEPHbLX npedcmasienull u obaiadaem
oepaHutenHol annpokcumamusHot edurnuyed, mo awboe ee 1l -npedcmasaerue nodobro *-nped-
CMasAeHUIO.

B yacTHOCTH, MOUTH 5PMUTOBBI aaredpel He UMEIOT HeNPUBOAUMBIX 1li-mipencraBnenuit. [las spMuTo-
BbIX ajre6p 3TO CJIEICTBHE MOXKHO CYIIECTBEHHO YCHJIHTb: OHH HE UMEIOT ONEepaTOPHO HENpPUBOLUMBIX
[1;-npencraBnenut (3. B. Kuccun u B. C. Ulynbman [67]).

Knacc spmuToBbix *-asnre6p BkjwouaeT auddepeHiHanbHble anredpel bBiakanapa—Kynua [48] (cm.
Takxke OJM3KYI0 KOHCTpyKuuio B pabore D.B. Kuccuna u B.C. Ilynbmana [66]); J-cuMmeTpuuHbIe
NpeACTaBJAeHHs CIeLHalbHOro Kaacca auddepeHIHa bHbIX anredp — obsaacteil onpefeseHus 3aMKHYThIX
nuddepeHUHPOBaHUH — paccmaTpuBaiuch B padotax Kuccuna [59-64] u Hakaszato [73] B cBsisu ¢
3ajjayaMH paclIUpeHns CHMMEeTPHUYECKUX OMepaTopoB, UMIJIEMEHTHPYIOLIUX 3aMKHYThle *-nuddepeHu-
poBanus C*-anre6p (T. e. B CBSI3U C HEKOMMYTAaTHBHOH TUHAMHKOH). [lannM HeOOXOANMBIE OTpeaeseHH s .

[lyctp A — 6aHaxoBa *-anrebpa, m — ee *-mpencraBjeHue B rmab0epTOBOM MpocTpaHCcTBe §). JInHeid-
Hoe oToOpakeHHe § MJIOTHOH mopanredpel D(J) B mpoctpaHcTBo B($)) HasbiBaetcs nuddepeHLHpoBa-
HUeM, coenacosanHbim ¢ m, ecau 6(a*) = 0(a)* u d(ab) = w(a)d(b) + d(a)m(b) nnsa Bcex a,b € D(J).
BBonst Ha D(9) Hopmy ||alls = ||a]|+]|d(a)||, Mbl npeBpaTuM D(J) B HOpMHpPOBaHHYIO anredpy (6aHaxoBy,
ecnu nu(hepeHIpPOBaHIE 3aMKHYTO).

Cummetpuueckuit oneparop 7' B §) ¢ obsacteio onpenenenuss D(T') umniemenmupyem 0, ecnu D(T)
MHBapHaHTHO oTHOCcHUTesnbHO T(A) u d(a)r = i(Tw(a)r — m(a)Tx) nas Bcex a € D(J), x € D(T).
3ajaua pacIIMpeHHs] CUMMETPHUUECKOr0 OMepaTopa, UMIJIEMEHTHPYIOLIEro d, 10 MAaKCUMaJbHOTO IHUCCH-
MaTHUBHOTO OMepaTopa, TakKe MMIJIEMEHTHPYIOLIEro §, eCTECTBEHHO BO3HHKAeT B TEOPUH HEOTpaHHUeH-
HbIX AH(GdepeHnupoBanuii C*-anre6p u 0600LIaeT 3afady paclIMpeHHs ONepaTopa, KOMMYTHPYIOIIEro
c naHHOM *-anre6poit omeparopoB (caydail § = 0). C mpyro#t crtopoHsl, yxe ®Puanunc [37,38] no-
KasaJs, 4To 3Ty 3ajady MOXKHO TPaKTOBaTb KaK 3anady pacliupeHust A-HHBapUaHTHOTO HEHTpPaJbHOTO
MoANpocTpaHcTBa B mpocTpaHcTBe Kpeiina H = § @ § ¢ dopmoit [z,y] = (x1,42) + (22,y1) K0 A-
MHBapHaHTHOIO MAaKCHMaJIbHOTO HEMOJIOXKHUTEJbHOTrO MOANPOCTpaHCTBA. PaccmarpuBasi B TOM ke KJIIO-
ye oOwWMH caydai, ompenenum, ciaenys Ote [76], npencraBienue 7y *-anare6psl D(0) B H, mosaras
m5(a)(z @ y) = (r(a)x + d(a)y) ® 7(a)y. Jlerko NpoBepUTh, YTO TaKoe MpeacTaBJeHHe J-CHMMETPHUUHO
M ero MHBapHaHTHble HeHTpasbHble MOANPOCTPAHCTBA COOTBETCTBYIOT rpadrKaM HMIIEMEHTHPYIOLUIHX
oneparopo. Ha stom nyTtu Kuccuny [59] ynanoch ycu/nTh HeKOTOpble BaXKHble pe3ysbTaThl bpatTenu
1 Po6uncona [49,50] o paciuvpeHHM HMIJIEMEHTHPYIOIIMX ONEPaTOPOB U YIPOCTUTh UX H10KA3aTeNbCTBA.
[Tonpo6Hee 06 3THX W OJIM3KHUX pe3ysbTaTaxX CM. IyaBy 27 KHUTH [67].

3ajaua paclIMpeHHs] UMIIEMEHTHUPYIOLIEro Onepatopa AOMYyCKaeT W APYTroil BapHaHT HCIOJb30BaHHUS
MHAe(UHUTHOH MeTpUKH. FIMeHHO, eci cUMMeTpHUecKH# oneparop S UMIJIeMeHTHpYeT J, a S* — one-
paTop, compsikeHHBIH K S, To Ha mpoctpaHcTBe D(S*) MOXKHO ONpefesUTb CKa/lspHOe MPOU3Be/leHHe
(z,y)o = (x,y) + (S*x,S*y) u noayropanuneitnyw popmy {z,y} = Im((S*z,y) + (x,S*y)), KoTopas
TpuBHaJbHA HAa D(S) u noTomy ompenessieT HHAe(QUHUTHOE CKaJSIPHOE TpoU3BeneHHe [, y| Ha HedeKT-
HOM mpocTpaHcTBe N (S), KOTOpoe MOXKHO OTOXJAECTBHTb C OPTOrOHAJBHBIM JONOJHEHHeM K D(S) B
D(S*). Kak usBecrno, N(S) = N4 (S) + N_(S), npuuem S* neiictByer Ha N (S) yMHOXKeHHeM Ha 7, a
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Ha N_(S) ymHoxeHuem Ha —i, nmostomy N (S)— npoctpanctBo Kpeitna u N(S) = N (S) + N_(S) —
CTaH/AapTHOe pa3J/ioXKeHHe Ha MOJIOXKHUTEJNbHYI0 U OTPHLIATE/bHYIO YaCTH.

[TpoctpanctBa D(S*) u D(S) UHBapUAHTHBI OTHOCHUTEJBHO HCXOMHOTO TPEACTaBJIeHUs T ajredpbl
D(§), a notomy B N(S) ecTeCTBEHHO HHAYLHUPYeTCs MpelCTaBJeHHe 3TOH ajreOpel, KOTOpoe Mbl 060-
sHaunMm 7. B oTamMuMe oT ms, mpeicTaBieHHe m0 BO MHOTMX BasKHBIX caydasx (Korma XoTs Obl OIMH
M3 MHIEKCOB fe(eKTa omepaTtopa KOHeUeH) NeHCTByeT B mpocTpaHcTBe [loHTpsirMHa, 4TO, pasymeercs,
3HAUMTEJbHO 00JIeT9aeT ero HUCMoJb30BaHHUE.

B uacrtroctu, Kuccun, Jlorunos u llysabman [65] mokasanu, uto B aToM caydae ucxonHas C*-anre6pa
MMeeT KOHeUHOMEepHble MpPeACTaBJeHHs W HUMILJIEMEHTHDPYIOIKEH orepaTtop S MPOAOJKAETCs 0 MaKCH-
MaJIbHOTO TUCCHIIATHBHOTO OIepaTopa, TakxXKe HMIJeMeHTHpylero 0; paHee Kuccun [60] monyuusa stu
pe3y/bTaThl B Cyuae KOHEUHOCTH 000UX HHIEKCOB.

B KoMMyTaTHBHOM cJiydae MPOAOJ/IKHMOCTb A0 MaKCHMAJbHOTO TUCCHUIIATHBHOTO OblIa yCTaHOBJE-
Ha @unnuncom [38]. BoamoxkHOCTb mosyueHusi pesysbrata Puisunca ¢ MOMOLILbIO MPEACTaBAEHHE B
Ne(eKTHBIX MOAMPOCTPAHCTBAX BIIepBhLie OblIa 3aMedeHa B pabote Mysu u Moprencena [58] o kommyTa-
IIMOHHBIX COOTHOLIeHUsIX Beliist. JlonomHuTeMbHBIE Pe3yIbTAaThl U IPUMEPH MOXKHO HalTH B TyiaBax 28-29
KHUTH [67].

Bepnemcs k o6mieii cutyaund. [lockosnbKy BONpoc O HeNMPHUBOAUMBIX Ilj-TpencTaBieHUsX NOMyCKaeT
JIOCTAaTOYHO TOJIHBIM aHAJHU3 [J1s LIUPOKOTro Kjacca anredp, Ha MepBbId MJ1aH BBIXOAUT 3a1ada O pasJjoxe-
HUH MPOU3BOJIHOTO TMpPEeACTaBJeHUsI HA GoJsiee TPOCTble YacTH. TyT BO3MOXKHBI Pa3HuHBIE TIOCTAHOBKH.
Pasymeercsi, uneabHbIH BapHaHT — pasJioKeHHe NIPEACTABJIEHHUS B IPAMYIO CYMMY, UJIM HHTErpaJ HeMpH-
BOIMMBIX MPENCTABJEHHH, HO €r0 PelKO yAaeTcs MOJMy4YuTb. PaccMOTpUM ApyTrHe, 60jee peanncTUYHbIE
TTOIXOJIBI.

[IpencraBnenvie 7 HasbiBaetcsi lI-wepasdioscumoim, eClnd ero Hesb3s TPENCTaBUTb B BUAE MPSMOH
cymmbl 1Byx Ili-npencraBienuit (¢ k # 0). fcHo, uto kaxpoe Ili-mpencTaBieHHe pacKJ/agblBaeTcs
B KOHEUHYIO TpsMylo cyMMy lI-Hepas3/oXKHMbIX; OCHOBHOH MHTepec 37eCb NpeACTaBsoT Kputepuu II-
HepasnoxuMocTH. [lanee, HeHTpasbHOE MOANPOCTPAHCTBO L, HHBAPHUAHTHOE OTHOCHTEJbHO NPEACTaBIIe-
HUSL T anreOpbl A, Ha3blBAETCSA pPACUENAAIOU4UM, €CTIH CYLIECTBYET KOCOCBSI3HOE C L TMOANPOCTPaHCTBO
M raxkoe, uto L+ M nuBapuanTHO. [I;-npencraB/ieHre Ha3bIBaeTCs pacujenumoblim, €CJIM OHO UMeeT pac-
LIenJIsiollee MOANPOCTPAHCTBO L pa3MepHOCTH k. DKBHBasleHTHOe ycaoBHe: L fBJsieTCss MHBAapPHAHTHO
fononHsieMbiM B L+, TIpencrapiieHne HasblBaeTC QNNPOKCUMAMUBHO DACU4ENUMbLM, €CJH OHO HMeeT
MaKcHMaJ/ibHOE HeroJoKMTeJqbHOe MHBapHAaHTHOE MOAMpoCTpaHcTBO L Takoe, uto L = N, (H, N LY),
rane H, — yObiBamoias 1oc/en0BaTe bHOCTb HEBBIPOKIEHHBIX HHBAPHAHTHBIX MoAnpocTpaHcTB. Hako-
Hell, BaXKHYI0 POJIb UIPAIOT PA3JOKEHHs B IMOJYNpPsMble CYMMbl, BBeJleHHblE B PacCMOTpPEHHE, MO Cy-
LLIECTBY, y>Ke B nepBblx paborax Hafimapka; ux ompenesenue yno6HO (hOpPMyJHpPOBaTb B TEPMHHAX TaK
Ha3blBa€MbIX JBOHHBIX PaCIIHpPEHHUH.

3ameTuM, 4TO ecau L — MakcHMaJjbHOe HeHTpajbHOEe MOANPOCTPAHCTBO, MHBApUAHTHOE /IS Tpel-
cranenus m B H, 10 L+ = L + §), rae ) — ru/ib6epToBo NpoCTPaHCTBO. EcTecTBeHHBIM 06pasoM, 7
MHAYLUUpYyeT B L npeacraBieHue A, a B $) — *-npefcraBieHde 7, O3TOMY CyKeHHe 7|, L MpeACcTaB/eHHUs
7 Ha L' sABaseTcs paciuupendeM A\ ¢ nomouiblo 7. TOYHO Tak e 7 — 3TO pacliMpeHHe MpejcTaBJe-
HHSl 7|71 C TIOMOLIBIO MpeICTaBJEHHS X anre6pl A mpeicTaBieHus B M, KOTOPOe MOXKHO CYMTATH
COMPSKEHHBIM K A, 0TOXKzecTBsst M ¢ L* ¢ momowbsio Gpopmsl [+, -]: A(a) = A(a*)*.

B MarpuuHOH 3amucH, COOTBETCTBYIOLIEH pasnoxenuio H = L + $ + M, 3To BBIIVISAWT aHaJOTHY-

Ho (2.2):
° @2 Ma) pla) (@)
ma)=| 0 7(a) pla)
0 0 Aa)

3mech p: A — B($, L) — l-kKouuks, onpezessioinil nepsoe pacuinpenue, p : A — B(M, $)) — oTo6-
paxkeHHe, MOTOYEYHO compsikeHHoe K p (1. e. p(a) = p(a*)*), v : A — B(M, L) — oTobpaxeHue,
fonoNHsAolIee p 10 1-KolMKAa co 3Hadenusmu B B(M,L+) = B(M,$ + L), koTopulii onpenenser
BTOpoe paciuupenue. Crenyolee 0603HaueHHe MOJUEPKHUBAeT NMPUPOAY 7 KaK ABOMHOIO pacCLIMPeHMs:
T =ee(\,T,D,7).

Tepmun «l-KOUMK/I» CBSI3aH C TeM, UTO MJsi JIOOOH mMapel NMpPeACTaBJIeHUH 7,7y anre6pel A B
npoctpaHcTBax Xp, Xo mpoctpaHcTBo B(Xo, Xj) mosydaeT eCTeCTBEHHYI CTPYKTYpy A-OUMOMLYJist:
aTb = mi(a)Tma(b). Temepb, Kak 0OBIYHO, KOLENH — 3TO MOJUJIHHEHHBIe OTOOpaxkeHusi U3 A" B
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B(X3, X1), onepaTopbl KOrpaHHLbl dj 3adaloTcsi CTaHAAPTHOH (DOPMYJIOH, MPOCTPaHCTBA k-KOLHUKJIOB
Zj, — 3TO siipa OmNepaTopoB dj, a NMPOCTPAHCTBA KorpaHuil I — o6pasbl di_1. Haxonen, koromoJo-
TUM — 3TO0 (pakTop-mpocTpaHcTBa Hy = Zi/By. B uacTHoCTH, TOT (haKT, 4To p — 310 l-KOUHMK (TOYHee,
(A, 7))-1-kouuka), o3Hayaet npocto paBeHCcTBO p(ab) = A(a)p(b) + a7(b). Ecnu p siBisieTcs KorpaHu-
led, TO MepBOe paclidpeHHe TPUBHANBHO (M30MOP(HO MPSIMOM CyMMe MpencTaBJjeHHi), U BooOlle, 1Ba
pacIIMpeHHUs] SKBHUBAJIEHTHBI, €CJIH COOTBETCTBYIOIINE KOLHMKJBl KOTOMOJOTHUYHBI (T. €. X Pa3HOCTb —
Korpanuua). Bompoc o ToM, mpomosikaercst s MepBoe pacIIHpeHHe N0 ABOHHOTO, ObIN MOCTABJEH U
perueH, BMecTe ¢ psimoMm apyrux 3angad, P.C. Mcemarusioseim [14] (B KOHTeKCTe MpeACTaBAeHHE Tpym);
IJIS 3TOTO HeOoOXOAMMO M JOCTAaTOYHO, YToObl 2-Kouenb (a,b) — p(a)p(b) Oblia KorpaHWleHd OTHOCH-
TeJIbHO Tapbl MpeiCTaBJeHUH A, A, Kouukas, YIOBJIETBOPSIOILHE 3TOMY YCJOBHIO, Mbl Oyl1eM HasblBaTb
HelmparoHoIMU.

ENMHCTBEHHOCTb MPOAOJ/IKEHHS PABHOCHJ/IbHA TPUBHAJBHOCTH TPYIIbl MEPBbIX ()\,X)-Koromonomﬁ.

Crenyrouuii pesyabrat, ony6JauMKOBaHHbIH BriepBele B [67, semma 19.30], ocHoBaH Ha uuesix paboThI
P.C. Hcmarusosa o npencrasienusx rpynnbsl JlopeHua [13]: ecau anre6pa penyKTHBHa U ee mepBast
rpynna koromosoruii H1(«, p) paBHa Hys0 A/ BceX HENPUBOAMMBIX KOHEUHOMEPHbIX MPe/CTaB/eHHH
Y HeNpHUBOAUMBIX *-nipe/cTaBJ/eHU p, TO J000Oe ee NpeacTaBiaeHre B npocTpaHcTBe [loHTpsAruHa sBJS-
eTcs MpssMOd cyMMOH 6a30BOro MpejiCTaB/eHHS U KOHEYHOIO YHCJa HENPUBOAUMBIX TpeacTaBaeHHH.

OtBeT Ha Bompoc 06 anmpOKCHMAaTHBHOH pacllenseMocTH 6a30BOro NpelcTaBleHHs T MOXKeT OBITb
IaH B TepMHUHax l-KoLMK/A p: A/ 3TOr0 B KOMMYyTaHTe o0pa3a NpeacTaB/JeHHs T A0JKHa CYllecTBOBaTh
BO3pacTaollas K eIUHHIe MOCAe0BaTeJbHOCTb IPOEKTOPOB (), TaKas, 4TO BCce KOUHUKIBI a — p(a)Qy,
SIBJISIIOTCS KorpaHuuaMmu. B [67, Teopembl 20.26 u 20.27] nokasaHo, uTO NPU HEKOTOPHIX €CTECTBEHHBIX
orpaHUYeHHsX Ha A anmpoKcHMaTHBHAS PaCIIENsieMOCTb SKBHUBAJE€HTHA 3aMbIKAeMOCTH KOIHMKJA P.

JLnsi MBOMHBIX paCIIMPEHHH Pa3JI0KHUMOCTb B MOJMYNPSIMYI0 CyMMY BJIeYeT annpoKCHMATUBHYIO PasJio-
XKHMOCTb; 06paTHOe BepHo, ecii A = A% (cm. [67, npennoxenue 21.18 u ero o6cyxnenue]).

B patGore B.C. Ulyabmana [46] Oblia mpensioxkeHa KOTOMOJIOTHUECKHM OCHALLlEHHAsi BEPCHsI TEOPEeMbl
Cra#iHcnpuHra U ocHoBaHHasi Ha Hell [HC-koHCTpyKUMH 11 IpeacTaBaeHnd *-anare6p B MPOCTpPAHCTBAX
C UHIe(UHUTHON MeTpUKOH. UToObl cPOpMYIUPOBATH 3TH Pe3y/bTaThl, BBeIEM HEOOXOAHUMBIE OMpefese-
HUS.

[lycte A\ — npencraBnenue anre6pel A B rusbbeproBoM npocTpaHcTBe L. JInHeliHOe oToOpakeHHe
v:A— B(L) (r. e. 1-xouens B ()\,X)-KOI‘OMOJIOI‘I/II/I) HasblBaeTcs A-duccunayuetl, ecjid ero KorpaHuia
d~y — BIOJIHE TOJIOXKHTEJbHOE OTOOpaKeHHe (HAOMHUM, 4TO Ou/IMHEeHHOe oToOpaxenue ® : A x A —
B(L) nasbiBaeTcs 6noane nososxcumenvroim, ecan y (®(af,a;)&,&5) > 0 ana mobuix a; € A& € L).

0.

Teopema (o dakropusauuu). [lycmo ® : A x A — L — gnoane nosoxcumervrolil 2-Koyuxa, moeoa
cyuecmayrom u eOuHCMBeHHbL 2uLbbepmoso npocmpancmeo Ne, *-npedcmasienue mg areebpol A 6
N u l-koyuka py : A — B(L,9He) makue, umo pg(A)L = Hp u P(a,b) = pg(a*)*pe(b) 011 a0boix
a,be A

Hanomuunm, uto knaccndeckasi [HC-KOHCTPYKIIMSI COCTOUT B TMOCTPOEHUHU *-TIpeACTaBJEeHHUs aareOphl
0 TOJOXKHUTEeNbHOMY (PYHKIHOHAJY; JIerKO BHAETb, UTO IOJOKUTeNbHblEe (PYHKLHOHAJBl — 3TO B TOYHO-
CTH A-muccunaund npu A = 0 v ogHomepHoM K. B crenyioleil Teopeme J-CUMMeTPUUHOE MPeACTABAEHHE
CTPOUTCS 0 MPOU3BOJIBHON A-AHCCUMALUH.

Teopema. [lycmov v : A — B(L) — nekomopas A-Ouccunauus, ® = dvy, u nycme npocmpancmso
= He, *-npedcmasrenue ™ = wy areebpol A 8 Hp u 1-koyuks p = pe : A — B(L,He) nocmpoero.
no ® 8 coomeemcmsuu ¢ meopemoii o pakxmopusayuu. Toeda npocmparncmeo H = L+ 9H+ L ¢
urOepuHumroLm cKarApHoiM npoussederuem [E1+z1+n1,Ea+20+m2] = (§1,m2)n+ (21, 22) 5+ (&2, M )1
asasemces npocmparncmsom Kpeiina (npocmparncmeom Iy, ecau dim L = k < o0) u npedcmasaerue
Ny anrcebpo. A 6 H, sadannoe gopmyroti ny~(a)(+z+n) = (M) + p(a)z + v(a)n) + (w(a)z +
p(a)n) + X a)n, J-cummempuuro.

O6paTtHo, Bcsikoe 6a30Boe MpeacTaBJ/eHre 6aHaxoBod *-anrebpsl B Il siBasieTcs J-yHUTapHO SKBHUBA-
JIGHTHBIM TIpsIMO# cymMme HekoToporo «[HC-npencrasnenusi» ny , ¥ *-npeacTas/eHHs.

MHorue cjiencTBUS 3TOH TEOPEMEI, 4 TAKXKe IpPyrue pesy/bTaTbl TOMOJOTHUECKOTO XapakTepa O Mpef-
craBienusix B Il moxHo Haiitu B raBax 19 u 21 xkuuru I.B. Kuccuna u B.C. Ulynbmana [67].
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B yacTHOCTH, TaM [0Ka3aHO, YTO MPU HEKOTOPHIX AOMOJHHUTEJbHBIX YCJIOBUAX HEPa3J0oKUMBlE B IOJY-
npamyto cymmy HC-npencraBsienust cooTBeTCTBYIOT KpalHUM JydaM B KOHYCe A-AMCCHMALMH.

4. J-YHUTAPHBIE [PEJCTABJIEHUS T'PYIIII

M3 reopembl M. A. Haiimapka [29] cienyer, uto J1060e J-yHUTapHOE MPeACTaBJIeHHEe KOMMYTaTHBHOM
rpynnel B Il MMeeT k-MepHOe WHBapHaHTHOE HEMOJIOXKUTeJbHOE moanpoctpancTBo. B [31] M. A. Haii-
MapK IepeHec 3TOT pe3yJbTaT Ha BCe CBs3Hble pa3pelinMble rpynmsl. B padore K. Cakau [78] 6blio
[I0Ka3aHO, UTO yTBepxKJAeHHe MEePEeHOCUTCS Ha BCe CBS3Hble aMeHaOesbHble Ipynnel. Tak Kak rpynna
nBuKeHHH M, npoctpaHcTBa R,, ameHabesnbHa, TO, pasymeeTcsi, yTBepxkKAeHHe BepHO U s Hee; K. Ca-
Kau [81] mokasaJs, 4To ecyu CyKeHue .J-yHUTAPHOTrO MpenacTaBieHust m rpynnsl M, B Iy Ha moprpymnmy
BpaieHuit SO(n) comepKHUT KaxKa0e CBOe HEMPUBOAHUMOE MOAINPENCTABJIEHHE ¢ KOHEUHOH KPaTHOCTBIO,
TO 7 pasjaraeTcs B MPSMYI0 CYyMMY 7[+]|ma, MepBoe U3 KOTOPbIX AeHCTByeT B (m + 2)-MepHOM MOJ-
npoctpaHcrBe tuna II;, a Bropoe yuurapno. Ilpu n = 2 aHa/joru4yHbIE pe3dysbTaT MOJy4YeH B TOH Ke
pa6ote njs npencrasnaeHni B I1;. AHasoruuHble 3af1a4u 1715 IPeACTABAEHHH KOMMYTAaTHBHBIX TPYIIN pac-
cMaTpuBasuch B padote [79] Toro ke aBropa. B 3THX pabGoTax CylleCTBEHHO HCIOJb30BajIach TEOPHS
KOTOMOJIOTHH H, B YaCTHOCTH, pe3ysbTaThl A. [uimapne [55].

BaxkHyt poJsib B TeOpHH J-yHHUTapHBIX MpeAcTaBjaeHui ceirpanu padotsl P. C. Memarumosa [11,13] o
npencrasaeHusx rpynnsl Jlopenna. C ofHOH CTOPOHEBI, TEOPHUS MpeNCTaBleHHUH Ipynmsl JIopeHIa TecHO
CBfI3aHa C 3a/la4yaMH PeNITUBHUCTCKON (DU3UKHU M H3y4yeHHUe ee MpeAcTaB/eHUH B I, BmosHe coryacyercs
c oOUIUM HHTepecoM (PU3MKOB-TEOPETHKOB K WHAE(PUHHUTHBIM MOAesM (PA30BBIX MPOCTPAHCTB (huduye-
ckux cucreM. C Apyrodl CTOPOHBI, TMOJNYNPOCTble TPyMIbl JIH 06pa3yloT Kiaacc, 10 HEKOTOPOH CTeneHH
NPOTHUBOINOJOXKHBIA Kjaccy ameHa0e/bHBIX TPyMI, YTO B MHAE(UHUTHOM CJydae CKa3blBaeTCs yXKe B
TOM, UTO OHM UMEIOT HelpUBOAMMBIe mpenctapienus B II;. B [13] nmosHocThIo onucaHbl HENPUBOAUMBIE
J-yHHTapHble npeicTaBaeHus rpynnsl JlopeHua B npoctpaHcTBax KpeiiHa; nokasatesbcTBa OCHOBbIBA-
JUCh Ha Kiaaccudyeckux pesynbratax M. M. lenbcdanma u M. A. Haiimapka [8], a Takxe [I.II. 2Keso-
6enko [9]. B uwacTHocTH, ObIIO yCTAHOBJIEHO, UTO BCE OHM JAEHCTBYIOT B mpocTpaHcTBax [loHTpsruHa.
[lokasano Ttakxe, uto Jwoboe J-yHuTapHoe npenctas/eHue B Il packianbiBaeTcss B NPSIMYI0 CYyMMY
6a30BOT0 MpeacTaB/JeHUs W KOHEUHOTO YMCJa HeNpUBOAUMBIX. PesynbraTbl padotel [13] moxpobHo u3-
JIO’)KeHbl B Ty1aBe 25 KHUTH [67], rme TakKe moJsydeHa HeKOTOpasi NONOJHMUTE/bHAs MH(pOpMauus 00
annpoKCHUMaTHBHOM pa3J/ioKeHUH 6a30BbIX MpeACTaBJeHUH.

MmenHo ¢ stux pa6ot P. C. Mcmarusosa B Teopun J-yHUTapHBIX NPeACTaBJAeHUIH Hayal NPUMEHSThCS
KOrOoMOJIOTHYeCKHH noaxod. 31ech, Takxke Kak U B OoJiee nmo3nHUX pabdorax Cakad, HCIOJNb30Ba/IUCh
KJlaCCHUeCKHe OIlpeeseHHs] KOrOMOJIOTMYECKUX MOHATHH, Koeomonoeuu npedcmasaeruti. B padorax
B.C. Kuccuna u B.C. Ulynbmana [68,69] ucnonb3oBannuch Koeomosoeuu nap npedcmasienuil — aHa-
JOTHYHbIe TeM, Y4TO BBOZHMJHMCH Bbille A/ anare6p ((\,p)-koromosoruu, (A, \)-KOTOMOJOTHH H T. 1.).
Ata MoaM(HKalKsa He NMPUHLKIHANbHA, HO TeXHHYECKH MHOrAa yaoOHa, KpoMe TOro, TePMHUHOJIOTHS He
TpebyeT nepefesKU NpU Nepexosie OT MpeACTaBAeHUH I'PYNN K NpeacTaBJeHHUsM TPYMIOBBIX anre6p.

B [68,69] nsyuanuch J-yHUTapHble NpeACTaBIEHHS CBA3HBIX HUJbIOTEHTHBIX rpynn. Kak cienyer
13 CKa3aHHOTO paHee, 3/1eCb MOKHO OTPaHUYHTBCS PACCMOTPeHHeM ABOHHbBIX pactunpenuit ee(\, U, p,y),
rae A\ — npezacrasjeHde B L, U — yHUTapHOe NpecTaBJeHUe B TH/IbOEPTOBOM NIPOCTPAHCTBE §), p — Hek-
TpanbHbli (A, U)-KOLMKI, a 7y — COIVIaCOBaHHAsi ¢ p A\-AUcCHNalusi. BaxKHy posib B UX HCC/IEI0BaHUH
UrpaeT CJeqyIOLHUH pe3ybraT GoJsiee 00lIero xapakrepa, nosydyeHHsil B [68].

Teopema. [Tycmo A\ u U — npedcmasrenus c8a3Hol Hurbnomenmuoi epynnot G. Ecau
Sp(A(l) N Sp(U(h) = 2 (4.1)
oas nexomopoeo h € G, mo H*(\,U) = 0.

[TycTb x — XapakTep CBI3HOH HUJBIOTEHTHOH (B HasbHeHIIeM 3TH YCJOBHS MOLpa3yMeBaloTCs) IPyI-
nel G, T. e. MyJbTUIUVIMKATHBHBIH (DyHKIHOHan Ha (. BymeM roBopuTb, 4TO X npucoedurer K Tpef-
cTaBjeHHIO A, ecn A(g)x = x(g)x nas HekoToporo BekTopa  # 0 M Bcex g € G. MHOXeCTBO Bcex
XapaKTepoB, NPUCOeIHHEHHBIX K A, 0003Ha4uM sign(\). Bynem HasbiBaTh npeicTaBieHHe A\ MOHOMeEMu-
yeckum, ecnu sign(\) oIHOTOYEUHOE.

O603naunm uepes Z1(\,U) MHOXecTBO Beex HelTpanbHbX (), U)-Kouuk/aos. B [68] nokasaHo, 4to
eCJIH A\ MOHOTETHUYHO U COOTBETCTBYIOIIMH XapaKTep c/1abo cofepKutes B npeactasieduu U, o ZL(\, U)
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nioTHo B npoctpaHctBe Z1 (A, U) Beex (A, U)-KOUHKJIOB OTHOCHTE/IbHO TOMOJOTHH PaBHOMEPHOH CXO/H-
MOCTH Ha KOMIaKTax.

HeTpynHo nokasartb, UTO KOLHKJ, KOTOMOJIOTUYHBIH HEHTpPaIbHOMY, HEUTPaJseH, I03TOMY €CTECTBEHHO
onpeneasercs MHokecTBO HL (A, U) HelitpanbHbix 1-koromosoruii. OHO He Bcerna sBsieTcs MOArpyIoi
B H'(A\,U) 1 MoxeT ObITb BecbMa CJI0XKHO YCTPOEHO Jaxe B CJydae, KOTa A = (, TPUBHAJbHOE Mpejl-
craBsenue, a U = i,,, IpeACTaBieHne efuHUYHBIMU onepaTopamu B C™. B [69] naHo moJsiHOe omnucaHue
HEUTPaNbHbBIX (L, Ly, )-KOLHUKJIOB MPOU3BOJIbHON CBS3HOH HUJIBIOTEHTHOH rpymnmbl. [/ BaXKHOTo cjyuast
rpynnsl ['eifizen6epra 1), T. e. IPYMNIbl BEPXHETPEYTONbHBIX N X N-MATPULl C €AMHULAMH Ha AHArOHAJH,
3TO OMHCAHHUE BBIVISAUT CJAeIYIOLIUM 00pa3oM.

I[lyctb A —Takast m x (n — 1) maTtpuua, 4ro ansa matpuusl B = A*A = (b;;) BHINONHEHBl yCIOBHS:
Imb;; = 0 npu |i — j| > 1, Torna £(g9) = A(g12,---,9n—1,n)" — HeHTPaJBHBIH (L, Ly,)-KOUMKI, U BCe
HeHTpa/ibHble KOLMKJB UMEIOT TaKOH BUI.

B [69] Hepasnoxumble Il;-mpencraBieHus CBSI3HBIX HHUJIBINOTEHTHBIX I'PYMN pa3buThl Ha 4 Kiacca,
TPU U3 KOTOPBIX COIEPKAT TOJBKO KOHEYHOMEpHbIe MpeacTaB/eHHs (MX HCC/ef0BaHHE 3HAYMTEJbHO 06-
JleryaeT yroMsiHyTas Bblllle KJacCH(hUKAUUs HEHUTPANbHBIX (L, Ly, )-KOLMKJIOB), @ UETBEPThIH COCTOUT U3
JBOHHBEIX paciupenui ee(\, U, €, ) Takux, uTo Bce XapakTephl U3 sign(\) yuutapust 1 § = H2@H°, rae:

a) H%, H° — U-uupapuantusie nognpoctpanctsa, dim H? < n, dim L u dim $° = oo;

6) sign(Ulgze) C sign(A);

B) Ulso He siBAsieTCS CHEKTPAJbHO AM3BIOHKTHBIM (B cMbicae (4.1)) ¢ KaxIbIM XapaKTepoM X H3
sign(A).

B 3ak/ioueHHe 3aMeTHM, UTO MpPUMep, MOCTPOEHHBIH B [69], oOHapyXW/ HeOKHUAaHHBIH 3(PdEKT:
HepasJsoxumoe Ilx-npencraBseHre CBA3HOH HUJIBIIOTEHTHOH TI'PYNMbl MOXKET He ObiTb MOHOTETHYHBIM
(/15T KOMMYTaTHBHBIX TPYMI 3TO HE TaK).

[Tepefinem Tenepb K M3y4eHHUIO OrpaHUUYeHHBIX ll;-mpencTaBieHUi NPOU3BOJBbHBIX TPYIII.

Kak y:xke roBopusioch, B padotre M.T. Kpeiiha [16] cylecTBoBaHHE MaKCHMaJbHOTO HEMOJOXKHUTE/b-
Horo moxmnpoctpaHcTBa (cokpamenHo MNPS), nuBapuantHoro ans J-yHUTapHOTroO omeparopa, OblJIO 10-
Ka3aHo C NoMolbI0 NpuMeHeHUs TeopeMbl Lllaynepa—TuxoHoBa o HemonBuKHOH Touke. Hac Oynmer un-
TepecoBaTb 0000IlleHHe 3TOrO MOAXOAA Ha I'PYINIbl ONepaTopoB, I03TOMY ONHIIeM KOHCTPYKLHIO (oJjee
MoApPOOHO.

Kaxapiit J-yHuTapHbiil onepatop U ecTecTBeHHO ornpefessieT (GHeKTHBHOe) NpeoOpa3oBaHHe MHO-
x)ectBa Bcex MNPS. C npyro#i croponsl, kaxaomy MNPS L coorBeTcTByeT cKHMMAIOLUIMH omepaTop
W =Wy : H. — H, taxoii, uto L siBasieTcs ero rpapukoM. Takum o6pazom, U ompenesnsier oTobpaxe-
HHe ¢y 3aMKHYTOr0 equHUuHoro wapa By (H_, H,) B npoctpanctBe B(H_, H;) B cebsi. D10 oTobpake-
HHMe HelOCPeJCTBEHHO BBIIHUCBIBAETCS Uepe3 3JeMeHThl 0/10K-MaTpulbl onepatopa U, cooTBeTCTByOLIMNE
pasnoxennio H = Hy @ Ho, tne Hy = H_, Hy = Hy: ¢y(W) = (Ua1 + UsoaW)(Uyy + U W)~ L.

B [16] Obl10 MOKa3aHO, UTO €CaU «yroJiok» Upe omepatopa U KOMNakTeH, TO «IpOOHO-JTHHEHHOe»
orobpaxenue ¢y WOT-HenpepbiBHO; Tak Kak wap By (H_, H;) WOT-koMnakTeH, To TeopeMa 0 Hero-
[BHXKHOHU TOUKe oOecreuyrBaeT CyllecTBOBaHHe ornepartopa W takoro, uto ¢y (W) = W. dTo o3Hauaert,
yto rpaduk storo onepatropa — MNPS, unBapuantHoe pas U.

3ameTuM, 4TOo /s oneparopoB B Il ycioBHe KOMIAKTHOCTH yTOJIKa BBHINOJIHSETCS aBTOMaTHYeCKH,
Tak 4To Teopema KpeiiHa Bseder cyuiectBoBaHue uHBapuaHtHoro MNPS nns mo6oro J-yHurapHoro
ornepatopa B Il.

[Tockosibky Hac uHTepecyet Hanmnune MNPS, uHBapuaHTHOTO 17151 BCeX 3/J€MEHTOB HEKOTOPOH IpyIl-
nbl J-YHUTApPHBIX ONEpaTOpPOB, PAa3BUTHE 3TOr0 Moaxona TpebyeT MoJydeHHs] YHAOOHBIX Pe3yJbTaToB 00
O0ILMX HENOABMKHBIX TOYKAaX CeMeHCTB oToOpaxkeHWH. Pe3ysbTaThl Takoro poga XOpPOLIO H3BECTHBI
IJs Tpynn appUHHBIX npeo6pa3oBanuil (Teopembl Mapkosa, Kakyranu, Pruib-Hapmxesckoro), onna-
KO ApOOHO-JMHEeHHbIe peobpa3oBanus ¢y ahp@UHHBIMU He SBJsAIOTCSA. Bonpoc o cymecTBoBaHUM 001ei
HeMoABHUKHON TOUKH AJISI KOMMYTATUBHOH TPYIIbl APOOHO-JIHHEHHBIX NpeoOpa3oBaHUU OBl BIEpBble
nocrasyeH u pemed k. XeabToHoM [57]:

Teopema. [lycmov Hy; u Hs — ecunvbepmosol npocmparncmea, npuuem dim H; < oo. Toeda ato-
6oe Kommymamugroe cemelicmao OpoOHO-AUHeliHbLX NPeobpas08aruLl 3aMKHYMO20 eOUHUYHOE0 ulapa
npocmpancmsa B(Hy, Hy) umeem obuiyrto HenooBuUMHYHO MOUKY.
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JlokasarenbcTBo B [57] ucmosb3oBasno Teopemy M. A. Haiimapka. B pabore [56] XenbToH nokasad
(ocHOBBIBasicb Ha PAacCMOTPEHHH APOOHO-JMHEHHBIX Tpeo0pa3oBaHUil), YTO KOMMYyTaTHBHas rpynna .J-
YHUTapHBIX omepaTopoB Ha mpoctpaHcTBe Kpeitina H; & Hs umeer unBapuantHoe MNPS, ecan oHa
COIEPKHUT KOMMAKTHOE BO3MYIleHHe ornepaTopa Buna A & B, rie CIeKTPHl C1araeMblX He MepeceKarTcs.
1o cymecTBeHHO 00001LaeT Teopemy Halimapka, mockosnbky B mpoctpaHcTse Il emMHHYHBIN omepartop
SIBJISIETCS] KOMITAKTHBIM BO3MYlleHHeM omnepatopa J = (—1) @ 1.

B pa6ore B. C. Illyabmana [43] 6blio 3aMeueHo, UTO AJis1 BellleCTBEHHBIX mpocTpaHcTB I1; Bece npobHO-
JIMHeHHble 0TOOpaXkeHHsT 00/1afal0T CBOMCTBOM «KBa3na(p(UHHOCTHU»: OHU TEPEBOASAT JIIOOOH OTPE30K B
oTpe3ok. Tam ke Oblyi0 mosyueHo o6oOlieHre HA KBasuaguHHble 0TOOpaXkeHUsl TeopeMbl KakyTaHu o
CYLLECTBOBAHUN HEMOIBUKHOM TOYKH y JI0OOH PaBHOCTENEHHO HeNpepbiBHOW TPpymmbl a(UHHEIX OTOO-
pakeHHH, U KaK CJeCTBHe — J0KA3aTeJNbCTBO CyllecTBoBaHUA nHBapuaHTHoro MNPS y orpanndenHo#
rpynmnbl J-yHUTapHBIX OMEpaTopoB B BellecTBeHHOM mpoctpaHctBe IIy. [anee, A.HW. Jlorunos [23]
noJy4us BaxkHoe ob6obuieHne TeopeMmbl Mapkosa: /n060oe KOMMYyTaTHBHOE CEMelHCTBO KBasHa(pUHHBIX
oToOpaKeHUH KOMIIAKTHOTO BBIMYKJIOrO MOAMHOKECTBA JIOKAJbHO BBIIYKJOTO IPOCTPAHCTBA UMEeT Herlo-
NBHXKHYIO TOUKY.

[lepeHoc ocHOBHOro pesysbrata pa6oThl [43] Ha KommiekcHble I1j-mpocTpaHCcTBa OblI OCYILIECTBJEH
B pabore B.C. Illynbmana [44], roe ucnosb3oBasoch MOIU(HULHPOBAHHOE MOHSITHE BBIMTYKJIOCTH MJISI
MOAMHOXECTB eIMHHYHOr0 Liapa rusibbeproBa npocTpaHcTBa. COOTBETCTBEHHO, ObIIO YCTAHOBJIEHO, YTO
OrpaHHYeHHas rpynna J-yHUTapHBIX OllepaTOpOB B KOMILJIEKCHOM NpocTpaHcTBe II; MMeeT HHBapuaHTHOe
OTpHllaTe/IbHOE MOANPOCTPAHCTBO.

O6wwas (t. e. oTHOCALIAsiCA K TpocTpaHCTBaM [ToHTpArMHa NPOU3BONBHOIO HHAEKCA UHAE(UHUTHOCTH)
TeopeMa O HelOABHKHBIX TOYKaX TI'PyNN NpPoOHO-JHMHEHHBIX 0oToOpaxkKeHWH Oblla MoJydeHa B padoTax
M. H. Octposckoro, JI. Typosckoit u B. C. lllyabmana [74,75].

Teopema. [Tycmo dim Hy = k < 00, u nycmo epynna G 0poOHO-AuHeliHbLX NPeobpa308ariuLi OMKpbL-
moeo edunuurozo wapa B npocmparncmsa B(Hy, Hi) umeem xoms 6v. 00Hy opbumy, omoererHyto
om epanuypl wapa (m. e. supgeq ||[¢(K)| < 1 das nekomopoeo K € B). Toeda naiidemcs mouka
Ky € B makas, umo ¢(Ky) = Ky 015 scex ¢ € G.

OTciona MOXKHO CeslaTh BBIBOJ, YTO BCSIKOE OrpaHHYeHHOe J-YHUTapHOe MpelcTaB/eHHe TPyMNbl B
II; umeer k-MepHOe MHBapHAHTHOE OTPHUIIATEIbHOE MOANPOCTPAHCTBO.

Kak cnenyer u3 cKasaHHOTO paHee, PUBeJEHHbIH Pe3y/bTaT BjeueT NogobHe JMOO0ro orpaHUYeHHOTO
J-ynutapHoro Il -npencraB/ienus m 110000 rpynnel G yHUTapHOMY NpeactaBjeHuto. B padore 3. Kuccu-
na, [O. B. Typosckoro u B. C. lllyabmana [70] 3ameueHo, uTo KOHCTaHTa MoA006HUs (T. €. TOUHAST HUXKHSIS
rpatb uucen ||V]|||[V || no Bcem onepatopam V, peanusyioimm nono6ue) He npesocxomut 202 + 1, rae
C = supge [Im(g)]|- Tor hakT, uto nosmyyeHHas oleHKa He 3aBUCHT OT YMC/ia OTPULATENbHBIX KBajpa-
TOB, /I€JIa€T €CTECTBEHHBIM MPEANOJIOXKEHHE, UTO Pe3y/bTaT CIPaBeMJIUB U s caydas k = oo (T. e. AJs
npeAcTaBaeHUi B npocTpaHcTBax Kpeiina). Onnako B [70] mokaszaHo, UTO 3TO HEBEPHO.

Jloka3aTe/bCTBO TEOPEMbl O HEMOABHMXKHBIX TOUKax B [74] CylecTBEHHO HCIO0Jb30BaJN0O TIYOOKHI
pesyabrat Uladpupa [86] o rumepGosuuHoctH meTpuku Kaparteomopu B B (3Ta paGoTa nepeBeneHa
C MBpHTa Ha aHIVIMHCKMHA W moMelneHa B [74] kak npusoxenue). Hampotus, mogxom B [75H] ocHoBan
Ha BecbMa OOIIMX (aKTaX O HEMOMABHXKHBIX TOYKAX TPYyINI H30METPUH B METPHUUECKHUX MPOCTPAHCTBAX.
Yro6el uxX chOPMyJHpPOBaTb, HAMOMHHM, UTO MeTpuueckoe mpoctpaHcTBo (X, d) HasbiBaeTcsi b-kom-
nakmuoim (cM. [90]), ecan 06oe LeHTpUpOBaHHOE ceMeHcTBO wapoB E,, = {r € X : d(a,z) < r}
uMeeT HemycToe mnepecedenue. [lonmHoxkecTBo M C X HasbiBaeTcsi b-8binykAbiMm, €CJH OHO SIBJISIET-
csl NepeceueHHeM HEKOTOPOro cemeictBa wiapoB. Touka a € M HasbiBaeTcss OuamempanvHol, eCiu
sup{d(a,x) : x € M} = diam(M). Ecnu /1060e HeogHOTOYEYHOE b-BBINYKJI0€ MOIMHOKECTBO MPOCTPAH-
cTBa X' MMeeT HelMaMeTPAJbHYIO TOUKY, TO FOBOPSAT, UTO X HMeeT HOPMaJbHYIO CTPYKTYPY.

Teopema (cm. [75]). [Tycmo mempuueckoe npocmparcmso (X,d) b-seinykio u umeem HoOpmaib-
Hyro cmpykmypy. Ecau nekomopas epynna uzomempuii npocmparcmea (X, d) umeem oepanuuerHyrO
opbumy, mo OHa umeem U HeNOOBUNCHYIO MOUKY Xg, KOMOPASL NPUHAOLEHUM NepeceveHuro 8cex
b-svinykavix mHoxcecms, codepacauiux O.

B Hauiem ciydae 3ta Teopema NpUMeHsieTcsi K mpocTpaHcTBy (B, p), roe p — metpuka Kaparteomopu
B 9B; Tak Kak ApOOHO-JHHEHHbIe Tpeobpa3oBaHusi OUT0JOMOP(HBI, TO OHU COXPAHAIOT p. Pagymeertcs, fas
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TaKOro MPHMeHeHHsl MOTPebOBaNOCh CHavyasa [0Kas3aTb, YTO MPOCTPAHCTBO (B, p) b-BHIIYKIO U HMEET
HOPMAaJIbHYIO CTPYKTYPY, OMHAKO 3TO CYLIECTBEHHO MpOILe TUIePOOJHUUHOCTH.

OnHO 13 NPUJIOKEHHH 3TOr0 pe3ysbTaTa OTHOCHUTCS K TEOPHUH KBA3U-TIOJNOKHUTEJbHO ONpeneseHHbIX
¢yukuui Ha rpynme. Caenys M.T. Kpeitny [17], ckaxewm, uto ¢yHKuusi ¢ Ha rpynmne G siBjsieTcs
K6a3U-NOA0KHCUMENbHO onpedesennoli nuaeKca k, ecin ¢(g~!) = @ npu g € G, u ajs Jgbdoro Habopa

n

3/eMEeHTOB g1, ...,Jn, € G KBajpaTuuHas dopma » . (ﬁ(gi_lgj)ziz_j uMeeT He GoJslee k OTpULATE/bHBIX
i,j=1
KBaJpaToB.

Teopema (E. B. Kuccun, 0. B. Typosckuii, B. C. Ulyabman, cm. [70]). Jlwbas oepanuuennas xsea-
3U-NOA0KHUMEAbHO onpedenennas GyrKkyus uxdexkca k Ha epynne npedcmasuma 8 sude pazHocmu
¢1 — ¢2, 20e PynKUuu ¢; NOLOHCUMENbHO Onpedenertble, npuiem po umeem parne k (m. e. paneu scex

—1
mampuy, ($2(9; " 95))i j=1) He npesocxodam k).

Panee Cakau [80], mokasan 3TOT pesy/ibTaT [Js ameHabesabHbIX rpynn. OrpaHHYeHHble KBa3u-
TMOJIOXKUTENBHO OTpeleseHHble (PYHKLUHH Ha KOMMYTATHBHBIX TPYIMNax MOAPOOHO H3ydyasHCh B CBS3U
C 3ajlauaM¥ TeopHH BeposiTHOCTeH (cM. ctatbio CacBapu [84] W unMTHpyeMble TaM UCTOUHHKH).

ABTOpEI BblpaxKaroT HcKpeHHO0 OaropapHocts B. M. UnnuHy 3a BHUMaTe/bHOE YTeHHE PYKOIIHUCH H
TMoJie3Hble 3aMeyuaHusl.
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