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ABSTRACT. A class of autonomous discrete dynamical systems as population models for
competing species are considered when each nullcline surface is a hyperplane. Criteria
are established for global attraction of an interior or a boundary fixed point by a geo-
metric method utilising the relative position of these nullcline planes only, independent
of the growth rate function. These criteria are universal for a broad class of systems, so
they can be applied directly to some known models appearing in the literature including
Ricker competition models, Leslie-Gower models, Atkinson-Allen models, and generalised
Atkinson-Allen models. Then global asymptotic stability is obtained by finding the eigen-
values of the Jacobian matrix at the fixed point. An intriguing question is proposed: Can
a globally attracting fixed point induce a homoclinic cycle?

Note. This is the paper accepted by Discrete and Continuous Dynamical Sys-
tems (B) on 7th November 2019.

1. INTRODUCTION

We consider the discrete dynamical system
(1) z(n) =T"(z), =(0)=zeRY, n=12,...,

where RY is the the first orthant in RY with Ry = [0,+00) and the map T : RY — RY is
defined by

the entries of the N x N matrix

a1 a2 -+ Q1IN

a1 Qg2 -+ Q2N
(3) A= ?

ani an2 -+ QNN

satisfy a;; > 0 and a;; > 0 for all 4,j € Iy, (Ax); denotes the ith component of Az. We

assume that the functions G; € C1(R,, (0, +00)) satisfy the following conditions:
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(al) G; is decreasing on Ry, G;(r;) = 1 for some r; > 0 and G} (r;) < 0.

(a2) For x ERf and each ¢ € Iy, 8%(56) >0for 0 < 2; <7y

(a3) For each nonempty J C Iy and for any two points z,y € Rf satisfying y; = x; €
0,r;] fori € IN\J,0=2; <y; <r; and (Ay); < r; for j € J and (Ay); = r; for
some ¢ € J, the functions Ty (x + t(y — z)), k € J, are increasing for ¢ € [0, 1].

(A simplified version of (a3) will be given in section 2 as (a3)’.)

The discrete dynamical system (1) defined above can be viewed as a population model of
N competing species, where z;(n) denotes the population size of the ith species at time n
(e.g. nth generation or end of nth time period). Indeed, if a;; > 0, the existing population
of the jth species reduces the growth rate G; of the ith species; if a;; = 0, although the
current population of the jth species does not affect the next generation of the ith species
T;(x) directly, it may reduce the growth rate G;((AT™z);)(n > 1) of later generations. This
reflects the nature of mutual competition between any two species.

System (1) with (2)—(3) and (al)—(a3) is competitive not only in ecological context, but
the map T is also mathematically a competitive map under the additional condition that

the spectral radius of the matrix M (x) = diag(—mgj; )A satisfies

(4) p(M(x)) < 1,Yx € [0,r].

Recall that a general map 7' : S — T'(S) for a set S C Rf is called competitive if © < y
whenever T'(x) < T(y) for x,y € S, and strongly competitive (or retrotone) if © < y
whenever T'(z) < T'(y) with z,y € S and y > 0 [35, 33, 15, 14] (see section 2 for detailed

definition for “<” and “<”). By (al) and (a2) we have G} < 0 and —w&?; < 1. Then
(4) implies that DT(z)~! > 0, so T is a competitive map. But since DT(x)~! may have
zero entries, (4) does not imply strong competitiveness of T'. However, we are not sure
whether (al)—(a3) imply (4). Thus, without the condition (4) we are not sure whether T’

is a competitive map.

Since a;; > 0 for all i € Iy, by letting y = Dz with D = diag{ai1,...,ann} and y(n) =
Dzx(n), we have

y(n+1) = DT(x(n)) = DT(D"'y(n)) = T(y(n)),

Ti(y) = aiTi(z) = yiGi((AD"y):) = 1iGi((Ay)s)
with a; = 1 and a;; > 0. Without loss of generality, from now onward we assume that
(5) VZ,_] cely, a;=1, Qjj > 0.

System (1) with (2)-(5) and (al)—(a3) includes many known models as special instances.
For example, if G;(u) =€""%,0 < r; <1, then (2) becomes

(6) Ty(z) = e~ A5 G e Iy,
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and systems with such a form for 7" are known as Ricker competition models. If G;(u) =
% for i € I, then

biw; .
() ’L(Jj) 1+(ACL‘)Z7(Z +TZ)77J€ N>
and systems with such a form for 7" are known as Leslie-Gower competition models. If
2(1 -0
Gi(u):b—i— ( ),0<b<1,iEIN,
U
then
2(1 = b)x; .
8 Ti(x)=br;+ —————,(r;=1),i €l

and systems with such a form for T are known as Atkinson-Allen models. If
(T+7)(1—b)

1+u

Gi(u):bi-i- ,0<b; < 1,7, >0,i € Iy,

then

(1 + Ti)(l — bz)xz .
Ti(x) = bix; i€ Iy

(9) (x) = bim; + T+ (A7), ieln

Systems with such a form for T are known as generalised Atkinson-Allen Models. It can be

checked that all these models defined by (6)—(9) and any system defined by a combination

of (6)—(9) meet the requirement of (al)-(a3) (see Appendix 1). Thus, these models are

typical examples of system (1) with (2)—(5) and (al)—(a3).

A more general discrete population model, known as Kolmogorov system, is (1) with T
defined by

(10) Ti(x) = z; Fi(x),i € Iy,

where F : RY — RY is smooth enough with F;(z) > 0 and gf; < 0(i # j). Hirsch [15],
Herrera [13], Wang and Jiang [36] (see also [22] and the references therein) proved the
existence and uniqueness of a carrying simplex ¥ C Rf under certain conditions. Since
Y is a global attractor of (1) with (10) restricted to RY \ {0}, the global dynamics of
the system on ]Rf \ {0} is essentially described by the dynamics on ¥ if it exists. Then
many researchers explored the behaviour of the dynamics of (1) with (10) on X. For a few
examples, Jiang, Niu and Wang [25] investigated existence and local stability of heteroclinic
cycles of competitive maps via carrying simplices; Herrera [14] investigated exclusion and
dominance under conditions which guarantee the existence of ¥; Balreira, Elaydi and Luis

[5] provided criteria for global stability of an interior fixed point under the existence of the
carrying simplex.

For system (1) with 7" defined by (2) and (3) with a;; > 0 for all 4,j € Iy and each G;
decreasing, Franke and Yakubu [8, 9] described the competition model and studied the
exclusion of some species and proved that k-weakly dominant G plus invariance of a set
implies that the k-th species will survive and all other species will die out.
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For Ricker models (1) with (6), Smith [34] analysed the dynamics in detail for two compet-
ing species (N = 2). Roeger [31] (see also [32]) studied the local dynamics near the interior
fixed point and Neimark-Sacker bifurcations for the special 3D maps (6) with r; = ro = r3.
Hofbauer et al. [16] studied the long term survival of N species. Hirsch [15] showed that (1)
with (6) possesses a carrying simplex under mild conditions. Gyllenberg et al. [12] classi-
fied all 3D Ricker maps (6) admitting a carrying simplex ¥ and derived a total of 33 stable
equivalence classes with a typical phase portrait on 3 given for each class. The authors of
[5] applied their stability criteria to 3D Ricker models and derived a sufficient condition
for the interior fixed point to be globally asymptotically stable when r; =79 = r3 < 1 and

aij =a < 1(’67&])

For Leslie-Gower models (1) with (7), Cushing et al. [7] thoroughly analysed the 2D
model and showed convergence of every orbit to a fixed point. For 3D models, Jiang et al.
[25] analysed the existence and stability of heteroclinic cycles. For N-dimensional models,
Hirsch [15] and Herrera [14] verified the existence of the carrying simplex ¥ under some
conditions, but Jiang and Niu [24] showed the unconditional existence of ¥. Moreover,
the authors of [24] classified all 3D Leslie-Gower models via the boundary dynamics on ¥
and derived a total of 33 stable equivalent classes. For a special case of 3D models with
by = by = b3 and a;; = a(i # j), Balreira et al. [5] obtained a condition for global stability
of the interior fixed point.

The Atkinson-Allen models (1) with (8) were first built as a plant competition model by
Atkinson [3] and Allen et al. [2] (see also a discrete model in [30]). For 3D models, Jiang
and Niu [23] proved the index formula for fixed points on the carrying simplex and, based
on which, gave a complete classification of 3D models into 33 stable equivalent classes.
The generalised Atkinson-Allen models (1) with (9) were proposed by Gyllenberg et al.
[10] and a complete analysis for 3D models with (9) was given similar to [23].

In this paper, we are concerned with the global dynamics and, in particular, the global
asymptotic stability of a boundary or interior fixed point, of the system (1) with (2)—(5)
and (al)—(a3). There are some available methods and results for stability: the Liapunov
function method initiated by LaSalle [27] for general discrete dynamical systems, the G-
function method for asymptotic stability introduced by Bouyekhf and Gruyitch [6], the
method of using convexity of the per-capita growth rate by Kon [26], the split Liapunov
function method developed by Baigent and Hou [4] for Kolmogorov systems (1) with (10),
the stability criteria for monotone Kolmogorov systems obtained by Balreira et al. [5]
and a revised version by Gyllenberg et al. [11], and some stability results for specific
systems (see the references in [6], [4], [5] and [11]). No doubt that all of these are precious
contributions to the development of stability theory and methods for discrete dynamical
systems. However, it is also obvious that the application of each of these methods or
criteria has its limitation due to its conditions and requirements. For this reason, more
alternative methods will be welcome and expected.

The aim of this paper is to provide a geometric method for global attraction and stability
of a fixed point either in the interior or the boundary of RY for (1) with (2)-(5) and
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(al)—(a3). We do not rely on the construction of Liapunov functions, nor on the existence
of the carrying simplex. The nature of global attraction will be simply derived by the
relative position of the N nullcline hyperplanes defined by the component equations of
Az = r within the N-dimensional cell [0, 7]. Superficially, this method can be viewed as an
extension to our discrete system (1) of the geometric method for Lotka-Volterra differential
systems

dz; ‘
(11) daz:t = zi(ri — (Ax);),i € Iy,
and Kolmogorov differential systems
d.%'i

dt = wzfz(x)az € INa

buried in a large number of publications (e.g. [37, 1, 28, 29, 17, 18, 19, 20, 21]) since
conditions derived for the discrete system here is similar to those for (11). But if we
bear in mind the essential difference between an orbit xz(n),n > 1, for (1) and an orbit
x(t),t > 0, for (11) described below, we shall realise that this is not a simple extension
as the similarity of the conditions for both discrete and continuous systems suggests: the
former consists of isolated points and the latter is a smooth continuous curve; the former
can go from one side to the other side of a plane without actual intersection with the plane,
i.e. jumps over the plane, but the latter going from one side to the other of a plane must
have a intersection point with the plane. Indeed, from later sections we shall appreciate
the subtlety of the techniques employed to tackle some hard obstacles laying in the process
of proofs of the main theorems.

The virtue of the method is that the derived criteria for global attraction only uses the
matrix A and the point r, irrelevant to the functions Gj as long as (al)—(a3) are met,
and the criteria can be applied to a broad class of systems (1) with (2)—(5) and (al)-
(a3), universal to all the above models with 7" defined by (6)—(9). Then, by finding the
eigenvalues of the Jacobian matrix DT (x*), we know that either the fixed point is globally
asymptotically stable or a homoclinic cycle is induced.

The rest of the paper is organised as follows: 2. Notation and preliminaries. 3. Main
results. 4. Some examples. 5. Proof of the main theorems. 6. Proof of Lemma 5.2. 7.
Conclusion. Appendix 1. Proof of (al)-(a3) for models (6-(9). Appendix 2. Proof of
Proposition 2.3. Appendix 3. Proof of Lemma 5.1.

2. NOTATION AND PRELIMINARIES

Denote the interior of Rﬂy by intRﬂY and the boundary of Rf by OR]JX , and define
(12) mi={r e RY 12, = 0},i € Iy.

Then 7; is the part of the ith coordinate plane restricted to Rf and is part of ORQ\_I . For
anyu,vGRf, Wewriteu<<v0rv>>uifv—u€intRf,u§vorUZuifU—uERf,
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and u <wvorov>wuifu<vbut u#wv. If u<wv, we define
(13) [u, 0] = {z e RN : u <z <}

Then [u,v] is a k-dimensional cell if v — u has exactly k non-zero components. For any
u € Rf and I C Iy, we also introduce the following notation

(14) RY(u) = {zeRY:z>u},
(15) mi(u) = {x¢€ Rf(u) DX = Uik,
(16) I, = {zeRY:(Azx); =r},i€ Iy.

Then I'; is the ith nullcline plane for T defined by (2)-(5) and (al)—(a3), i.e. Tj(z) = z;
on I';, We abuse the notation slightly by using 0 to denote scalar number zero, vector zero
and the origin in RY. For any plane T in Rf with 0 ¢ T, RJX is divided into three mutually
exclusive connected subsets I'~,T" and I'" with 0 € I'~ such that RY =T-ulTul'*t. A
point z € RY is said to be below (on or above) I'if x € I~ (z € I or z € I'"). A nonempty
set S C RY is said to be on I' if S C T; S is said to be below (above) I' if S € (I'" UT)
(S C(TUTT)) but S ¢ T'; S is said to be strictly below (strictly above) T if S C T'~
(Scrh).

For v € RJX and any J C Iy, we define v/ € Rf by ij =wvjiftj e Jand 113] = 0 otherwise.
Then v/~ = v and v? = 0. Let |J| denote the number of elements in .J.
We view Nycpmy as Rf and denote the nonnegative half z;-axis by X;.

With the above notation, the condition (a3) given in section 1 can be simplified as fol-
lows:

(a3)" For any nonempty J C Iy and for any point = € [0,r] which is on T'; for some
i € J but on or below I'; for all j € J, the functions Tj(xIN\J +ta’),j € J, are
increasing for ¢t € [0, 1].

Note from (5) and (16) that the plane I'; intersects the half axis X; at a point @, i.e.
[N X; ={Q;}, with r; as its ith component and 0 as other components. Thus, T has N
axial fixed points Q;,7 € Iny. Clearly, 0 is a repelling fixed point since the Jacobian matrix
of T' at the origin is DT(0) = diag{G1(0),...,Gn(0)} with G;(0) > 1 for all i € Iy by
(al). We shall see that the point r = (r1,...,75)7 > 0 plays a very important role in this
paper.

For any point « € RY, the positive orbit v*(z) is defined as

(17) Y () ={T"(z) :n=0,1,2,--- }.

If T is invertible, then the negative orbit v~ (z) and the orbit v(x) can be defined as
(18) 7 (@) ={(T)"(@) :n=0,1,2,-}
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and y(z) = v (z) Uy~ (z). The positive limit set w(z) and the negative limit set «(z) are
defined as usual: w(z) = N2 v+ (z(n)) and a(z) = N2y~ ((T-H)"(x)). A nonempty set

S c RY is said to be invariant if T(S) = S, positive invariant if T(S) C S, and globally
attracting if w(z) C S for all z € RY.

Denote the open ball centred at € RY with radius § > 0 by B(z,4). A fixed point
T* € Rf is called stable if for any € > 0 there is a 6 > 0 such that x € B(z*, ) ﬂRf implies
z(n) = T"(x) € B(z*,e) NRY for all integers n > 0. For a nonempty subset J C Iy and a
fixed point z* € RY \ {0} with z} > 0 if and only if i € J, z* is said to be globally attracting
if for any x € RY \ (Uje m;) we have w(z) = {2*}, and globally asymptotically stable if it is
stable and globally attracting. Therefore, for a globally asymptotically stable fixed point
¥ > 0,if z* € intRf then it attracts all the interior points; if x* € 8Rf it attracts not
only the interior points but also the boundary points with x; > 0 for all ¢ € J.

The principal idea of proving global attraction of a fixed point z* € RY \ {0} is as fol-
lows:

(i) If there is a point u(®) > 0 such that y > u(® for all z € RY \ (Ujeym) and all
y € w(x), then we can always find a point v(® > u(9) such that w(z) C [u(®, ()]
for all z € RY \ (Uje m).

(ii) If w(z) € W@, 0] for all € RY \ (Use m;) then we can always find a point u(!)
with u(® < u < v such that w(z) C [w®, 0] for all x € RY \ (Uie ;).

t;lle aSSllIIl[)l i()“S.

The proofs of these are technical, so we leave them to later sections except the proof for
(i) (Proposition 2.1) with the following reason: At this stage we need to observe that the
cell [0,r] is positive invariant and globally attracting. Instead of giving a direct proof for
this observation here, we prove Proposition 2.1 from which the observation immediately
follows.

Let J C Ix be a nonempty set and let u € Rf such that u; = 0 for each i € Iy \ J and
wely for all j € J. Define v > u by

Uj; if U,EFZ‘UFZF,

(19) Vi€ In, :{ ri— (AuN, i w e Ty

Then v is on or above I'; for all i € Iy. Moreover, fqr any w > u, if w; > v; for some
i € Iy then w is above T'; since (Aw); > v; + (Au™\M3); = r;. From (19) we see that if
u =0 then v = r.

Proposition 2.1. Assume the existence of a nonempty set J C Iy and a point u € ]Rf
satisfying u; = 0 for alli € I\ J and u € L'y for all j € J such that w(zx) C Rf(u) for
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all v € RY \ (Ujeym;). Then, for (1) with (2)-(5) and (al)—(a3) and v defined by (19),
w(x) C [u,v] for all z € RY \ (Useym;) and T(y) < v for ally € [u,v].

Proof. Take an arbitrary ¢ € Iy and an arbitrary z € RY\(Uje ;). Thenw(z) C RY (u) by
assumption. Thus, for any small enough § > 0, there is Ny such that v (TN (z)) C RY (v/),
where v’ € [0, u] with v} = max{0,u; — d} for all j € In. So z(n) > v’ for all n > Ny. Let
v’ > 4/ be defined by (19) with the replacement of u,v by « and v'. If TN'(z) > v} then
TN (z) € T/ by (16) and (19), so Z}NIH(:C) < TiN1 () and z;(n) is decreasing in n as long
as #(n) € T'j for n > Ny. Thus, either there is an integer K > Nj such that z;(K) < v
or z;(n) > v} for all n > Ni. In the latter case, x(n) € T'J so the sequence {z;(n)}
is decreasing and bounded below by v;. We claim that lim, ;i 2;(n) = v. Indeed, if
zi(n) L n > vl as n — +oo, then (Az(n)); > (A~ + 1 > r; so Gi((Az(n));) <
Gi((Au'~N\h), 4 ) = € < Gi(ry) = 1 for all n > N and

xi(Nl + k + 1) = .CL‘Z'(Nl + k‘)GZ((AiL‘(Nl + k))l> < f:BZ(Nl + k) < §k+1xi(N1) —0
as k — +oo, a contradiction to x;(n) > v} for all n > N;. This shows the above claim.
In the former case, we show that x;(n) € [u},v]] for all n > K. If 2(K) € T; UT/, then
Gi((Az(K));) <1 so
(K +1) = Tj(x(K)) = 2;(K)Gi((Az(K))i) < 2i(K) < vj.
If 2(K) € Ty, then G;((Az(K));) > 1 and there is y € T'; such that (y — z(K))~\} =0,
2i(K) <y = ri — (Az(K)W\M), < gy — (AN = o

and y; = T;(y). By (a2), T;j(z(K)) < T;(y) = yi < v. This shows that T;(z(K)) < v} if
z;(K) < vl. Repeating the above process, we obtain z;(n) < v}, so z;(n) € [u},v}], for all

n > K. Then w(z) C [u/,v'] follows from the arbitrariness of i € Iy. By letting § — 0 we
obtain w(z) C [u,v] for all z € RY \ (Uje m;).

For any y € [u,v] and i € Iy, if y € (T; UT}) then T;(y) < y; < v;. If y € T; then

there is a § € I'; such that (5 — y)"V\{#} = 0. By (a2), Ti(y) < Ti(§) = % < v;. Hence,
T(y) <w. O

From Proposition 2.1 with u = 0 we see that [0, r] is positive invariant and globally attract-
ing on Rf . Since (al) implies that 0 a repelling fixed point, we also observe that system
(1) with (2)-(5) and (al)—(a3) on RY \ {0} has a closed invariant set in [0, 7]\ {0} that is
a global attractor.

Proposition 2.2. There is a closed invariant set Sy C [0,7]\ {0} that is a global attractor
of system (1) with (2)-(5) and (al)~(a3) on RY \ {0}.
Proof. Let S1 = [0,7] \ NieryI; - Since 0 < Gi((Ar);) < 1 and G;((Ar);) < Gi((Ax);) <
G;(0) for all s € Iy and z € [0, 7], we have

0o = min{G1((Ar)1),...,Gn((Ar)N)} € (0,1].
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Let
Sy ={z €[0,r] : x = dy for some y € S1,0 € [dp, 1]}.

Then Sy is closed and S1 C S2 C [0,7] \ {0}. Since T'(z) > z,T(z) # x for all z €
Nicry Iy \ {0} and T'(z) > dpz € Sy for all x € Sy, by the positive invariance of [0, 7] the
set Sy is positive invariant. As [0, 7] is globally attracting on Rf and 0 is repelling, we can
easily check that Sy is globally attracting on RY \ {0}. Then Sy = N> 7™ (S2) meets the
requirement. O

Note that under conditions which guarantee the existence of a carrying simplex X, we must
have Sy = X.

For a fixed i € I, consider the following geometric condition

(20) Vk e In\ {i},TrN[0,7] N7 is strictly below I';

and the algebraic inequality

(21) max{0, a;;(r; — (ATIN\{i’j})j)} <1 — (ArIv MBIy
Our next proposition establishes the relationship between (20) and (21).
Proposition 2.3. Regarding (20) and (21) the following statements hold.

(i) Let J C Iy with |J| > 1. If (20) holds for all i € J, then (21) holds for alli,j € J
with © # j.
(ii) Conwversely, if (21) holds for a fized i € Ix and all j € In \ {i}, then (20) holds.
(iii) Hence, condition (20) holds for all i € Iy if and only if (21) holds for all i,j € In
with i # j.

Although the proof of this proposition is similar to that of Lemma 2.4 in [17], to ease the
pain of juggling between different contexts under different notation, a self-contained proof
of Proposition 2.3 is provided in Appendix 2 at the end of this paper.

3. MAIN RESULTS

We shall see that the global attraction of an interior or boundary fixed point x*, even its
existence, will be determined purely by the relative position of the N planes I'y,...,I'y on
[0,7] N m; for all i € Iy. If 2* € intRY, the Jacobian matrix of T' at z* is

(22) DT (z*) = I + diag[z{G(r1), ..., 285G\ (rn)]A.

If 2* € ORY such that z; = 0if and only if j € J C Iy, then DT'(z") is given by (22) with
the replacement of 1 on the jth row of I by G;((Axz*);) for all j € J.
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3.1. Results for global attraction. Our first expected result is for existence and global
attraction of an interior fixed point.

Theorem 3.1. Assume that I'; N[0, 7] N7, is strictly below Ty for each i € In and every
Jj € In\{i}. Then system (1) with (2)-(5) and (al)—(a3) has a unique interior fized point
z* € [0,7] NintRY and it is globally attracting in intRY .

Note that if the point r/¥\{?} is below Ty, then the set [0,7] N m; = [0,7/¥\{3] is strictly
below I';, so I'; N [0,7] N 7; is strictly below I';. This particular case of Theorem 3.1 is
stated as a corollary below.

Corollary 3.2. Assume that r'N\M@ s below T'; for all i € Iy. Then the conclusion of
Theorem 3.1 holds.

The next result is for existence and global attraction of a general boundary fixed point.

Theorem 3.3. Let J C I with 1 < |J| < N — 1. Assume that the following conditions
hold.

(i) For each i € J and every j € In \ {i}, T; N[0, r] N7 is strictly below T';.
(ii) For each k € In \ J, there is an iy € J such that T, 0 (Njery\s7j) s below I';, .

Then system (1) with (2)-(5) and (al)—(a3) has a fized point * € [0, 7] with x} > 0 if and
only if i € J and x* is globally attracting.

Remark 1. Note from Theorem 3.1 that condition (i) in Theorem 3.3 ensures that the

| J|-dimensional subsystem has a globally attracting fixed point in intRL‘Z', so system (1)
has a fixed point z* € [0,r] with 2} > 0 if and only if i € J. From the proof given later we
shall see that the global attraction of z* in RY \ (Uje7;) requires that

(#4)" x* is on or above Ty for every k € Ix \ J.

Since z* € Nje Iy, it is clear that condition (ii) in Theorem 3.3 guarantees (i7)" above.
Thus, if we know z* already, we may replace (ii) by the weaker condition (i¢)’. However,
for global asymptotic stability of 2*, we require that every eigenvalue A of DT'(z*) satisfies
|A| <1 (see Theorem 3.9 in the next subsection). Since each Gj((Ax*)g) for k € In \ J
is an eigenvalue of DT'(z*) and Gi((Az*);) < 1 if z* is above I'g, for global asymptotic
stability, * must be above 'y, for all k € Iy \ J.

Corollary 3.4. Assume that r'N\M@ is below T; for alli € J. Then there is a fized point
x* e Rf such that 7 > 0 if and only if i € J. If z* is on or above I'; for all j € IN \ J,
then x* is globally attracting.

So far the above results are stated under geometric conditions in terms of the relative
position of the nullcline planes restricted to [0,7] N 7; for ¢ € In. For convenience in
checking these geometric conditions, we need to find equivalent algebraic conditions in
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terms of a;; and r; only. Actually, Proposition 2.3 serves this purpose. By Proposition 2.3
(iii), Theorem 3.1 can be restated as follows.

Theorem 3.5. Assume that
(23) Vi, j € In(i # j), max{0,as;(r; — (Ar'v\BIH ) <y — (A BT,

Then system (1) with (2)-(5) and (al)—~(a3) has a unique fived point x* € [0,r] N intRY
and it is globally attracting.

Note that the point #/¥\{#} is below T'; if and only if (Ar/~\{#); < r; which is the same as
(Ar); < 2r;. Then Corollary 3.2 can be restated as follows.

Corollary 3.6. Assume that Ar < 2r. Then the conclusion of Theorem 3.5 holds.

The condition that 'y N (Njery\s7;) is below I';, means that a;, jry, < agjr;, for all j € J.
Then, by Proposition 2.3 (ii), we restate Theorem 3.3 and Corollary 3.4 below.

Theorem 3.7. Let J C In with 1 < |J| < N — 1. Assume that the following conditions
hold.

(i) For each i € J and every j € In \ {i},
max{0, a;;(rj — (Ar ) )Y <y — (ApIV MY,

(ii) For each k € In \ J, there is an iy € J such that a; jri, < ag;ry, for all j € J.

Then system (1) with (2)-(5) and (al)—(a3) has a fized point x* € [0, r] with 7 > 0 if and
only if i € J and x* is globally attracting.

Corollary 3.8. Assume that (Ar); < 2r; for alli € J. Then there is a fixed point =* € Rﬂ\r]
such that 7 > 0 if and only if i € J. If (Ax*); > r; for al j € In \ J, then x* is globally
attracting.

3.2. Results for global asymptotic stability. In this subsection, we first state a general
theorem for global asymptotic stability when global attraction is know. Then we give
a particular case of Theorem 3.7 when an axial fixed point is globally asymptotically
stable.

Theorem 3.9. Assume that z* € Rf \ {0} is a globally attracting fized point. Then the
following conclusions hold: (i) If each eigenvalue X\ of DT (x*) satisfies |\| < 1, then x* is
globally asymptotically stable. (i) If DT (x*) is invertible and has an eigenvalue A satisfying
|A| > 1, then there is a homoclinic cycle.

Proof. (i) If each eigenvalue A\ of DT'(z*) satisfies |\| < 1, then x* is locally asymptotically
stable. Then the global asymptotic stability of x* follows from its local stability and global
attraction. (ii) If DT'(x*) is invertible and has an eigenvalue A satisfying |A\| > 1, then
there is a point € RY \ ({2*} Ujes m;) such that a(z) = {z*}. By the global attraction
of z*, we also have w(x) = {z*}. Then v(z) with 2* forms a homoclinic cycle. O
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Remark 2. We shall see examples in section 4 demonstrating the application of Theorem
3.9 (i). But we are not sure whether examples of the case for Theorem 3.9 (ii) exist. See
the open problems in section 7.

The next theorem is for global stability of an axial fixed point @);.

Theorem 3.10. Assume that I'; N [0,7] N7 is strictly below I'; and Q; is above I'; for
some i € Iy and all j € Iy \ {i}. Then Q; is globally asymptotically stable.

The following is a particular case of Theorem 3.10 with a simple condition that /~\#} is
below T';.

Corollary 3.11. Assume that rIN\E s below T; and Q; is above I'; for some i € In and
all j € In \ {i}. Then Q; is globally asymptotically stable.

The condition that the axial fixed point (); is above I'; holds if and only if a;;r; > r;. Then,
by Proposition 2.3 (ii), Theorem 3.10 and Corollary 3.11 can be restated as follows.
Theorem 3.12. Assume that r; < ajr; and

(24) max {0, a;;(rj — (Ariv\BIH Y <y — (AP BT},

for somei € In and all j € IN\{i}. Then the axial fized point Q; is globally asymptotically
stable.

Corollary 3.13. Assume that (Ar); < 2r; and r; < ajr; for some i € In and all j €
In\{i}. Then Q; is globally asymptotically stable.

3.3. Combination of the results for global attraction and Theorem 3.9. After
stating the criteria for global attraction of an interior or boundary fixed point and the
additional condition required for global asymptotic stability, we are now able to combine
Theorems 3.1, 3.3 and 3.9 into a unified version of these results.

Theorem 3.14. Let J C Iy with J # 0. Assume that for eachi € J and every j € IN\{i},
;N [0,r] N7 is strictly below T'y. Then system (1) with (2)-(5) and (al)—(a3) has a fived
point x* € Rf such that x7 > 0 if and only if 1 € J. If either J = In or

(i) for each k € In\ J, there is an i}, € J such that Ty N (Njcry\g75) is below Ty,
then x* is globally attracting. In addition, if

(ii) every eigenvalue A of DT (x*) satisfies |A| < 1,
then x* is globally asymptotically stable.

Combination of Corollary 3.2, Corollary 3.4 and Theorem 3.9 gives the following corol-
lary.
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Corollary 3.15. Let J C Iy with J # 0. Assume that r'N\U} s below T; for each i € J.
Then system (1) with (2)—(5) and (al)—~(a3) has a fized point x* € RY such that z} > 0 if
and only if i € J. If either J = In or

(i) «* is on or above I'; for all j € In\ J,
then x* is globally attracting. In addition, if

(i) every eigenvalue A of DT (z*) satisfies |A| < 1,
then x* is globally asymptotically stable.
Using Proposition 2.3 and combining Theorems 3.5, 3.7 and 3.9, we obtain the following
theorem.
Theorem 3.16. Let J C Iy with J # (). Assume that

max{0, a;;(r; — (ATIN\{i’j})j)} < ri — (ArTv By,

for each i € J and every j € In \ {i}. Then system (1) with (2)-(5) and (al)—(a3) has a
fized point z* € Rf such that x7 > 0 if and only if 1 € J. If either J = In or

(i) for each k € In\ J, there is an i, € J such that a; jry < agjry, for all j € J,
then x* is globally attracting. In addition, if

(i) every eigenvalue A of DT (x*) satisfies |A| < 1,
then x* is globally asymptotically stable.
Combination of Corollary 3.6, Corollary 3.8 and Theorem 3.9 gives the following corol-
lary.

Corollary 3.17. Let J C Iy with J # 0. Assume that (Ar); < 2r; for alli € J. Then
system (1) with (2)—(5) and (al)—(a3) has a fived point x* € RY such that x} > 0 if and
only if i € J. If either J = In or

(i) (Az*); > forall j € In\ J,
then x* is globally attracting. In addition, if

(i) every eigenvalue A of DT (z*) satisfies |A| < 1,
then x* is globally asymptotically stable.

4. SOME EXAMPLES

The results obtained in section 3 above are for system (1) with (2)—(5) and (al)—(a3).
Since the Ricker models (6), the Leslie-Gower models (7), the Atkinson-Allen models (8),
the extended Atkinson-Allen models (9) and models formed by any combination of (6)—(9)
with (3) and (5) satisfy (al)-(a3), these results can be directly applied to such models.
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We first apply our results to these four models with N = 2 and derive simple conditions
for global asymptotic stability. Then we analyse the global stability for three dimensional
systems of these four models with a circulant matrix A and r = r¢(1,1,1)7 for ro > 0. An
example of 4-dimensional system is given to demonstrate the global asymptotic stability
of an axial fixed point. A final example is for a system of combination of the four models
having a general boundary fixed point.

Example 4.1. Consider the two-dimensional system (1) with (2)—(5) and (a1)—(a3). Then,
with a > 0 and 8 > 0, the matrix A and the component equations of Az = r for I'y and
I's can be written as

A= < ; Cll >, Flz{xeRi:xl—i—am:n}, ng{xERi:ﬁxl—Fxg:m}.
The system has axial fixed points @1 and Q2 with coordinates (r1,0) and (0, r2) respectively.
Then @ is below (above) I'y if and only if fr; < ro (Br1 > r2), and Q2 is below (above) I'y
if and only if are < 71 (ary > ry). If there is an interior fixed point z*, then x] = H=2722

1—aB
x _ T2—PBr1
Ty = =55 and

1+ 2iGi(r1)  aziGi(r) )
DT(x*) = 1Y1 1¥1 .
@)= (S e
The two eigenvalues Aj 2 of DT'(z*) are
Lo« «
Mg =1+ S[(21G1(r1) + 25Gs(r2)) + 2],

where

7 =\ (@iG(r1) + a3Gh(r2))? — dafa3Gh(r)Gh(ra) (1 — af).
By (al), Gi(r1) < 0 and G4(r2) < 0. If 1 —afB > 0 then Z > 0 and A2 < \; < 1. To
require [A1 2| < 1, we only need Ag > —1 or A\g — 1 > —2. This is equivalent to

44 (271G (r1) + 25G5(r2)) > Z.
If 4 + (235G (r1) + 5G4 (r2)) > 0, the above inequality can be simplified as
4+ 2(21G1(r) + 25G5(r2)) + 212561 (r)Ga(r2) (1 — aB) > 0.
As 225G (11)G5(r2) (1 — af) > 0, if
(25) 2+ (271G (r1) + 25G5(r2)) = 0,
then |A\; 2| < 1. By Corollaries 3.11 and 3.2 and Theorem 3.9, we obtain the following.

Theorem 4.2. The following statements hold for (1) with (2)-(5) and (al)—(a3) when
N =2 and A is given above.

(i) If Br1 < re and arg > r1, then Q2 is globally asymptotically stable.
(ii) If pr1 > ro and ary < 71, then Q1 is globally asymptotically stable.

(iii) If Br1 < ro and arg < r1, then there is a globally attracting interior fixed point x*.
In addition, if (25) holds then x* is globally asymptotically stable.
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Next, we check that the inequality (25) holds for each of the four models (6)—(9) under the

u

condition 1 < re and ary < r1. Clearly, af < 1. For Ricker models, G;(u) = e"™", so
Gi(ri) = —1 and
" " i —ary  ro—[fr
2+ (@Gi(r) +a3Ch(ra)) = 2- At 2T
rr—afry  ro— Bary
> 92— — =2—1r1 —719.
- 1—ap 1—ap e
Then (25) follows from 0 < r; < 1. For Leslie-Gower models, G;(u) = 1112, so Gj(r;) =
—ﬁ and
- — pr
2+ *G/ + *G/ — 2_ Tl O[TQ o TQ
(#1G1 () + 23Ga(r2)) 1I+r)(1—-af) (Q+r2)(l—apf)
1 T9

> 0.

9 _ _
147 147

For Atkinson-Allen models, G;(u) = b+ 2(11_;;) with 0 < b < Land r; = 1, so G}(r;) = —15°
and

(I-a)(1-b) ([@=pF)(1 =0

* Y/ * Y/ —_ _ —_
24 (21G1(r) + 23G5(r2)) = 2 201 — af) 2(1 — af)
1-b 1-b
> — e ——— .
> 2 5 5 1+b6>0
For generalised Atkinson-Allen models, G;(u) = b; + qul%bi)? so Gi(r;) = — %;iz and
1—=01)(r1 —ary) (1 —="b)(re — Br1)
2+ (231G 5G! = o Uzh -
T @G (ry) +2305(r2)) A+m)(i—ap)  (A+r)1-ap)
1 (]
> > 0.

9 _ _

IT+rm I+4mr
Therefore, from Theorem 4.2 (iii) we see that if Sr1 < re and are < ri, then there is a
globally asymptotically stable interior fixed point z* for the four models (6)—(9). Note
that, under the conditions @ > 0 and S > 0, the results obtained here for Ricker and
Leslie-Gower models is consistent with those given in [5].

Example 4.3. Consider the four models given by (6)-(9) with N = 3, r; = rg > 0 for
i € I3 and, with o« > 0 and 8 > 0,

(26) A=

™~
= = Qo
Q™

Then Ax = r has a solution z* € intRi with zj = lJrgioﬁg for 1 € Is. We now derive a
condition for global attraction of z* by using Theorem 3.5. For i = 3 and j = 1, (21)
becomes

max{0, az (r1 — (Art#)1)} < 73 — (ArtH);,
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3

A B=@-D7+2

1‘\/47

a=(B-D*+;

FIGURE 1. A stability region for (a, 3) obtained by Theorems 3.5 and 3.9.

ie.

(27) max{0, a(ro — arg)} < ro — Bro.

As rg > 0, (27) implies that 8 < 1. For i = 3 and j = 2, (21) becomes
maX{O,agg(T'Q — (Ar{l})g)} <rg— (A?"{l})g,

i.e.

(28) max{0, 5(ro — fro)} < ro — aro,

from which follows o < 1. Then (27) and (28) can be simplified as

(29) 0<a<1,0<8<l,a+B(1-08)<1,f+a(l—a) <1

Then, by Theorem 3.5, z* is globally attracting if o and S satisfy (29). The («, ) region
given by (29) is shown in Figure 1. Note that this region is independent of the value rg
and it is a region for global attraction of z*. (It may not be the largest region for global
attraction. See comparisons given after the proof for global asymptotic stability.)

Next we show the global asymptotic stability of *, when («, ) is in this region, for (6) with
0<ro<1,for (7) with 0 < 79 < +o0, for (8) with o = 1, and for (9) with b; =b € (0,1)
and 0 < rg < +00.

For (6) with r; = 79 € (0,1], we have G;(u) = €™ " and G}(r;) = —1 so DT (z*) =
I — 72454, As Ais a circulant matrix, and so is DT'(z*), we can easily check that
DT(z*) has eigenvalues \y =1 —1rg € [0,1) and
1 .
o3 = {20+ a+ ) —ro(2 — a— B)] £ iV3rola — A|}.

21+ a+p)
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Then [Ag 3| < 1 if and only if
2(1+a+p) —ro(2 —a =) +3rj(a — B)? <4(1 +a+ B)?,
which is simplified to
rolla+ B — 22 +3(a — B)%] <4(1+a+B)(2—a— ).
Since 0 < rgp < 1, the above inequality holds if
(@+5-27+3(a-pB)? <4(l+a+p)(2—a—p),
which can be simplified to
(30) 2(a*+ %) +af < 1+2(a+B).
By a < 1and 3 < 1, we have 1(a+ 8) < 1 so

200+ 8% +aB < 2+ 5%+ (a + %)

< 2(a+5)+%(a+5)<1+2(a+ﬁ).

Thus, (30) holds and |2 3| < 1. By Theorem 3.9, z* is globally asymptotically stable.

For (7) with r; = 9 € (0, —i—oo), we have G;(u) = llfrﬂ and Gj(r;) = 1—}-77“ so DT (z*) =
— e 1+a+5Aw1th0 < (8) with b € (0 1) and r; = 1, Gi(u) = b+ 212 and
Gi(ri) = =352 so DT (z*) = I 1= o JrBA with 152 € (0,1). For (9) with b; =b € (0,1)

and r; = 1y, Gi(u):b%—(lﬂ&#and Gi(ri) = — 1+r , s0 DT'(x )—I—rol(imb)HéJrﬂA

with T01(ir ) € (0,1). Then, by the same analysis as that for (6), the eigenvalues of DT'(z*)

satisfy [A| < 1, so z* is globally asymptotically stable.

We have mentioned in section 1 that the stability problem for three-dimensional Ricker
models and Leslie-Gower models were dealt with in [4], [5] and [11]. (There might be other
references, but these three are the latest.) Now it is time to compare our stability region
in Figure 1 and those given in the references.

We first state that the stability region obtained by using the criteria for global asymptotic
stability given in [5] and [11] is the open rectangle

(31) {(a, ) : 0<a<1,0<p <1}

for each of the four models under the assumption that the carrying simplex exists. For the
four models with A given by (26), from Example 4.1 or by the computation given in [5]
for general planar systems, we know that (31) is the condition for each axial fixed point to
be a repeller on the carrying simplex and for the existence and global asymptotic stability
of a fixed point P; € 7; in the interior of each boundary plane m;. We now show that each

P; is a saddle point. Note that P53 has coordinates (7"01(1 ag), rg(la 5 ) ,0). For Ricker models,
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_a(l-a)+B(1-p)
DT(P3) has an eigenvalue e~ (AF)s — erod =as ). Under the condition (31), we
have

af+a(l—a)+p(1-0) < 1(0424—62)4—04—@2—1—5—62

2
1
= l0-a?+ (-8 -2 <1,
so e’0~(APs)s > 1 and Pj is a saddle point. Similarly, P, and P, are also saddle points. By

Theorem 2.1 in [11] we know that the interior fixed point * of Ricker models is globally
asymptotically stable. The above analysis for each P; to be a saddle point for Ricker models
is also applicable to the other three models. By Remark 2.1 in [11], the interior fixed point
x* is globally asymptotically stable for all of the four models. Comparing our region in
Figure 1 with (31) we see that neither of them is contained in the other. Obviously, our
theorems permit @ = 0 or 8 = 0 or both, but the existence of carrying simplex requires
a>0and 8 >0. If a >0, 8> 0 and the carrying simplex exists, then the region given
by (31) is larger than our region in Figure 1. In particular, the carrying simplex always
exists for Leslie-Gower models [24]. However, for Ricker models with (26) and r; = rg > 0,
a sufficient condition for existence of a carrying simplex (e.g. Lemma 2.1 in [11]) requires
that ro satisfies 0 < rg < ﬁ Does a carrying simplex exist for Ricker models when

ﬁ < 19 < 17 In case a carrying simplex does not exist, the stability region (31) is
invalid and our region in Figure 1 is safe.

Next, we compare our stability region in Figure 1 with the conditions obtained in [4] by
using Liapunov function method. For Ricker models to have an interior fixed point z* that
is globally asymptotically stable, a sufficient condition given by Theorem 1.4 in [4] is that

0<a,0<B,0<rg<1, a+ B <2, and either

(32) 3ro(l+a’+ 8 —a—f-af) <(2—a-p)(1+a+p)
or
(33) ro(5—a® =2 —ba—58+T7af) > (2—a—p)(1+a+f).

(Note that the Ricker models given in [4] has the form T;(x) = x; exp(ro(1 — (Ax);)), which
is different from our (6). But a simple scaling y = x/ry will transform (6) to the form
given in [4].) Clearly, this is not applicable when o = 0 or 8 = 0 or both, so our stability
result has an advantage in this case. When a > 0 and 8 > 0, since the region in Figure
1 is independent of ry whereas both (32) and (33) depend on rg, it is hard to see which
one is better. For a = 0.99, 5 = 0.01, 79 = 0.9, the inequalities in (29) hold but calculation
of the two sides of (32) gives 2.61981 > 2 and calculation of the two sides of (33) gives
—0.81981 < 2, so neither (32) nor (33) is met. For o = 0.5,8 = 1.2,r9 = 0.5, (o, B) is
neither in the region defined by (29) nor in the region defined by (31). But calculation of
(32) gives 0.585 < 0.81 so (32) is satisfied. These particular instances demonstrate that
the stability condition for Ricker models obtained here and those in [5], [11] and [4] are
mutual supplements. For Leslie-Gower models, a stability condition given by Theorem 1.3



GLOBAL STABILITY 19
in [4] is that 0 < «, 0 < 3, a + 8 < 2, and either
(34) (1471 +482 —4a—48—aBf+1)<3(®+B2 —a—B—aB+1)
or
(35) 3(14+70)(1 —2a =28+ 3aB) >5(1 —a—B) +7af —a* — 52

For a = 0.01,8 = 0.99,79 = 3, the inequalities in (29) are met. But calculation of the
two sides of (34) gives 3.6436 > 2.9109 and calculation of the two sides of (35) gives
—11.6436 < —0.9109, so neither (34) nor (35) is satisfied. For a = 0.5,8 = 1.2,19 = 1,
neither (29) nor (31) is not met, but (34) holds. Therefore, the stability condition for Leslie-
Gower models obtained here and those in [5], [11] and [4] are mutual supplements.

Example 4.4. Consider the four models (6)—(9) with N =4, r; =rg > 0 for i € I and

1 a2 ais

a 1 a
A= 21 23

az1 azx 1
1 1
i 0 3

ok W

Then (Arf\#)y = irg + 1rg < 7y so [0,r4\4}] is below I';. The axial fixed point
Q4 = (0,0,0,70)" satisfies (AQu)1 = 2ro > 7o, (AQ4)2 = 3r > 10, (AQ4)3 = 479 > 10 SO
Q4 is above ', I'y and I's. Then, by Corollary 3.11, @4 is globally asymptotically stable.

Example 4.5. Consider the three-dimensional system (1) with (2), where r; =ry =13 =
L,

_ 2 2(1-0)
_1-u _ _
Gl(’u) =€ y G2(u) - 1 +U? G3(U) =b+ 14w
with b € (0,1) and, with a € [0, 1),
1 o 4
A= a 1 %
1 1 1

Note that 7 N I'y is given by axo + %563 =1, m NIy by zo + %xg =1, and m; N '3 by
T9+ x3 = 1. From the three equations we see that w1 NI'g is below 71 NI'y, which is below
m1 NT1. By drawing the three lines we see that [0,7] N N (I UT'3) is strictly below T'y.
Similarly, [0, 7] Nwe N (T'1 UT'3) is strictly below I'y. We can check that «* = (p%a, 1-%17 0)”
is a fixed point satisfying (Az*)3 = p%a > 1, so z* is above I'3. Then, by Theorem 3.3, z*
is globally attracting. We show that the eigenvalues of DT'(z*) satisfy || < 1. From (22)
and the lines below it we know that
2(1-10) 2+ 2

G3((Ax™)3) = b =b 1-b
3(('%')3) +1+1+% +3+a( )
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is an eigenvalue. As 0 < 2+2a < 1, we see that G3((Ax*)3) € (0,1). The other eigenvalues
of DT(x*) are those of

(Mrzgien edicin) )t i)
- a 14+2a .

ar5Gy(ra) 1+ x3G5(r2) T2(1+a) 2(1+a)

Its two eigenvalues are

1
)\1’2 1+4Oé:|:\/1—|-80z2

41 +a) )

As o € [0,1) implies V1 + 8a? < 3, we see that A1 2 € (0,1). Thus, the eigenvalues of
DT (z*) satisfy |A\| < 1 so that z* is globally asymptotlcally stable by Theorem 3.9.

5. PROOF OF THE MAIN THEOREMS

Note that Theorems 3.5-3.7 and Corollaries 3.6-3.8 are restatements of Theorems 3.1—
3.3 and Corollaries 3.2-3.4. Note also that Corollaries 3.2-3.4 are particular cases of
Theorems 3.1-3.3. Hence, we need only prove Theorems 3.1-3.3. We shall adopt the
following strategy: prove the local stability of @); under the conditions of Theorem 3.10
first, then provide a unified proof for existence of a fixed point x* with x;‘ > 0 if and only
if j e JC Iy, 1<]J| <N, and its global attraction under the conditions of Theorem
3.3. Then this proof is for Theorem 3.1 when |J| = N, i.e. J = Iy, so that Iy \ J =0
and condition (ii) in Theorem 3.3 is redundant. When |J| =1, i.e. J = {i} for some fixed
i € Iy, the proof is for global attraction of @); in Theorem 3.10.

Proof of Theorem 3.10. From (22) and the lines below it we know that

T(Q;) = diag[G1((AQi)1), ..., Gn((AQi)N)] + A,

where the ith row of A is (r;G%(r;)ai, . .., 7:G'(ri)a;n) and each of the other entries of A
is 0. Under the conditions of Theorem 3 10, Q; is above T'j, so (AQ;); > r; and the jth
eigenvalue of DT'(Q);) satisfies G;((AQ;);) € (0,1), for all j € In \ {i¢}. The ith eigenvalue
of DT(Q;) is Gi((AQi):) + riG (n)aii =1+ riG;(ri). By (a2), uG;(u) is increasing so
L uGy(u)] = Gyi(u) +uGi(u) > 0 for u € [0,7;]. Thus, 1+7;G}(r;) = Gy(r;) +1:;Gl(r;) > 0.
By (al), G(ri) < 0so 1+r;G(r;) < 1. Since Q; is globally attracting (to be proved later),
by Theorem 3.9, Q); is globally asymptotically stable. O

The lemma below is for existence of a fixed point x* in Theorem 3.1.
Lemma 5.1. Assume that

(36) Vi,j e In(i#j), I;N[0,r]Nmis strictly below I';.

Then there is a point 0 < z* < r such that Nier Iy = {z*}.
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(a) (b)

FIGURE 2. Configuration of h([u,v] N (Urefijy(Tk UT))) for ai; = 0, (a)
aj; > 0, (b) i = 0.

The proof of Lemma 5.1 is similar to that of Lemma 3.1 in [17] so we omit it here. Con-
sidering that the proof in [17] is not easy to follow under different context, for clarity we
provide the proof of Lemma 5.1 in Appendix 3.

Let J C Iy be any nonempty subset such that conditions (i) and (ii) of Theorem 3.3 hold.
For this J, let [u,v] C RY be a cell as described in Proposition 2.1, i.e. w(z) C [u,v] for
all z € RY \ (Ujesmj) and T(y) < v for all y € [u,v]. Let Ji C Iy such that v; > u; if
and only if ¢ € J;. Then J C Ji, [u,v] C 7; and [u,v] is above T'; for all j € Iy \ Ji.
Since the dynamics on 7; is not affected by the position of I'; on 7;, we need only consider
the set [u,v] N (Ujes, (L UT))). As J # 0, if J = Ji = {j}, then v € I';, u is below
I'; but is on or above I'; for all i € Iy \ {j}, [u,v] is a line segment on the z;-axis, so
[u, v]N(Uies, (T;UT)) = [u,v]N(L;UT) = [u, v] is a convex set. However, if [J1| = k > 2,
[, v] N (Uje s, (T UT;)) may not be convex. In general, let h([u, v] N (Uijes, (I;UL))) be a
convex set containing [u,v] N (Uses, (I UT;)) and bounded by the surface planes of [u, v]
and possibly a plane I' such that [u,v] N (Uje, (I UT;)) is below I' and has as many
touching points with I" as possible. For example, when |J;| = 1 with J; = {j},

h(lu, v] N (Uies, (Ti UTT))) = A(fu, o] N (T UTT)) = A([u, v]) = [u,v].
When |Ji| = 2 with J; = {i,j}, there are following three cases for the configuration of
h(u, v] N (Ugegi iy (Te UT))).
Case 1: a;; = 0. No matter whether a;; = 0 or aj; > 0, we always have

[u, v] N (Upeqijy(Te UTE)) = [u, 0] N(L; UT) = [u, ],

s0 h([u, v] N (Upeqijn(Tk UTY))) = [u,v] as shown in Figure 2.
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() (b) (c)

FIGURE 3. Configuration of A([u,v] N (Upegijn(Tk U TY))) when a;; >

0,a;; > 0 and [u,v] N T} is on or below I';. (a) I'; i, (b) u; >0,
(c) u; =0.
A v
5 r
x‘y
B
Iy

FIGURE 4. Configuration of h([u,v] N (Upe;3(Tx UT}))) when there is a
fixed point z* in the interior of [u, v].

Case 2: a;; > 0,aj >0, [u,v]NT; is on or below T';. In this case, I' = T'; and
h(lu, v] N (Ukegi (T UTE))) = [u, 0] N (Ugegi (T UTE) = [w, 0] 0T UTT)
as shown in Figure 3.

Case 3: [u,v]NT;NTy = {z*}, u < xf < v for k € {7, j}. In this case, [u, v]N (Upegs 3 (FrU
['})) is a proper subset of A([u, v]N (Uregi, ;3 (T UTY))), which is bounded by the boundary
lines of [u,v] and the line I" determined by A and B shown in Figure 4.
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Let PO : RN — RV~ be the projection such that p@ simply omit the ith component of
each z € RV i.e. PJ(Z) (z) = x; for all j € I\ {i} but P(¥)(x) has no ith component.
Lemma 5.2. Assume that [u,v] as described in Proposition 2.1 contains w(x) for all
z € RY \ (Ujeym) and J C Ji C Iy such that v; > uj if and only if j € Ji. Then
w(x) C h([u,v] N (Uges, (T UTL))) for all x € RY \ (Ujegmi). Moreover, if |J1| > 2, then
for each k € J, w(x) C [ug,vx] x P®)(Sg(w)) for all z € RY \ (Ujeymi), where

Sk(u) = h(me(u) N fu, 0] N (Uge g\ ey (Te UT)))-

As the proof of Lemma 5.2 is lengthy but technical, we shall dedicate the next section to
it.

We now prove the existence of a fixed point «* with z} € (0,r;] if and only if ¢ € J and
the global attraction of x*.

Proof of Theorems 3.1-3.3 for global attraction. If J = Iy, the existence of a fixed point
x* with 0 < z* < r follows from condition (i) of Theorem 3.3 and Lemma 5.1. If J = {i}
for some i € Iy, then z* = @Q); is the required fixed point. In general, if J # I, we can view

the |J|-dimensional subsystem on Njcy,\j7; as a system on ]R'_;_]l. Then, by condition (i)

and applying Lemma 5.1 to this |.J|-dimensional system, we obtain a fixed point z* € RY
with zf € (0,7;] if and only if i € J.

To show the global attraction of z*, we let u = u(t) = ta*, then v = v(t) is defined by (19),
for t € [0,1). We show that for each ¢ € [0,1), w(z) C [u ( ),v(t)] for all z € RY \ (Uje m;).
Then the global attraction of z* follows from [u(1),v(1)] = {z*} by letting ¢t — 1.

From Proposition 2.1 with u = 0 we know that [u(0),v(0)] = [0, ] is positive invariant and
w(z) C [0,7] for all z € RY. Asv =r > 0 = u, we have J; = Iy. By Lemma 5.2 with
u = 0, for each ¢ € J with

S5i(0) = (i N[0, 7] N (Ujery\ iy (T UT;))),
w(z) C [0,7;] x P(S;(0)) for all z € RY \ (Uje ;). By condition (i), the set
N[0, 7] N (Ujery\ i (T3 UT;))
is strictly below I';. By the convexity and definition of the set h(S) for a set S, S;(0) is

strictly below T'; so (Ay); < r; for all y € S;(0). Since S;(0) is compact and S;(0) C m;,
there is a §; € (0, 2z7) such that the set

[0,26;] x PO(B(S:(0),6:) = {x € RY : ; € [0,26,], "™\ € B(S:(0),8,)}
is strictly below I';, so 26; < = < r;, where B(5;(0), ;) is the closure of
B(Si(0),9;) = {y € m; : 3z € S;(0) such that |x — y| < 6;}.
We show that
(37) Vo € RY \ (Ujesm;), w(z) N ([0,8] x PD(S;(0))) = 0.
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Suppose (37) is not true. Then, for some z¢ € RY \ (Uje m;), there is y° E w(zo) N ([0, d;] x
((8;(0))) and an 1ncreasmg sequence {ng} such that T (zg) — y° as k — oco. As
( 0) C [0,7;] x PD(S;(0)), v9 < & < 28; < 1y, and x; < r; implies Tj(z) < r; for any
T € ]R , there is an integer Ng > 0 such that

Vn > No, T (x0) € [0, 73] x PO (B(S:(0),5;)).
For any point z € [0, ;] x P (B(S;(0),8;)) with x; > 24;, there is a point y € T'; such that
(y — o)M= 0. If 2 € T}, by (al) and (a2) we have 2; < Ty(z) < Tj(y) = y; < ri. If
x € '}, by (al) and (a2) again, 20; < y; = Ti(y) < T;(z) < x; < r;. Thus, if T ( 0) > 20;
for some n > Ny then Tl”Jrk( 0) > 26; for all k > 0. As limy_,00 T} " (x0) = 3 < &, we
must have

Vn > No, T"(zo) € [0,26;] x PO (B(S;(0),6;)).
Since the compact set [0,25;] x P (B(S;(0),0;)) is strictly below T, there is an 7 < 7;
such that (Ay); < 7, so that T;(y) = v:iGi((Ay)i) > viGi(75) > v, for all y € [0,25;] x
P (B(S;(0), ;). Thus,

T (0) = T (20) (Gi(ri)* = +oo (k= o0),
a contradiction to the boundedness of {T™(xz¢)}. This shows (37).
Since (37) holds for all i € J, there is a ¢ € (0, 1] such that
Vo € RY\ (Ujesm;), w(z) C RY (u(9)),

where u(0) = dx*. By Proposition 2.1,
(38) Vi € Rf \ (UjEJWj)v w(x) - [u(5)7 1)(5)],

and T'(y) < v(0) for all y € [u(d),v(d)]. We claim that the supremum g of § satisfying
(38) is 1. If not, then v(dy) # u(do), w(z) C [u(do),v(do)] for all z € RY \ (Uje 7;), and
T(y) < v(dp) for all y € [u(dp),v(d0)]. Now with new J; C Iy such that v;(dp) > u;(do) if
and only if ¢ € J1, we see that v;(dp) = u;(dg) = 0 for ¢ € Iy \ Ji and for any ¢ € Jy, by
(19),

vi(80) = i — (Au(do) MM, = 1y — 8o(Az*); + Soz.

If J; = J = {i} for some i € I, then [u(dy),v(d0)] = [00Qs, Qs] is on the x;-axis and JpQ;
is on or above I'; for all j € Iy \ {i} and, by (38), w(z) C [6Q;, Q;] for all z € RY \ m;.
By (a2), Ti(x) is increasing for z; € [dors,73]. So, for any é; € (do, 1], we have w(z) C
[61Qi, Qi) = [u(61),v(61)] for all z € RY \ m;. This contradicts the definition of .

Now suppose |J1| > 2 and we also derive a contradiction. By Lemma 5.2, we have
Vi€ JVx € RY \ (Ujesmi), w(z) C [ui(do),vi(d0)] x PO (Si(u(dp))).
We define an affine map f : RY — R¥ (u(dp)) by
Ve e RY, f(z) = doz* + (1 — &)
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Then f(z*) = z* and f(x) — 2* = (1 — do)(x — x*), so f maps the line segment z*x
to z*f(z) C x*z, [0,7] to f( [0 7"] = [u(do), f(r)], and [0,V to f([0,rIN\EH]) =
[u(3o), f(r™N\E)] for all i € Iy.

For a fixed i € J, f(r'N\) = §oz* + (1 — 6p)r™N M. For any j € Iy \ {i}, if j € In \ 1
then v;(p) = 0 < (1 — do)r; = f;(r'¥\}); if j € J then

Uj (50) = T‘j — 507“3' + 50$; = fj (TIN\{i});
if j € Ji \ J then (Ax*); > r; so

vj(80) < rj = dory = (™M),
Thus, (o)1 4 v(de) MM < f(rIvM) so
mi(u(80)) N [u(do), v(0)] = [u(0), u(80) 1 +v(8) ™) C f([0,r VM),
For j € Ji\ {i} and any x € m;(u(do)) N [u(do), v(do)] NT'j, we show that (Ax); < r; so that
z is below T;. Since z € f([0,r/¥\#]) and f is invertible, then
1

— 1 —
As x € I'; and 2™ is on or above I'; by condition (ii) of Theorem 3.3, we have (Az*); > r;
and (Az); = rj, so

1 1

(Ay); = =5 ((An); = do(Ax")) < =5

This shows that y € m; N [0,7] N (I'; UT;). By condition (i) of Theorem 3.3, y is below I';
so (Ay); < ri. Then, as (Az*); = r;, we have

(Az); = So(Az™); + (1 — 50)(Ay); < Sors + (1 — So)ri = 74

so z is below I';. This shows that m;(u(do)) N [u(do), v(do)] N (I'; UT; ) is strictly below I';
for all j € J1 \ {i}. Then S;(u(dp)) is strictly below I';. By Lemma 5.2, [u;(d),vi(do)] X
P (S;(u(8p))) contains w(x) for all z € RY \ (Uje ;). Then the same argument as before
leads to the existence of a number &; > &y such that [soz*, d;z¥] x P (S;(u(d))) does not
contain any point of w(z) for any z € RY \ (Uje m;). Then, for § = min{d; : i € J} > &,
we have w(z) C RY (u(8)) for all z € RY \ (Uje ;). By Proposition 2.1 again, we have
w(z) C [u(d),v(d)] for all z € RY \ (Ujes7;) and y € [u(d),v(d)] implies T'(y) < v(5). But
by the definition of dg, we should have § < §y, a contradiction. This shows that dy = 1, so
z* is globally attracting. O

(z — doa™) € [0, rIv\ih),

(rj — dory) = ;.

6. PROOF OF LEMMA 5.2

In order to prove Lemma 5.2, we first prove the following two lemmas. Note that the u in
the next two lemmas are different from, but less restrictive than, the u in Proposition 2.1
as we do not require u; = 0 for j € In \ Ji here.
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Lemma 6.1. For any u € [0,7], let v € [u,r] be defined by (19). Then,
(39) Yw € [v, 7],V € [u,w],T(z) < w.

Proof. Take w € [v,r],x € [u,w],j € In and fix them. If x € Fjul“j then T(z) < z; < wj.
If z € I'; then thereis ay € I';N[u,v] C I'; N [u, w] such that y > z and (y —z)In\t = 0.
By (a2), Tj(z) < Tj(y) = y; < wj. Thus, for all z € [u,w], T'(z) < w and (39) holds. O

Lemma 6.2. For u,v,w as in Lemma 6.1, let J1 C In such that u € I'; if and only if
i € Ji. For any Jo C In with Ji C Ja, let S = h([u, w] N (Ujes, (T VL)) If S # 0, then

(40) Vz € S,3y € Ssuch that T'(z) <y.

Proof. We prove (40) by induction on |Ji|. When |Ji| =0, i.e. J; =0, [u,w] is above T';
for all j € In. Thus, for all z € S, T'(z) < x so (40) holds. When |J;1| =1, J; = {i} for
some ¢ € In. As u is below I'; but on or above I'; for all j € I \ {i}, [u,v] and [u,w] are
above I'; for all j € Iy \ {i}. For any z € S, if x € T; UL then x is on or above I'y, for all
k € In so (40) holds with y = . If x € I',", then there is a y € I'; NS such that x <y and
(y — z)!"\3 = 0. By (a2), Ti(x) < Ti(y) = ;. For each j € Iy \ {i}, as = is on or above
I';, we have Tj(x) < z; = y;. Hence, T'(x) <y and (40) holds when |J;| = 1.

(IH) Suppose (40) holds when 0 < |J;| < k for some positive integer k < N.

We show that (40) holds when |J;] = k + 1. For any = € S such that z € I UT; for
some i € Jy, let J3 C In such that x is below I'; if and only if j € J3. Since z is on or
above I'y, for all k € {i} U (Inx \ J1), we have J3 C Jy \{i} so 0 < |J3| < |Ji| — 1 =k. As
u<z<w<randu<v<w,defining 2’ € [z,r] by (19), i.e.

Z; if jeln \ Js,
{ T — (AI‘IN\{j})j if j e Jg,

.’13/~_
=

we have z; = x; < wj for j € In\ J3 and 2 < 7rj — (Au\IY), = vy < wj for j € Js.
Thus, z < 2/ < w < r. Then, by (IH),
Vz € h(lz, w] N (Ujern (T3 UTT))), Jy € Az, w] N (Ujer (T UT})))
such that T'(z) < y. Note that
z € h([z, w] N (Ujer, (T UT}))) € h([u, w] N (Ujern(T; UTT))) = S.
Thus, for this = € S, there is a y € S such that T'(x) < y.

Note that u € Njes,I'; so [u,w] N (Njes, I;) # 0 and it is a subset of S. We next show
that

Vz € [u,w] N (Njes, '), Jy € S such that T'(z) < y.
From the previous paragraph we know that, for any x € S NI, for some ¢ € J; but
z el ULy forall j € Ji\ {i}, there is a y € h([z,w] N (Ujen(T; UL}))) C S such that
T(z) <y. If 2/t = 0 then p(t) = ta’t + 2N\t = g for all t € [0,1]. Otherwise, these
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points p(t) form a line segment p(0)p(1) = x!¥\ 1z, By (a3), T;(p(t)) for each j € Jy is
increasing for ¢ € [0, 1]. Thus, if p(¢) € S, then p(t) is on or above 'y, for all k € Iy \ J1, so

Vje i, Ti(p(t) < Tj(x) <yj Yk € In\J1, Te(p(t)) < pr(t) <z < i

Hence, T'(p(t)) <y if p(t) € S. Since the set SN (Nje, (I'; UL;)) consists of such points
p(t) € S, we have proved (40) when |J;| = k + 1. By induction, (40) holds for all J; with
0<|Ji| <N. 0

Equipped with Lemma 6.2, we are now in a position to prove Lemma 5.2.
Proof of Lemma 5.2. By assumption, [u,v] is as described in Proposition 2.1, so u; = 0

for j € Iy \J and w € T'; for all i € J, and by (19), v; = u; = 0 for j € Iy \ Ji and
v, =1 — (AuIN\{i})Z- for i € J;. By Lemma 6.1,

(41) Yw € [v,r],Vx € [u,w], T(zx) < w.
By Lemma 6.2 for w = v and J; = Ji with S = h([u,v] N (Uje,, (T; NT))), we have
(42) Va € 5,3y € S such that T'(z) < y.

We first show the conclusion
(43) Va € RJX \ (Ujesmj),w(z) C S.

By assumption, w(z) C [u,v] for all x € RY \ (Uje ;). If S = [u, v] then (43) is obviously
true. If S # [u, v] then (43) follows from

(44) Vo € RY \ (Ujesms),w(@) N ([u,v] \ S) = 0.

We now show the truth of (44) by contradiction. Suppose (44) is not true. Then there
exist a point 20 € RY \ (Uje ;) and a point 4° € w(2®) N ([u,v] \ S). Since w(2?) is
invariant, there is a y!' € w(z?) such that T(y') = y°. By the definition of the set S,
T(y') = y° £ x for any z € S. Thus, by (42), y' € S. As y' € w(2®) C [u,v], we must
have y! € w(2°) N ([u,v] \ S). Note that [u,v] \ S is strictly above T'; for all j € J;. Thus,
y? =T;(y") < yjl forall j € Ji. Asy? =yl =0foralli € I\ Ji, we have y° < y! <. For
any y > y” and any j € J1, (Ay); > (Ay"); > rj so G;((Ay);) < G;((Ay%);) < Gj(r;) = 1.
Thus,
Vj € J1,¥y € [y°, 0], Gi((Ay);) < IZ%XGi((AyO)i) =K <1
1
Then, by y' € [y°,v], we have y° < Ky'. Repeating the above process, we obtain a
sequence {y"} C w(x®) N ([u,v]\ 9) satisfying
vn>0,y° <y <yt <oyt < Kyt

It then follows that 4 < K™y™ < K™v for all n > 0. By letting n — oo, we obtain y° = 0,
a contradiction to y° above I'; for all j € J;. This shows the truth of (44). Then (43)
follows from (44).
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Next, taking a fixed k € J, we show that, if |J1| > 2,

(45) Vo € RY \ (Ujemy),w(e) € fug, o] x PO (Sk(w).

This is true if Sg(u) = [u, u* + !N\ s0 [ug, vi] x P®(Sk(u)) = [u,v] or when Si(u) #
[u, u 4 vIN Y,

(46) Vo € RY\ (Ujesm)sw(@) N ([, o] \ [ug, vi] x PO (Sg(u))) = 0.

In order to show (46), we first show that

(A7) Vz € [ug, vp] x PP (Sk(w)), Iy € [ug, vi] x PP (Sp(u))) such that T(z) < y.

For this purpose, we consider the (N — 1)-dimensional system

y(n) =1T"(y),y = PW(2), T(PM (2)) = PM(T(x))

for all z € RY with 2;, = ug. Then Tj(y) = Tj(x) for all j € Iy \ {k}. We can easily
check that the assumptions (al)—(a3) for T also hold for 7. By Lemma 6.1 with w =
utht 4 oIN\F e have T(P®)(z)) < P®(v) for all o € [u, ulkt + !N\, Then, by
Lemma 6.2 with w = ut*} 4 o!~M\F} and Jy = J; \ {k}, we have

(48) Vi € Sp(u),3z € Si(u) such that T(P¥) (z)) < PR (2),
ie. Tj(x) < z; forall j € In\ {k}.

Now for each = € [uy, vp] X P®)(Sy(u)), there is Z € S(u) such that z > z and P*)(z) =
P®) (). By (al), Tj(x) < Tj(z) for all j € Iy \ {k}. For this z, by (48) there is a z € Sk (u)
such that T(P®)(z ) < P(k)( ). Since x € [u,v], by (41) with w = v we have T'(x) < v, so
Ti(z) < vg. Then, taking y € [ug, vp] x P®(Sk(u)) with PF)(y) = P*)(2) and yp, = v,
we have T'(z) < y. This shows (47).

We now show (46) by contradiction. Suppose (46) is not true. Then there exist a point
2% € RY \ (Ujesm;), a point
y” € w(a®) N ([, o] \ fug, v] x PP (Sy(w)),

and a point 7 € [u,v] \ [ug, vi] x P®)(Sy(u)) such that P®)(7) = P®)(40) and i = uy.
By the invariance of w(z?), there is a y' € w(z%) C [u,v] such that T(y') = y°. From the
definition of Si(u) we know that y* £  for any = € [ug, vx] x P*)(Sy(u)). Then, by (47),
we must have y' & [ug, vi] x P®)(S)(u)) so

y' € w(@®) N ([, 0] \ [ug, o] x PH)(Sg(u))).

Note that the set [u, v]\ [ug, vi] x P®)(S)(u)) is strictly above I'; for every j € Jy\{k}. Thus,
y! is above I';, so y? =T;(y') < y]l, for all j € Ji \ {k}. Let K = max;ec s\ Gj((Ay°);).-
Then 0 < K <1 and

Vi e W\ {k}h o) = ;G ((Ay");) < y;Gi((Ay%))) < Kyj.
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Repeating the above process, we obtain a sequence {y"} C w(z%) N ([u,v] \ [ug,vi] X
P®)(Sy,(u)) such that

Vi S\ {k}Vn > 0,90 <y <y < g yf < Kyt

It then follows from these that y;-) < K"y < ijk — 0 as n — oo. Thus, y? = 0 for
j € i\ {k}, so gin\EE = (40)InMEY = 0 and g = ul*} is above T for all j € J; \ {k}.
But u is below T; for all i € J; by assumption and uv!*} < u, so u{¥} must be below I'; for

j € Ji\{k} # 0, a contradiction. This shows the truth of (46). Then (45) follows from
(46). O

7. CONCLUSION

For a class of discrete dynamical systems (1) with (2)—(5) and (al)-(a3), we have success-
fully applied the geometric method of using the relative position of the N nullcline planes
I'; restricted to the cell [0, 7] to the study of global dynamics and established criteria for
the system to have a globally attracting nontrivial fixed point z*. Then global asymptotic
stability of z* or existence of a homoclinic cycle can be determined by the eigenvalues of the
Jacobian DT'(x*). We have demonstrated application of the criteria for global asymptotic
stability of a fixed point by various concrete examples.

For global asymptotic stability of a fixed point of Kolmogorov type discrete dynamical
systems, one typical theorem among the existing criteria in literature was given in [5] and
a revised version was given in [11] by assuming the existence of a carrying simplex on a
monotone region; another typical result was given in [4] by using split Lyapunov function
method. Comparing our results with these two typical results, we reach the following
conclusions:

(i) While both of the existing typical results deal with global asymptotic stability of
an interior fixed point only, our results cover global asymptotic stability of both
interior and boundary fixed points.

(ii) The requirement for existence of a carrying simplex in the existing results in [5] and
[11] is very restrictive for systems (1) with (2)—(5) and (al)—(a3). Almost every
available sufficient condition for existence of carrying simplex requires a;; > 0 for
all 4,7 € Iy. But it is a great relief that we do not require the existence of a
carrying simplex and only require a; > 0,a;; > 0, and permit a;; = 0, for distinct
1,7 € In.

(iii) Although the theorems given in [4] are useful in general, and powerful in some
particular cases, it is generally difficult in constructing suitable Liapunov functions.
Fortunately, we are not bothered here with construction of Liapunov functions and
we need only check geometric conditions relating to the relative position of the IV
nullcline planes restricted to [0, 7] N aM or equivalent algebraic conditions using
a;; and 7y, only.
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(iv) From the comparisons given in section 4 at the end of Examples 4.1 and 4.3 we

see that none of the three results by three different methods is better than others
in general, but each has its advantages for some particular cases. Therefore, all of
the results are supplements to each other and enrich the theory and methods of
discrete dynamical systems.

Due to the restriction of time, space and the author’s knowledge, there are a few problems
that the author has not solved to make this paper more attractive and complete. Solutions
to the problems below are expected for future investigation. (The author should be grateful
to anyone who offers advice by private communications.)

1. For a discrete dynamical system in general, or for system (1) with (2)—(5) and

(al)—(a3) in particular, is a globally attracting fixed point always stable so always
globally asymptotically stable? A proof for YES or a counter-example for NO is
expected.

. CONJECTURE. Assume that z* is a globally attracting fixed point and the Jaco-

bian DT'(z*) is invertible. Then either z* is globally asymptotically stable or there
is a homoclinic cycle. Is this conjecture correct?

. If the answer to problem 1 above is YES, then our Theorem 3.9 (ii) is void. Other-

wise, find an example that a fixed point x* is globally attracting and DT'(x*) has
an eigenvalue with modulus greater than 1 so that x* induces a homoclinic cycle.

. For system (1) with (2)—(5), are the assumptions (al)—(a3) enough to guarantee

the existence of a carrying simplex 3 so that the global attractor Sy of the system
on RY \ {0} obtained in Proposition 2.2 satisfies Sy = X7

APPENDIX 1 PROOFS OF (al)—(a3) FOR MODELS (6)—(9)

We check that models (6)—(9) and their combinations satisfy (al)—(a3).
Ricker models (6): Gi(u) ="~ ", r; € (0,1],

Ty(z) = 2;G;((Az);) = 2" =42 e Iy,

Clearly, G;(r;) =1, Gj(u) = —€"~" < 0, and for z; € [0,7;),

OT(x)
Oxi

= (1 —x;)emi= A2 5 (1 — py)eri=(A2)i > g,

So (al) and (a2) are satisfied. For each nonempty J C I and every y € [0,7] NI Njen g3
(I UT;) with y; > 0 for all j € J, we have 0 < (Ay?); < (Ay); <r; < 1. Then

d d (AnIN\T Jy.
ST ty) = tyyen T A THAT

ys(1 = H(Ay”)j)ers = (A,
y; (1 — t)ers— (™ atdy”); o

Y
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for t € 0,1) and all j € J. Thus, (a3) holds.
Leslie-Gower models (7): Gy(u) = 122 r; € (0, +00),

14w’
N NSO
Ti(z) = 2;Gi((Ax);) = T (Az). (A:E)i,z €ly.
Obviously, G;(r;) = 1, Gi(u) = —(111'51)'2 < 0, and for x; > 0,
OTi(x) _ (1+7)(1 4 (AzV\UH))

So (al) and (a2) are satisfied. For each nonempty J C I and every y € [0,7] N Nje (i)
(I'j UI';) with y; > 0 for all j € J, we have

d ty;(1+15)

& T+ (Ay ™) + Ay,
yi(1+75) (1 + (Ay"™~\);)

d, . g
2NN )y =
7 Gy N+ ty?)

>0
[+ (Ay™\); + t(Ay), ]2
for t € [0,1) and all j € J. Thus, (a3) holds.
Atkinson-Allen models (8): Gi(u) = b+ 2(11_:;), ri=10<b<1,
2(1 — b)xz .
i(x) = 2:Gi((Az);) = by + —————<—,i € In.
Ti(x) = ;G ((Ax);) 93+1+(A$)iz€1\7
Since G;(1) =1, Gi(u) = —(21(};;’% < 0, and for z; > 0,
. — IN\{i}y.,
OT(a) _, , 20 -D(L+ (A
ox; (1+ (Ax);)?
(al) and (a2) are met. For each nonempty J C Iy and every y as above, we have
d d 2y;(1— b
*Tj(yIN\J + ty‘]) _ —[btyj + j( ) ]

dt dt 1+ (Ay'~\); + t(Ay?),
” 2y;(1 = b)(1 + (Ay"™\);)
T4 (AyIn V) 4 Ay ) )2

for t € [0,1) and all j € J. So (a3) is satisfied.

>0

Generalised Atkinson-Allen models (9): G;(u) = b; + Adr)d=bi) . e (0,+00), 0 < b; <

1 1+u
| (14 )1 = b)a,
() = x:G;y i) = bix; 1€ In.
Ti(z) = 2;G;((Ax);) = biz; + 1+ (47); 1€ Iy
Clearly, G;(r;) = 1, Gl(u) = —% < 0, and for z; > 0,

OTi(z) _ ., (L+ra)(L—b)(L+ (A2 ;)

D1 (1 + (Az),)? > 0.
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So (al) and (a2) are fulfilled. For each nonempty J C Iy and every y as above, we
have

d d (14 7;)ty; (1 — b))
=T, yIN\J+tyJ = bty + VALY J
a1t ) i Lty 1+(AyIN\J)j—|—t(AyJ)j]
1 . . 1_ . 1 A IN\J i
= by + (1 + 7))y (1 —b;)(1 + (Ay )i) <0

[1+ (Ay"~\); 4+ t(Ay”), 2
for t €10,1) and all j € J. So (a3) is met.

From the above detailed check we see that for system (1) with (2)—(5), for each i € I, if
Gi(u) is taken to be any one of e"i ™%, 1112 b+ 2(11;;) or b; + (HT{'L#
as a combination of (6)—(9) still satisfies (al)—(a3).

, then the system

APPENDIX 2. PROOF OF PROPOSITION 2.3

Proof of Proposition 2.3. (i) Under (20) for all i € J, we suppose (ArN\édd), > ¢ for
some 4,7 € J with i # j. Then the point r/¥\{%7} is on or above T;. As 0 is below T, we
have

0 # ([0.r™EMry) < (jo,r™M ATy

By (20), [0,r'N\MH AT, =T, N[0,7] N7 is strictly below T, so [0,7/N\MA] ATy is strictly
above T';. Thus, [0,7/¥\{"}]NT; as a nonempty subset of [0,7/¥\Z] AT} is strictly above
I';. On the other hand, as (20) also holds with the replacement of ¢ by j, [0, 7Ix\M3) N
Iy = Tyn[0,r] N7y is strictly below T'j, so [0,7Iv\{833] N Ty as a nonempty subset of
0,7\ N Ty is strictly be low T, a contradiction to [0,7/¥\{%7}] N T strictly above
I';. This contradiction shows that (ATIN\{i’j})i < 1y, ie. rIN\{E3} g below T; and I'; for
all 4,5 € J with ¢ # j. Since (ATIN\{i})j > ajjr; = rj, N\ s on or above I';. Hence,
[pIn\B3Y P INNAD; = {2}, where (z—r)IN\87 = 0, 2; = 0 and z; = r;—(Ar'V\EI1) ;> 0.
As z € [0, 7N\ 0 I';, by (20) z is below I'; so

(A2)i = aij(rj — (AP ) (At <oy,
Then (21) follows for all ¢, j € J with i # j.
(ii) If #Iv\} is below Ty then [0, /N M) = [0, 7] Ny is strictly below T so (20) holds. If

N\t is on or above T, by (21) we have (Ar/N\iid), < r; so #IN\Mid} is below T for all
j € In\ {i}. Thus, [p/N\od}k I AT, = {P;}. Tt can be checked that

(49) [0, !N\ A, = Z c;Pj:c; >0, Z cj=1

JeIn\{i} JeIn\{i}
For each fixed k € Iy \ {i}, we show that P; is above I'y for all j € Iy \ {i¢}. In fact,
if j # k then (Ar'N\3h), > apur, = 7, so #IM\@7}t s on or above Ty, For j = k, if
rIN\{ik} ig above T, then Py is above Ty, as Py > rIv\ok}: if pIN\{EA} g on or below T,
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as [FIN\BRY 2 IN) Ty = {2} and 2 is below T, [P/~ \MER} IV ATy s strictly below
I;, so [TIN\{i’k}, rIN\{i}} N T; is strictly above I'y. Hence, Py is above I'y. As N\t > P
N\ must be above I'y. Since r/¥\#3} is on or above T for all j € Iy \ {i,k}, the line
segment [r/V\B3E R I\ £INME3H) which contains Pj, is strictly above T'y. Therefore,
P; is above I'y, for all j € Iy \ {i}. By (49), [0, 7"\ A Ty s strictly above T'y. Hence,
[0, 7'M\ A Ty, is strictly below T; for all k € I \ {i}, i.e. (20) holds.

(iii) This is a combination of (i) and (ii). O

APPENDIX 3. PROOF OF LEMMA 5.1

Proof of Lemma 5.1. We prove the statement by induction on N. When N = 2, I'; and
I'; are straight line segments in R%, (36) means that the fixed point Q1 on I'y is below Iy
and the fixed point ()2 on I'y is below I'y. This implies that I'y has a point above I'y and a
point @ below I'y, so I'; and I'y has a unique intersection point z* € intR2, i.e. Az =7
has a unique solution z* > 0. That z* < r follows from a; = 1 and a;; > 0.

Suppose the statement is true on Rﬂ\r/ 1. We show the truth of the statement on Rf .
Viewing 7y as }Rf—l and 'y N7y, ..., Tny_1 N7y as planes in Rf_l, by (36) we have

Vie In_1,Yj € In—1 \ {i},(I'; N[0,7] Nm;) Nwy is strictly below I';.

By the inductive hypothesis, (Nicry_,I's) Ny = {2*} with 2}, =0 and 0 < 2 < r; for all
i € In_1. This implies that Aypz = 7 has unique solution z* € intRf_l with 0 < z* < 7,
where Ay is the submatrix of A obtained by deleting the Nth row and column of A and
T e int]Rf ~1 is obtained from r by deleting the Nth component. Thus, Ay L exists and

Zr=A 17 From this we deduce that the set
Niery_,Li = {z € RY Vi € In_1,(A2); = 1}
is a line segment in Rﬂ\_’ and it can be written as
Nicry_, Ti = {2(8) = (2(8)",6)" : 0 < 6 < 6y < rn},
where, with Cy = (1N, - -y a(N_l)N)T,
2(0) = AgH{F — 0Cn} = 2* — 6A; ' Cy.

As 2(0) = 2* > 0 and z(9) is continuous in §, we have 2(d) > 0 and z(§) > 0 for 6 > 0
small enough. Since z* is below I'y by (36), 2(d) is also below I'y for § > 0 small enough.
Let
§" = sup{d € (0,d0] : 2(d) > 0,2(6) is below 'y }.

Then 0 < 2(6*) < r and 2(6*) is on or below I'y. We show that z(6*) > 0 and 2(6*) =
NicryI'i. Suppose z(6%) % 0, then z;(0*) = 0 for some j € Iy_1 so 2(6*) € I'; N[0, r] N ;.
By (36), for this j and all k € Iy \{j}, T'xN[0,r]N7; is strictly below I'; so 'y N[0, r]N7; is
strictly below I';. Thus, I'; N[0, r]N7; is strictly above I'y. As 2(6*) € I'; N[0, 7] N7y, 2(6*)
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is above I'yy, a contradiction to z(6*) on or below I'y. Therefore, we must have z(6*) > 0.
Then, by the definition of §*, z(6*) cannot be below I'y so z(6*) must be on I'y. O
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