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A Note on the Pricing of Contingent Claims with a
Mixture of Distributions in a Discrete-Time
General Equilibrium Framework

Abstract

Mixtures of distributions have been applied to contingent claim pricing as a way of
extending the Black and Scholes (1973) assumption of lognommally distributed assets.
The pricing framework presented here delivers preference free contingent claim pricing
formulae and extends the literature in two ways: First, we widen the set of distributions
used in the mixture by assuming that the terminal price of the underlying security has
a mixture of transformed-normal distributions. Second, we show that the components
of the mixture do not need to have the same density as long as they belong to the
family of transformed-normal distributions. Our framework is developed in a discrete
time equilibrium economy. It is strongly related to Camara (2003) and is consistent
with the succient conditions of Heston (1993) and Schroder (2004). We show that by
restricting the value of some distributional parameters, it is possible to obtain a risk
neutral valuation relationship for the pricing of contingent claims when the terminal
price of the underlying asset has a mixture of transformed normal distributions. An
interesting aspect of the mixtures of distributions, and in particular of the framework
developed here, is that the actual and the risk neutral distributions might not have the
same shape. This fact could help to explain the non-monotonic pricing kernel obtained
by Jackwerth and Rubinstein (1996), Brown and Jackwerth (2004), Ait-Sahalia and Lo
(1998) among others.

Keywords: Mixture of distributions, transformed-normal distribution, risk neutral
valuation relationship

JEL classi..cation: G13.



A Note on the Pricing of Contingent Claims with a Mixture
of Distributions in a
Discrete-Time General Equilibrium Framework

1 Introduction

Mixtures of distributions have been widely applied to contingent claim pricing as a
way of extending the Black and Scholes (1973) assumption of lognormally distributed
assets. This isbecause mixtures usually cover a larger area in the skewness and kurtosis
plane than the lognormal distribution, which is limited to a single line on this plane.!
Contingent claim pricing models based on mixtures usually assume that the underlying
security price can be represented by a mixture of two or more lognormal densities, which
means that the components of the mixture have the same distribution.?

The pricing framework presented here delivers preference free contingent claim pric-
ing formulae and extends the literature in two ways: First, we widen the set of dis-
tributions used in the mixture by assuming that the terminal price of the underlying
security has a mixture of transformed-normal distributions.® Second, we show that the
components of the mixture do not need to have the same density as long as they belong
to the family of transformed-normal distributions.

This framework, developed in a discrete time equilibrium economy, is strongly re-
lated to Camara (2003) and is consistent with the su@cient conditions of Heston (1993)
and Schroder (2004). It is shown that by restricting the value of some distributional
parameters, it is possible to obtain a risk neutral valuation relationship for the pricing
of contingent claims when the terminal price of the underlying asset has a mixture of
transformed normal distributions. Although the idea of restricting distributional para-
meters is not new, it provides a simple and systematic way of achieving risk neutrality
for the broad family of transformed distributions.

An interesting aspect of the mixtures of distributions, and in particular of the frame-
work developed here, is that the actual and the risk neutral distributions might not have
the same shape. This fact could help to explain the results of Jackwerth and Rubinstein
(1996), Brown and Jackwerth (2004), Ait-Sahalia and Lo (1998) among others, which
show a non-monotonic pricing kernel.

This paper is divided as follows: First we introduce the basic economy and the
general form for the pricing kernel. Then, in section two, we provide the framework for
the pricing of European contingent claims and illustrate its application through several
examples, which return new option pricing formulae. In section three we briety discuss

11n addition to pricing options, mixture of distributions have also been applied to "back out” risk
neutral densities implied by the price of traded options. The literature in this particular ..eld is large and
a comprehensive survey on the methods for extracting risk neutral densities may be found in Sdderlind
and Svensson (1997) and Bahra (1997).

2 See Ritchey (1990) and Melick and Thomas (1997) for instance.

3 The transformed-normal distribution is introduced in equation (4).



the implications of mixtures on the pricing kernel and conclude.

2 The forward price equilibrium relationship

Consider a risk-averse representative investor in a complete market setting* that max-
imises her expected utility of future wealth, max £ [U (W)} . In equilibrium, the forward

price of an underlying asset is given by®
F(8) -5 (5)9. ®

e CAUIE]
m (S’) = ~ ,
£e v (w)]
is the asset speci..c pricing kernel, the superscript P of E(-) means the expectation is
taken with respect to the actual probability, S is the payo= of the underlying asset, and

U’ (+) is the representative investor’s marginal utility function.
Assume that S has a mixture of distributions

(8) = aifs; (5). i1, ®)

where

&)

where «; is the weight on the :*» component with Y, o; = 1, ; > 0 Vi and fa. (S) is

the i*" density function of S.
The random payoe S has a transformed normal distribution if®

hs,z' (S) =pg T 0 5% 4)

where hg (S) is astrictly monotonic function, z is a standard normal random variable,
1g; € R and og, € NT are the location and the scale parameter of the i*» component
respectively. Then, considering the equation above the densities of S are

fs: () = = b (9o [_i (1. (5) _%’iﬂ. ©
Now, assume that W has a transformed-normal distribution

hy (W) =y + o2, (6)

4 Please note that this framework is consistent with a dynamically incomplete market.
5 These results are obtained from the ..rst order condition for a maximum and from the application

of conditional expectation proprieties. For a detailed derivation see Huang and Litzenberger (1988).
6 Note that if hg (S‘) has a normal distribution, then S has a transformed normal distribution. For

instance, if hg (§) =In (S‘) then S has a lognormal distribution.



Note that the functions hg (5) and hy; (W) do not have to be the same i.e. the
distribution of S and W can be dicerent as long as they are in accordance with equation
4).

Finally, assume that the representative investor’s marginal utility function is given
by

U’ (W) = exp [’yhﬁ, (Wﬂ , @)
where the constant ~ is the risk-aversion parameter.

Given these assumptions, it is shown in the appendix that the asset speci..c pricing
kernel has the following form

m(S) :Z i exp

oz
i S,

5o (55 (8) = s~ o) 2] oL ®

S,

where p; is the correlation coeccient of the i** density of S with wealth, >0 =1,

a; >0 Vi, and
(15(8) =)
From equation (1) the forward price of the underlying security is then given by
F o= /S'm(f?) 7 (8)as
- / Sm (8) Saifs, (3)as
_ /gza,.fsj (5)as
- / 57 (5) s ©)

where fg (S‘) disers from fz (5) only by the location parameter. That is, fz, (5’)

(e 7] 1

03,;

has the same density and the same scale parameter as fs. (S) but with location para-
meter K3 + VpiUWUS',ij

The density f(S) is de.ned as the risk adjusted density, which is given by the
product of the actual distribution and the asset speci..c pricing kernel. The term "risk
adjusted" comes from the fact that this density contains parameters that are related to
the investor’s preference and wealth. In the transformed normal case this adjustment
shifts the location parameter of the actual density according to investor’s risk preferences.

In the next section we introduce the contingent claim pricing framework and provide
several applications that show the use and fexibility of our framework.

" This is obtained by the direct multiplication of m(§> by f (S)



2.1 The contingent claim pricing framework

Let v (S‘) be the contingent claim payor function. Then, using the same equilibrium
arguments as in equation (9), the price of a contingent claim written on the forward

vIF()] = B [m(5)» ()]
/ v (5) f(é) ds. (10)

Since the density f (S‘ contains parameters related to investor preferences, if we
wanted to price contingent claims using the risk adjusted density we would hawe to take
into account these parameters, which would involve the estimation of several unobserv-
able parameters®

One way of avoiding this problem is to work in a risk neutral setting, which means
that all assets in the economy would have to have the same rate of return regardless of
their risk since investors would be insensitive to risk. Here, this would mean having to
work with a risk-aversion parameter of zero, v = 0.

Although it would be very convenient to simply make this assumption, it would be
very di¢cult to justify on economic grounds since investors are clearly risk averse. T hus,
to keep the risk neutral setting without making unjusti..able assumptions, one can try to
replace these preference parameters by "observable™ or "marketable™ parameters, such
as asset and bond prices. The usual way of doing this is by inverting® equation (9) and
expressing the location parameter, 5, + vp;0;04 ;. as a function of F. (See Brennan
(1979) and Camara (2003) for instance)

Nevertheless, when the terminal value of S is given by a mixture distribution, there
are ¢ densities and as a consequence ¢ "location parameters" (i.e. there is a set of
+ parameters related to preference and wealth) and thus, it is not possible to invert
equation (9) anymore. If F' is the only price awailable, i.e. if there are not any other
securities or derivative securities prices available that are related to F, then further
assumptions are needed.

Here we ..x the location parameters of all 7 densities so as to be the same. That is,
we assume that

pg it pioyw o, =i, Vi, (11)
which allows us to write j as a function of F.

Although this assumption restricts the range of skewness and kurtosis of the mixture,
it does not reduce the model’s ability of capturing the terminal distribution of S, mainly
considering the family of transformed normal distributions, which contains several high
moment distributions.

8 As Merton (1973, p.161) pointsout, "... the expected return is not directly observable and estimates
from past data are poor because of nonstationarity. It also implies that attempts to use the option price

to estimate expected returns on the stock or risk-preferences of investors are doomed to failure”.
9 Note however that it is not always possible to invert equation (9).



Thus, if it is possible to solve equation (9) for ji and equation (11) holds, then
equation (10) can be rewritten as

vIF ()] =E b (5)]

where the superscript @ of E(-) means that the expectation is taken with respect to the
risk neutral probability and the price of the contingent claim is a martingale under the
measure Q.

In the following examples we show the application of the above framework to the
pricing of European call options. It is assumed that the terminal value of S has a mixture
of transformed normal distributions as in equation (4) and that equation (11) holds.

Example 1 (The S;; and lognormal mixture): Assume that S has a mixture of a S
distribution and a lognormal distribution.'® Then, the forward price in eguation (9) is

F - / § farmi (8) 11 (3) +aama (3) 2 (8) ] a5

[ [015: (8) + e (8)] a5, 12)

where

m (~) _ a1 e_ 205, (ln(s)_“é,l_’ml"vb”&lf
P03 4

)

mo (~) =2 _glg(sinlr1(S)_/L§,2_7p2“W”§,2)2

= —
925‘75‘,2
T (T B et e O

0351 032

B

R ~ —2—32—1115' —(kg ,tYP1oGo5 2
(S) 1_~€ ”S,l[ (5) ('“s, P 3, )] (13)
05)1\/2775

2 (S | i (8) (s b 5 2)]”

—————¢ 3,2 . (14)
05’2\/277\/5 +1
The value of F is thus given by!!
F — ale/‘S,1+7P1UWUS‘,1+%U2571 _|_ aQG%J%’Z SlI].h (/’1/57 9 _|_ VPQUWUS 2) )

Since by assumption pig | +yp10y,05 1 = lg o + VP204,05 5 = fi, the above equation
becomes

f+L1o2 1 152 S -
F :aleu+2 S,1 + 5@26205'2 (eu’ —e /’L)’

1 For the Sy, distribution h (5) =sinh~! (§) For a detailed discussion see Johsnon (1949).
1 Recall that sinh (y) = 0.5¢¥ — 0.5¢7Y.



which allows us to solve for the variable &

1
1 1 2 1
ji=—In|—F + <F2 + 2a1 a2 exp (2—0% + 50%) + adexp (a%)) +1n(a2) + 50%.

Once we obtain an expression for j we can solve for the price of an option. Let

v (S) = max (S — K, 0), where K is the exercise price. From equation (10), the price

VIP(S)] = B [m(5)v(5)]
/ max (§ = K,0) [ fy (8) + s (8)] a8,

which, after substituting for equations (13) and (14) and simplifying, yields the option
pricing formula

~ i [e%Ke%) é_a-%. +%o‘2~1 _
V[F(S)} = ETETIRN (d1) — KN (d2)
+a—%eUQS«QN(d3) — la KN (d4) — lAN(d5) (15)
247 277 2 ’
where
a 2
dl = l—n(ﬁ)+0.502+091
031 ’
d2 = dl—US*71
a : -1 1 .2
d3 = In (%) — sinh (K)+§U2+U§2
052 ’
d4 = d3—0'§’2
d5 = di—og,
2 L, 1, 2 N
A = —F+ |F 4+ 2a102 exp 5014—502 +azexp(02)

Example 2 (The displaced lognormal and negative-skewed lognhormal mixture): Assume
that S has a mixture of a displaced lognormal distribution and a negative-skewed lognor-
mal distribution.’> Then, as in example 1

F= / $[enfs (8) +0u (8)] a8, (16)
where
mi1 (5’) = ¢:;,1 exp l— 201&1 (ln (5 — (51) —p§1— W)lawag,l)Q]
m(§) = e [ (i 8) - WW%)Q]

12g5ee for instance Rubinstein (1983) and Stapleton and Subrahmanyam (1984) for the displaced
lognormal and for the negative skewed lognormal respectively.



(b: —e _|_ e 5,2
95,1 93,2
s 1 7# In(S—61)— Bg VPO w05 2
fl (S _ —— e 2§71[ ( ) (s ws )] (17)
0'5'}1\/271-(5_51)
R ~ 1 —2—01— In(62—S )— ,u,~,2+’yp TWos, 2
fz(S) = o, S b atrnewesa)l (18)

Ug,z\/Q_ﬂ' (62 — S’)
with §; < S < &a.
The value of F is given by
F=a (6ﬂ+]2_0231 + 51) + g ((52 — €ﬂ+;—gé*2) )

and solving for 1

b =1In

1.2 1L 2
ae2751 — age??52

Letting v (S) = max (S‘ - K, 0), equation (10) becomes

5)) = E[m(8)»(9)]

/ max (5= 1,0 [anfy (8) +au s (8)] 45,

which, after substituting for equations (17) and (18) and simplifying the resulting equa-
tion, yields the option pricing formula

F—a151 —042(52 ]

V[F

/N

VIF(S)] = arde’ SN @1) —an (K —51) N (d2)
Fag (65 — K)N (d3) — agAet 82N (d4), (19)

where

e F — o101 — a2
= 142 1,2
ape? 81 —qaqe? 52

In (A/ (K —61))

dl = ———+0g
03,1 1
d2 = dl — 051
3 = In((62 — K) /A)
0359
d4 = d3—0'§,2

Example 3 (The mixture of tree lognormal distributions): Assume that S hasa mixture
of three lognormal distributions. Then

F= / 8 [ondi (3) +anhs (5) +asfa (8)] a5, (20)

9



where

- o 1 . 2]
m1 (S) = Fr. ex —205)1 (ln ( ) — M3y — VP10V OG 1)

5 a2 [ 1 P 2]
mo (S) = @exp —205"2 <1n ( ) — g2 —VP2OWOg 2)

G [e%:] [ 1 ~ 2]
(5) = g2 [ (o) ~pes )

Oé_lef 205, ((8)-nz,) + ﬂefzaé,z (ln(g)*#g)Q)Q n &672_1_6573 (ln(g)fp,és)z

= ———=¢€ S,i

. (5‘) 1 — 5 [(S)~(kstvpiowas.)]
05, V2rS .

In this case, the value of F'is given by
fi+Llo2 4102 fi+Llo2
F: ale 2 S,1+a2e 25,2 +a2e 2 S,3)

which after solving for j

F
M:ln LO'2~ la2~ lo'z. .
pe?7 81 +ane? 52 fage? 53

Letting v ( ) max (5‘ - K, O), equation (10) becomes

vIF@)] = 27 [m(s)~ (5)]
/max $—K.0) [arfi (§) +asfe (S) +asfs (5)] a3,

which, after substituting for the appropriate densities and for 4 and simplifying, yields
the option pricing formula

V[F(8)] =X aider 5N (d1) - ik N (a2), (21)
where
dl = % +os;
S

a2 = dl—ag,i
F
1

A = 1,2

2%% P
aqe 1+ ane

2 o2
5,2 _|_ a262 5,3

10
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Figure 1: Actual density as a mixture of two lognormals with parameters «; = 0.75,
w = 0.5, 01 = 0.5, a2 = 0.25, uy = 0.2, o2 = 0.3 and risk neutral density with

parameter 4 = 0.44 calculated according to equation ( 11). The forward price is st to
the expected value of the actual distribution, F' = 1.72.

3 Discussion and Conclusion

This paper extends the literature on the pricing of contingent claims with a mixture
of distributions by allowing its components to have transformed-normal distributions.
T hese components do not have to have the same density, and this provides the model with
additional fexibility. The only requirementis that they must belong to the transformed-
normal family. By introducing a restriction on the value of some distributional parame-
ters, we show that it is possible to achieve a risk neutral valuation relationship.

It is interesting to note that when the underlying asset price distribution is given
by a mixture of distributions, actual and risk neutral distributions may not have the
same shape. A direct consequence of this feature is that the pricing kernel may not
be monotonic. As a simple example, assume that the underlying asset distribution is
given by a mixture of two lognormal densities. Assuming that equation (11) holds,
..gure (1) depicts the actual and the risk neutral densities. It is easy to see that the
two densities cross each other three times, resulting in a non-monotonic pricing kernel.
As in Brown and Jackwerth (2004), Figure (2) shows the pricing kernel as the ratio
of the risk neutral and actual densities, which cross each other three times implying a

non-monotonic pricing kernel.

11
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Figure 2 The pricing kernel as the ratio of the risk neutral and the actual densities.

Appendix

Proof. First we solve for the denominator of equation (2). Since (i) hy, (W) is

normally distributed and (ii) U’ (W) is lognormally distributed (see equation (7)), we
can use the de..nition of the expected value of a lognormal random variable. T hus,
EF [U’ (W)} =exp ('WW + 720.50%/).

Second we solve for the numerator of equation (2). This requires additional steps.
Let f (VT/| 5‘) be the conditional density of T given S and i = 1,2,...,I1. Then

B [ur (W 18)] = /U’(W)f(W|S‘)dW

w

40" (%) ZZaifi (W 18) awv
Zi:aiE}j o (W) 1]

The last equality comes from

/U’ (%) zi:aifi (W 18) aw

w

oy EF {U/ (W) |§} +-+aEF [U’ (W) |5*}
- ZiaiEﬁ [U' (W) | 5} ,

12



where o
g (18 - 20S)
>aifi (9)
S =1, a; >0V, f; (W,S‘) is ith joint-density of W and S, and f; (S) is the ith

density of S.
Thus, given U’ (W) = exp [7hW (W)] we obtain

where

2

hg (S) = ng. 1
2( . ) + (1= p?) 570%

Finally, substituting these results into equation (2) yields equation (8). m

[>])
Q [0
193]
= \
=
EJJI
\_/
I
| —

h
Ai =iy 0y (
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