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The paper studies the structure of J-unitary representations of connected nilpotent
groups on Pk-spaces,that is, the representations on a Hilbert space preserving a
quadratic form "with a finite number of negative squares". Apart from some
comparatively simple cases, such representations can be realized as double
extensions of finite-dimensional representations by unitary ones. So their study is
based on some special cohomological technique. We concentrate mostly

on the problems of the decomposition of these representations and the classification of
"non-

decomposable" ones.

Thank you very much for refereeing our paper. And for your valuable comments. We
accept all of them.

1. On pages 3 and 19 the definitions of J-decomposable representation are given;
these
Definitions are not the same.

We removed our “definition” — statement on page 3.

2. The Theorem 3.3 can be stated as follows. Let _ be a representation in MGN®K,
where M and M@N are invariant. Let we have orthogonal sums M = M1@M2 and N =
N1®N2, and let M1@®N1 and M2®N2 be invariant. Then there exist decompositions K =
K1®K2 with M1e&N1®K1 and M2&N2@K2 invariant.

This version of the Theorem 3.3 is very transparent and there is no need to use
"cohomological mashinery"in stating (and in proving) this Theorem.

We renamed this Theorem into Proposition.

Before it, according to your comment, we mention that if £ {12} =0and & {21} =0,
then the result follows immediately. We also write there that we need to consider a
more complicated case when these cocycles are non-zero coboundaries, for using
further in the proofs of Corollary 4.3 and Theorem 6.4. Therefore we leave
“cohomological”’ language in the proposition.
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We also simplified its proof.

3. In Theorem 6.1. we deal actually with commutative groups. So it is reasonable to
restrict
(in stating and in the Proof of Theorem) with commutative groups.

According to your comments, we changed the statement of the theorem and prove it
for commutative groups. In a Remark after the theorem we write that the result also
holds for a wider class of groups.

We also simplified the proof of the theorem.

Edward Kissin and Victor Shulman
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Representations of nilpotent groups on spaces
with indefinite metric.

Edward Kissin and Victor S. Shulman

Abstract. The paper studies the structure of J-unitary representations
of connected nilpotent groups on Ili-spaces, that is, the representations
on a Hilbert space preserving a quadratic form ”with a finite number
of negative squares”. Apart from some comparatively simple cases, such
representations can be realized as double extensions of finite-dimensional
representations by unitary ones. So their study is based on some special
cohomological technique. We concentrate mostly on the problems of the
decomposition of these representations and the classification of ”non-
decomposable” ones.

1. Introduction

Irreducible unitary representations of connected nilpotent groups were stud-
ied in works of Dixmier, Lenglends, Guichardet, Pukanski, Kirillov and other
mathematicians. For Lie groups Kirillov [Kir] developed the famous method
of orbits relating structure of irreducible representations with symplectic ge-
ometry. The study of general unitary representations is simplified by the fact
that they uniquely decompose in direct integrals of the unitary ones.

The situation is more complicated for non-unitary representations. Though
all irreducible finite-dimensional representations are still one-dimensional and
correspond to characters of the group, but the general finite-dimensional rep-
resentations do not decompose in the sums of irreducible ones. Thus it is natu-
ral to take non-decomposable (but not necessarily irreducible) representations
as building blocks — by the Krull-Schmidt theorem, the decomposition of an
arbitrary finite-dimensional representation in the sum of non-decomposable
ones is unique up to isomorphism. Unfortunately the classification of non-
decomposable finite-dimensional representations is a ”wild” problem even for
a simple commutative group G = R2.

An intermediate, or mixed situation — the combination of finite-dimensional
and unitary representations — naturally arises when one considers J-unitary
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representations on spaces with indefinite scalar products. Let H be a complex
Hilbert space with an indefinite sesquilinear form [, -] and let

[z,y] = (Jz,y) for all x,y € H

and some connecting operator J* = J € B(H) with bounded inverse. The
initial scalar product plays an auxiliary role and can be changed if necessary
by an equivalent one in such a way that J is an involution: J2 = 1. Such
scalar products are called J-admissible; it is convenient to fix one of them
and to use it in topological constructions. It should be noted that the symbol
J plays two roles in the theory: it denotes a concrete connecting involution
and indicates that some term is used in ”indefinite” sense (e.g. a J-unitary
operator — an operator preserving the form [, ]).

If J is a connecting involution then (17 —.J)/2 is an orthoprojection on
a subspace H_, so that

H=H_ &®H,, [zr,z]<0forx e H_, [x,z] >0 for x € Hy,

o -1 0
and J = < 0 1, ) .

Set k, = dim(H,) and k¥ = min(k, ). The value of k is the same for all
J-admissible scalar products; if k& < oo, H is called a Pontryagin space or
II}-space. We assume that £ = k. = dimH_ < dimH, . A subspace K
is neutral if [z,z] = 0, positive if [x,z] > 0 and negative if [z,z] < 0 for
0#z€eK.

A representation 7 of a topological group G on H is irreducible if it has
no closed invariant subspaces, weakly continuous if (w(g)z,y) is continuous
on G for x,y € H. It is J-unitary if

[7(g)x, (g)y] = [x,y] for all x,y € H and all g € G,
ie., Jr(g)*J =m(gh). (1.1)

J-unitary representations of locally compact groups were investigated
by Araki [A], Ismagilov [Is1, Is2, Is3], Kissin and Shulman [KS], Naimark
[N1, N2], Naimark and Ismagilov [NI], Sakai [Sa] and others. They were
also considered in relation to the study of various problems in the quantum
theory ([DT], [MPS], [Sc], [Scl], [St], [SW]). It is well known that bounded
representations of amenable groups are similar to unitary ones. Recently it
was shown in [OST] that bounded J-unitary representations of all groups on
II;-spaces are similar to unitary representations.

J-unitary representations naturally fall into two classes: non-singular
and singular representations. A representation is non-singular if it has no
neutral invariant subspaces; otherwise it is singular. Non-singular represen-
tations decompose in the J-orthogonal sum of a finite number of irreducible
components and a unitary representation (see [Is]); in general, the irreducible
components are not similar to unitary representations.

Naimark [N1] studied J-unitary representations of connected solvable
groups on Ilg-spaces.
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Theorem 1.1. [N1] Let G be a connected, locally compact solvable group and
let ™ be a weakly continuous J-unitary representations on 1l -space H. Then

(i) 7 has a k-dimensional non-positive invariant subspace.
(ii) If w is non-singular then it is bounded, similar to a unitary representa-
tion and

H = N[+]P, where N, P are invariant subspaces,

N is negative, dim(N) = k, and P is positive. The representations 7|y
and w|p are similar to unitary representations.

Later Sakai [Sa] extended this result to amenable groups. Unlike non-
singular representations, singular representations of solvable groups can be
unbounded and, therefore, not similar to unitary representations. Thus the
”decomposition” they admit is not the decomposition into irreducible compo-
nents. Rather they ”decompose” into non-II-decomposable representations.

Definition 1.2. A representation m on a Ilg-space H is II-decomposable if
H = H,[+]|Hs, where Hy and Hs are invariant and not positive. Otherwise,
7 is called non-11-decomposable.

The underlying space of a non-II-decomposable representation may have
a decomposition H = Hy[+]Hs, where H; and Hy are invariant, but one of
them must be positive.

This paper is a continuation of [KS1] that studied cohomology of nilpo-
tent groups, normal cocycles and the extensions of representations generated
by cocycles of these groups. In Section 2 we review some of its results.

In Section 3 we provide further information about geometry of II;-spaces
([AI], [B], [KS]) which is different from geometry of Hilbert spaces and often
counter-intuitive. We consider some general properties of J-unitary represen-
tations and show that singular representations can be constructed as double
extensions ee(\, U, &, 7), where X is a representation on a finite-dimensional
space, U is a non-singular representations and £ and - are some cohomolog-
ical data. We also obtain some useful criteria of II-decomposability of the
representations ee(\, U, &, 7).

In Section 4 the results of Section 3 are refined for the case of nilpotent
groups. In Section 5 we partially describe the structure of finite-dimensional
J-unitary representations of connected nilpotent groups G. First we con-
sider important classes {7k} and {my ~} of these representations, where
k,m € N and x are non-unitary characters on G. It is shown that each finite-
dimensional J-unitary representation of G decomposes in the J-orthogonal
sum of the representations 7y y,, Ty v~ and one-dimensional unitary repre-
sentations. Even for small £ and m, the structure of 7 ,,-representations
can be very complicated. Using some results of [KS1] about neutral cocycles
of nilpotent groups, we get a description of representations 7y . It allows
us in Corollary 5.4 to describe transparently these representations for the
groups T, of all n x n real upper triangular matrices with identity on the
main diagonal.
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Although each 7, representation is non-II-decomposable, it can be
J-decomposable, i.e., it can decompose in the J-orthogonal sum of two repre-
sentations. In Theorem 5.9 we give some necessary and sufficient conditions
for them to be non-J-decomposable. Similar results are obtained for the rep-
resentations m, .

A singular representation 7 of a nilpotent group G is called primary
if, for some maximal invariant neutral subspace L of m, 7|, has only one
eigen-character, i.e., a character x of G such that 7(g)z = x(g)x for some
0 # x € L and all g € G. The representations 7, and 7, ,~ are examples
of primary representations.

In Section 6 we show that all non-IT-decomposable representations of
commutative groups are primary. On the other hand, we prove that if char-
acters of G are not separated in the dual space of G (e.g., G = T3 is the
Heisenberg group of all 3 x 3 real upper triangular matrices g = (g;;) with
gii = 1), then G has a non-II-decomposable representation which is not pri-
mary.

We say that a maximal neutral invariant subspace L splits a singular
representation 7w on H if there is an invariant subspace K, dim K < oo, such
that L ¢ K and H = K[+]K], where K™ is the J-orthogonal complement
of K. In Section 7 we show that L always either splits or approzimately splits
T, i.e., there are invariant subspaces {H,,}>°_; such that L C H,, 11 C Hyp,

dim H,, = oo, H = H,,[+]HX and dim(n,, H,,) < 0.

1] . . o .
The subspaces H7[n ) increase, the representations | (., are similar to unitary
H.

L]

ones and the invariant subspace N' = N, H,,, (the "nucleus”) is degenerate,

»

finite-dimensional and contains L. Thus the representations 7|, —are "in-
finitely close” to m|n and the representations | (., give an “approzimate
H’VTI,

decomposition” of .
We are very grateful to the referee for many helpful suggestions.

2. Cohomology of groups with coefficients in bimodules.

We first recall some cohomological notions in a version convenient for our
study. For Banach spaces L and $), let B($), L) be the space of all bounded
operators from $ to L and B($)) = B($,$). Let A and U be representations
of a topological group G on L and $) respectively. Let C™ be the space of all
continuous functions from G™ to B($), L). Define the map d;U: C!' — C? by

dj (€)(g,h) = Mg)é(h) — &(gh) +E(9)U () for € € C. (2.1)

The space Z1(\,U) = ker di,u of (A, U)-cocycles consists of all functions
& G — B($, L) satistying

E(gh) = X(g)&(h) + &(g)U(h) for all g,h € G. (2.2)
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The space BY(\,U) of (\,U)-coboundaries consists of all functions &: G —
B($, L) satisfying

&(g) = Mg)X — XU(g), for all g € G and some X € B($, L). (2.3)

Then B*(\,U) C ZY(\,U) and H'(\,U) = ZY(\,U)/B*(\,U) is the 1st
cohomology group of G with coefficients in (A, U)-bimodule B($, L).

Let Hy, Hy be Hilbert spaces. For a map u: G — B(H;, Hs), define the
map uf: G — B(H,, Hy) by:

uf(g) =u(g™")" (2.4)

If u is a (w1, m2)-cocycle (coboundary), where 7; are representations on H;,
then u? is a (7, 7% )-cocycle (coboundary); if H; = Hy and u is a representa-
tion then uf is also representation.

A (), U)-cocycle € is called neutral if the function —¢(g)€%(h) from G x G
to B(L) is the (), Af)-coboundary of some function v (called a prechain of ¢)
from G to B(L):

d' ()9, h) B Ag)r(h) — v(gh) + Y(g)N(h) = —€(g)EH(h).  (2.5)

A0

The map <y is determined up to a cocycle. Neutral cocycles were introduced
by Ismagilov [Is3] and systematically studied in [KS1]. They and their gen-
eralizations play an important role in what follows.

For a subgroup H of G, let [G, H| be the minimal closed subgroup of
G containing all commutators [g,h] = ghg~'h~!, g € G, h € H. Set GI'l =
G,G], GP = (@, GM),..., G = [G,G"1]; G is nilpotent if GI™ = {e} for
some n.

Consider the following example. If L = C, A(g) =1 and U(g) = 1y are
trivial representations of G, then a (A, U)-cocycle can be identified with a
continuous map «: G — ), satisfying

a(gh) = a(g) + a(h) for g,h € G. (2.6)

Proposition 2.1. ([KS1]) Let G be a connected locally compact group and let
a continuous map o : G — $) satisfy (2.6). Then there are n :=n, € N, a
normal subgroup Go of G, Gl C Gy C ker(a), an isomorphism 0 : G /Gy —
R"™ and a linear map B : R™ — $ such that

a(g) = B(w(g)) = B(x1,y oy ) = Tru1 + ... + Tpuy

for some uy,...,u, € 9, where w : G — R™ is the composition of the canonical
homomorphism G — G /Gy with 0, so that w(g) = (z1, ..., x,) € R™.

The following result obtained in [KS1] is important for the rest of the
paper.

Theorem 2.2. Let A and U be representations of a nilpotent group G. If
Sp(A(h)) N Sp(U(h)) = @ for some h € G, then H*(\,U) = H' (U, \) = 0.
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A complex-valued function x on G is a character if x(gh) = x(g)x(h)
for all g,h € G. Then

X" (9) = x(g7') = x(g9)~! for g € G, is a character. (2.7)

If x = x*, ie., |x(g)| =1 for g € G, x is called unitary.

If dimL = n and G is nilpotent and connected then, by Lie-Kolchin
Theorem, A has upper triangular form in some basis in L with characters
{x:}_; on the diagonal (they may repeat). The set of these characters (each
taken only once) is denoted by sign(\). It coincides with the set of all eigen-
functionals so does not depend on the choice of a basis.

If sign(A) consists of one character x, we say that X\ is monothetic, or a
x-representation.

Corollary 2.3. (Corollary 2.18 [KS1].) FEach finite-dimensional representation
A on L of a connected nilpotent group uniquely decomposes in the direct sum
of monothetic representations:

A= Y FM\andL= Y FL,, (2.8)
x€Esign(A) x Esign(A)
where each Ay = A, is an x-representation.

Simple examples show that Corollary 2.3 does not extend to solvable
groups.

We say that a representation U of G on §) and a character y of G are
1) eigen-disjoint if
X={zxen:U(g)r = x(g9)x for all g € G} = {0};

2) spectrally disjoint if x(h) ¢ Sp(U(h)) for some h € G;

3) sectionally spectrally disjoint if, with respect to some decomposition
H=91D..D N, U has an upper triangular form such that x is spectrally
disjoint with each diagonal block Uj;.

A set Q of characters of G and a representation U of G are eigen-disjoint,
spectrally disjoint, sectionally spectrally disjoint, if this is true for U and each
X € .

Combining Theorem 2.2 and Corollary 2.3 yields

Corollary 2.4. ([KS1]) Let A, U be representations of a connected nilpotent
group and let \ be finite-dimensional. If sign(\) and U are sectionally spec-
trally disjoint then H'(\,U) = HY(U,\) = 0.

We will later need the following result.

Lemma 2.5. ([KS1]) Let x and {x;}i_; be continuous characters on a con-
nected group G.

(1) If x(9) € {xi(9)}i_q for each g € G, then x coincides with one of the
characters X1, ..., Xr-
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(i) Let U = x1,, be a representation of a connected locally compact group
G on $ and X be a x-representation of G on L, dim L < oco. For any
(N, U)-cocycle &, the codimension of the space N__.ker&(g) in $H does
not exceed n, dim L (see Proposition 2.1).

g€eG

3. J-unitary representations of groups on Il;-spaces

First, we provide some additional information about geometry of II;-spaces
([AI], [B], [KS]). Let H = H_®H be a Ili-space with a connecting involution
7= -1, 0
0 1,

min(ky), where ky = dim(Hy). We assume that £k = k- = dimH_ <
dim H . All subspaces of H we consider will be closed.

Let K be a subspace of H. The J-orthogonal complement of K is defined
by

, so that [z,y] = (Jz,y) for all z,y € H, and k =

KM ={yeH: [z,y) =0forall z € K}.

Subspaces K and M of H are J-orthogonal if [z,y] =0 for z € K and y € M.
We write H = K[+]M if H is also the direct sum of K and M. Then there
is a J-admissible scalar product on H with respect to which K and M are
orthogonal and we write H = K[®]M. In particular, H = H_[®]H.

Subspaces L and M are skew-related if for each x € L, there is y € M
such that [z,y] # 0 and vice versa. In this case dim L = dim M. A subspace
L is neutral if and only if L C LI; it is non-degenerate if L N L = {0}.

For example, if

H =Ce, ®Ce,, J= ( _01 (1) ) and [z,y] = (Jx,y) for z,y € H,

then H is a IIj-space. For a € C, the vector z, = ae, @ e, is negative if
1 < |af, positive if 1 > |a| and H = Czo[+]Crg-1. If |a] = 1 then Czx,, is
neutral and (Czq ) = Cz,.

A projection p in B(H) is J-orthogonal if the following equivalent con-
ditions hold

Jp" =pJ = H =pH[+]1 -pH < [pz,y] = [z,py]  (3.1)
for z,y € H. The following facts are well known (see, for example, [KS]).
Proposition 3.1. Let H be a II;-space. For any subspace K of H,

(K[J-])[J-] = K,
K is non-degenerate <= K N KM = {0} «= H = K[+]K*, (3.2)

If K is a non-positive (e.g. neutral or negative) subspace of H then
dim K < k.
If K is non-degenerate, then it is a I, -space and K* is a I1,,-space,

no+m_=k_ and ny +my = k4. (3.3)
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We consider now J-unitary representations m of topological groups on
ITj-spaces (see (1.1)). As usual, J-unitary representations = and p on H and
K are similar if p = StS~! for S € B(H, K). They are J-equivalent if also
[Sz, Syl = [z,y], and J-antiequivalent if [Sx, Sy|, = —[z,y], for x,y € H.

Recall that 7 is singular if it has a non-zero invariant neutral subspace.
We say that 7 is completely singular (or generic [KS]) if it has an invariant
neutral subspace of dimension & (equivalently all maximal invariant neutral
subspaces are k-dimensional).

Remark 3.2. Let 7 be a J-unitary representation on a Ily-space H = H_[®]H .,
k}i = dlm(Hi)

(i) If S € B(H) has a bounded inverse, H is also a IIx-space with respect
to the indefinite metric [z,y]; = [S™'z, S~ 1y]. The representation p =
SmS~1 on (H,[]1) is J-unitary and J-equivalent to .

(ii) Suppose that ky < k_, so that £ = k. Then H is also a IIx-space with
metric [-,-]; = —[-,-] and H = H' [®]H/ , where H' = H, H| = H_
and k = k; = dim H” . The representation 7 on (H, [-,-]1) is J-unitary
and J-antiequivalent to 7 on (H,[,-]). W

We focus our attention on the study of singular representations . Let
L be a maximal neutral 7m-invariant subspace of H. Then dim L < k, LH is
invariant and contains L. Set $ = Lo L and M = JL. Then H = L&Hd M,
$ is non-degenerate and invariant for J; M is neutral and skew-related to L.

By Corollary 3.4 [KS], (9,[,]) is a II,,-space, n = k — dim(L), with
a connecting operator I = J|,. As L and M are skew-related, identifying
M with L via the map 7: M — L, (z,7(y)) = [z,y], we can write that
H=L®HDL,

Ag)  &g) (9) 0 0 1,
m(g) = 0 Ug) nlg) and J = 0 I 0 (3.4)
0 0 wu(g) 1. 0 O

where A = 7|, and U, p are representations of G on $) and L, respectively.
As m is J-unitary, we have from (1.1) that m(¢g~') = Jr(g)*J. Hence
(see (2.4))

p=XN, n=1I¢ =y and U(g~") = IU(9)"I, (3.5)

where u?(g) = u*(¢g~') for ¢ € G. Thus U is J-unitary with connecting
operator I. It is non-singular, as L is a maximal neutral invariant subspaces
in H. As 7 is a representation, the maps £ and -y satisfy

£(gh) = Mg)§(h) +£(9)U(h),

Y(gh) = Mg)v(h) + E(9)IE (B) +v(9)N¥(h). (3.6)
In other words, £ is a cocycle and
d' (g, h) = (@) IE(h). (3.7)

We often write L for L@ {0} @ {0}, M for {0} @ {0} ® L, n for I¢* and p for
PL
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If 7 is completely singular then $) is a Hilbert space with scalar product
[,y] and U is a unitary representation. In this case I = 1, so that (3.7)
implies that cocycle £ is neutral (see (2.5)) and + is its prechain. Conversely,
starting with a unitary representation U on a Hilbert space $), a representa-
tion A on an n-dimensional Hilbert space L, a neutral cocycle £ € BY(\,U)
and a prechain 7 of £, one can define a completely singular representation 7
on a I,,-space H = L & $ & L via the construction in (3.4). All completely
singular representations can be obtained in this way.

To catch the general case, we will slightly extend our approach. Now
U must be a non-singular representation on a II,,-space $) with connecting
operator I. We say that a cocycle & € BY(\,U) is I-neutral, if there is a map
~v: G — B(L, L) such that (3.7) holds. Starting with A, U, ¢ and +, we define
a representation 7 of G on the II,,,,-space H = L & $ & L with connecting
operator J as in (3.4). We denote 7 by ee(A, U, &,y) and call it a double
extension of a non-singular representation U by A defined by &. It follows
from the previous considerations that any singular J-unitary representation
on a Ilg-space is J-unitary equivalent to a representation of this form.

Now we will find some conditions for the double extension m = ee(\, U, &, )
to be II-decomposable.

Let L = Ly + Ly and $ = H1[+]92, where L; are Minvariant and $;
are U-invariant subspaces. Let p be a projection on L; along Ls. Then p
commutes with A. Set My = p*M and My = (15 — p*)M. As p* commutes
with M, M; are M-invariant subspaces and M = M; 4+ M. If z € L, and
y € My theny = p*y and, by (3.4), [z,y] = (z,p"y) = (px,y) = 0. Thus M; is
J-orthogonal to Lo. Similarly, M is J-orthogonal to Ly, M; is skew-related
to L; and M> is skew-related to Lo.

Thus H = (L1 + L) [®](H1[+]$2) & (M; + M) and with respect to this
decomposition

A0 & &2 oy M2
0 A2 &1 a2 21 722
0 0 Ui 0 m1 mn2
0
0
0

m =

0 Uz mo1 mo2 |’ (3.8)

0
0 0 0 A 0
0 0 0 0 M

where )\1 = 7T'|L1.7 Ul = U|y)i, /\Z’j = )‘ﬁ|ML

If &9 = &1 = 0 then nyo = 121 = 0 as np = I(&)F. If also o1 = 0
then Hy = (L1[+]$1) + M, is m-invariant and non-degenerate. Thus H =
Hl[—i—]Hf‘], HI[J'] is m-invariant and Lo C H{J']. We extend this now to the
case when &15 + €21 is a coboundary to use it in the proof of Corollary 4.3.
Its inverse (Theorem 3.4) gives some sufficient condition for €12 + £21 to be a
coboundary and will be used to prove Theorem 6.5.

Note that the I-orthogonal projection ¢ on $); along $)» commutes with
U.
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Proposition 3.3. Let m = ee(\, U, &, ) have form (3.8). Let
€12 4 €21 be a (A, U)-coboundary and H' (Ao, A') = 0. (3.9)
Then H = Hy[+]Hz is the J-orthogonal sum of invariant subspaces, Hy =

(L1[+]97) + M{, where 9} = {-Tiz + z: © € H1} for some Ty € B($H1, L)
and M, is skew-related to Ly, and Ly C H;.

Proof. As €12 + £21 is a (A, U)-coboundary, &2 + 21 = AX — XU for some
X € B(fj,L) Then 521 = (1L —p)()\X — XU)q = X171 — ThU; for T} =
(]—L —p)Xq S B(f)l, L2) Slmllarly, 612 = M1y —ToUs for Ty = pX(]_fJ — q)
Thus &1 and £15 are coboundaries.

Set 9 = {-Tix +x: x € H;}, i = 1,2. Then L; + £ are w-invariant.
For example, for ¢ = 1,

m(9)(-Tiz + 2) = Lulg)r + (—A2(9)Trz + &1(g)z) + Vi(g)x
=&ulg)r + (-TUi(g)x + Ui(g)x) € L1 + 9]

Consider a new J-admissible scalar product on H such that L is orthog-

onal to ' = H[+]$5. Then
H = (L1 + Lo)[8](H1[+]95) & (M1 + Ma).
With respect to this decomposition
A0 & 00 e
0 X2 0 & 71 72
0 Ul 0 my my
0 0 U my ny
0 0 0 A o0
0 0 0 0 M
and I’ = J|g. By (3.1), the I’-orthogonal projection ¢’ on £ along 95
satisfies I'(¢')* = ¢'I’. Hence
11 (9) = (L — a')n(g)p* = (Ls — ¢ )I'(€') (9)p"
=1I'(15 — (¢"))€ (g7 "
=I'(p€' (g7 (L — )" = I'€a(97") = 0.

Thus ~4, is a (Mg, A)-cocycle. By (3.9), it is a coboundary: 74, = ApS — SA?
for some S € B(Mj, Ly).

The space M, = {—Sz+2: z € M, } is skew-related to L, and 7(g) M| C
Ly + 9] + Mj, as

(9)(=Sz +2) = 711(9)z + (—Xa2(9)Sz + 721 (9)2) + miu (9)z + Mi(9)2
= 11(9)7 +11(9)2 + (=5M (9)2 +A{(9)2)

belongs to Ly + £ + M. Hence the subspace Hy = (L1[+]$}) + M] is 7-
invariant. As the subspace (L1[+]9}) + M; is non-degenerate (see (3.2)) and

J-orthogonal to Lo, the subspace H; is also non-degenerate and J-orthogonal
to Lo. Hence, by (3.2), H = H,[+]H> and Ly C Hs. O

M1 M
wieref = (it 712) = ey

o O OO
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Our next result is a partial inverse of Proposition 3.3. We will use it later
to prove that some special representations are non-II-decomposable. Recall
that a finite-dimensional representation is semisimple if it is a direct sum of
irreducible representations.

Theorem 3.4. Let )\ be semisimple and not irreducible. If m = ee(\, U, &, 7y) is
II-decomposable then

o :=p&(ly —q) + (1 — p)&q is a (A, U)-coboundary, (3.10)
for some projections p and q = ¢ commuting with A\ and U, respectively. If
p = 0 then g maps H on a subspace which is not positive; if p = 1p then

1y — g maps $ on a subspace which is not positive.
In particular, if ™ is completely singular then p # 0,1y in (3.10).

Proof. Let P be a J-orthogonal projection such that the decomposition H 2
PH[+]|(1g — P)H is a II-decomposition of H. It commutes with 7 and has
form P = (pij)?,jzl with respect to the decomposition H = L & HPL (we
may assume that p1; # 0; otherwise replace P by 15 — P). Hence

pSl)\(g) = :U’(g)psl and pBIé—(g) = M(g)pm - p32U(g) for g€ G.
Assume firstly that p,, # 0. As A is semisimple and not irreducible,
1, = Y1 mi, n > 1, where r; are projections commuting with A and [,
are irreducible, L; = r;L. As u(g) = Xg~1)*, the projections 7 commute
with p and /“Ml- are irreducible, M; = r} L. Clearly, there are 7, j such that
0# rfp,r; € B(L,M). Set t =r}p,,. As r} commutes with g,

tA(g) = p(g)t and t&(g) = p(g)rips, — iP5, Ulg) for g€ G- (3.11)

We claim that there is an operator s: M — L such that su(g) = A(g)s
and st # 0. Indeed, the restriction ¢’ = t|Lj considered as operator from L;
to M; is non-zero and satisfies, by (3.11), the condition t'A(g)z = p(g)t'z for
z € Lj. As )\|Lj and pl,,, are irreducible, t’ is invertible by the Shur Lemma.
Denote by s’ : M; — L; the inverse of ¢’ and extend s’ to s: M — L by setting
s = s'rf. Then sty = st'y = s'rt'y = s't'y = y for y € L;. In particular,
st # 0.

Let us show that A(g)s = su(g). For y € L, we have z := rfy € M; and
z:= sz € Lj, so that

Ag)sy = (g)s's = sEA(g) = s'ulg)t'= = 5'u(g)t's'
= s'u(g)riy = s'riulg)y = sp(g)y.
Thus stA(g) = su(g)t = A(g)st, so that st belongs the commutant A(G)" of
AG) and, by (3.11),
st&(g) = su(9)rips, — 517 U(g) = Mg)T — TU(g), where T' = s1p,,.

We have proved that the set S of all operators w € A(G)’, for which the
map g — wé(g) is a coboundary, is non-zero. The algebra )\(G)' is semisimple,
since it is isomorphic to the direct sum of full matrix algebras by the Schur
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Lemma. As S is a left ideal in A(G)’, it contains a non-zero projection r (see
[H, Lemma 1.3.1]). If » # 1, , take p =r and ¢ = 0 in (3.10); if » = 1, then
all r; belong to S and we may set p =r; and g = 0.

Now let p,, = 0. Then the condition P? = P implies p,,p,, = 0. As
P is J-orthogonal (P = JP*J), it follows that p,, = p} I. So p} Ip, =
DaDs; = 0 and the subspace F = p,, L of ) is neutral, since [p,,z,p,,y] =
(Jpy 2, 0,0y) = (0%, Ip,,x,y) = 0 for x,y € L. Moreover, F' is invariant under
U. Indeed, as p,, = 0 and P commutes with 7, we have from (3.4) that
U(9)p,, & = py, M(g)x € p,, L for x € L. As U is non-singular, p,, L = {0}.
Thus p,, =0, so that p,, =p; I = 0.

Set p = p,, and ¢ = p,,. Since P is a projection, p and g are projections
and ¢ = I¢*I = ¢*, as P = JP*J. As Pr(g) = n(g)P, the projections p and ¢
commute with A and U, respectively, and p&(g) — £(9)q = M(9)p,, — P, U(9).
Hence p&(g)(1s — q) is a (A, U)-coboundary, since

p€(9)(1s — q) = (p&(9) — £(9)9) (15 — q)
= ANg)p1, (s — q) — 0 (1o — @)U (9).

Similarly, (1, —p)¢(g)q is a (A, U)-coboundary. Thus o is a (A, U)-coboundary.

In particular, if p = p,, = 0 then p,, = p], = 0 and the projection P
maps H into L@ $. Since [z +y,x+y] = [y,y] forallz € L, y € $H, and PH
cannot be a positive subspace of H, we have that the subspace ¢§) = p,, 9 is
not positive.

If p =1y then p,, = 1, and the projection 15 — P maps H into L@ §.
Repeating the above argument, we obtain that 15 — ¢ maps $ on a subspace
which is not positive.

If 7 is completely singular then $) is positive. Hence the cases p = 0,1,
are not possible. ([l

4. Decomposition of J-unitary representations of nilpotent
groups

From now on G is a connected, locally compact nilpotent group. As the
structure of non-singular representations of nilpotent groups is described in
Theorem 1.1, we restrict our study to singular representations on ITx-spaces,
that is, double extensions m = ee(A,U,&,v) on L & H & M, A = 7|, and
dim L < oo. Since Af is a representations on L and we identify L and M, we
have from (2.8) that

L= Y “HLyandM= > +M,, (4.1)
xEsign(\) wesign(At)

where L, are A-invariant and M., are Minvariant. For y € sign(\), let Dy be
the projection on L, along the sum of all other L,..
Let €4, be sets of characters on G. We write

O = Qe if Q3 UQT =0 U035, where QF = {x": x € Q}. (4.2)
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The representation m may have several maximal neutral invariant subspaces
L. The following lemma describes the dependance of sign()\) and sign(\*) on
the choice of L.

Lemma 4.1. (i) sign(\*) = sign(\)* and M, = pyM for x € sign(N).

(ii) My~ and L, are skew-related and M, is J-orthogonal to all Ly, X’ # x.

(iii) Let L, L' be mazimal neutral invariant subspaces of m, \ = w|r and
N = 7). Then dim L = dim L' and sign(\) = sign()\'), so that they
have the same unitary characters.

Proof. (i) As p, commute with A, p) commute with M. Thus the subspace
py M = p} L is invariant for M. Set n, = dim L,. Then (A(g)—x(g)11)™py =
0 for all g € G. Hence

(M (9) — X (9)12)™pk = pL(N(g) — x*(9)1L)™
= ((Mg™") = x(gH1L)™py)* = 0.

Thus sign(\) = {x*: x € sign(\)} = sign(A)* and M,- = p; M for each x €
sign(A).

(ii) Let 0 # = € Ly. Then x = p,x. Set y = pyz and consider it as
an element of M. Then y € M,- and [z,y] = (z,Jy) = (z,y), where y is
considered as an element of L. Hence [z,y] = (z,y) = (z,p}z) = (pyz,7) =
(z,x) # 0. In the same way we show that, for each 0 # z € M,~, there is
u € L, such that [u,z] # 0. Thus My~ and L, are skew-related. Similarly,
M, is J-orthogonal to L, w # X, as pupy = 0.

(iii) Tt follows from Corollary 1.12(ii) [KS] that dim L = dim L'. If L N
L’ = {0} then L and L’ are skew-related. As in (i) and (ii), we have sign(\') =
sign(A)* and each subspace L, is skew-related to L}. and J-orthogonal to
all L/, X" # X"

If K =LNL #{0}, then m generates a quotient J-unitary representa-
tion p on the IT,-space K*1/K, n < k (see [KS]). The subspaces L = L/K
and I/ = L/ /K of KM /K are maximal neutral subspaces invariant for p and
LN L = {0}. As above, sign(p_,) = {Xx": x € sign(p;)}. As sign(\) =
sign(m, )U sign(p;) and sign(X') = sign(m, )U sign(p_,), we conclude the

proof. ([

If x € sign(\) is non-unitary, x* may belong to sign(\") while x does
not. Indeed, let H = Ce, ® Ce,,

t
1= 8 bl =Gapmane = (5 %)
for t € R. Then 7 is a J-unitary representation of R on a Il;-space H,
L = Ce; and M = Cey are skew-related maximal neutral invariant subspaces,
x(t) = et is a non-unitary character on R, sign(x|,) = x and sign(n|,,) = x*.
When G is nilpotent the non-singular part U of a singular representation
7w can be described more precisely. If 7 is completely singular then § is a
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positive subspace and U is unitary. In the following proposition we consider
the case that m is not completely singular.

Proposition 4.2. (i) The representation U on $) in (3.4) is similar to a unitary
representation, and $ uniquely decomposes in the J-orthogonal sum $ =
N[+]P, where N is a negative and P is a positive U-invariant subspaces.

(ii) The projection q on N along P is J-orthogonal, I = 1 — 2q is an
isometry in the scalar product (u,v) = [Iu,v], for u,v € 9, and $H = N (+) P.

(iii) U is unitary in (-,-). If p is the orthoprojection in (-,-) on a U-
invariant space K in $), then p is J-orthogonal (Ip*I = p), commutes with q
and K = (KN N)(+) (KNP).

Proof. As U is non-singular, (i) follows from Theorem 1.1 and (ii) from Propo-
sition 3.1.
(iii) As U is J-unitary and commutes with g, it is unitary in (-, -), since

(U(g)u,v) = [IU(g)u, v] = [U(g)Tu,v] = [Tu, U(g)v] = (u, U(g)v)

for u,v € $. Asdim N < oo and Uy is unitary, N = Ny, @...® N, , each ka
is U-invariant and dim ka = 1. As U is non-singular, sign(Uy) and Up are
eigen-disjoint. Hence Uy and Up have no non-zero intertwining operators.
Indeed, it WUy = UpW for W € B(N, P), then (Up(g) — x,(¢9)1)Wz =
W(Un(9) — x,(9)1)z = 0 for x € N, . Hence Wz = 0, as Up has no x,-
eigenvectors. Thus W = 0.

Let p have form p = (p;;) with respect to the decomposition § =
N (+) P. As p and U commute, U|,p,, = p,,U|,. By the above, p,, = 0. As
p* = p, we have p,, = 0. Thus p commutes with ¢ and with I = 14 — 2q.
Hence Ip*I =p and K = (KN N) (+) (K N P). O

We now obtain an important corollary of Proposition 3.3. For Q C
sign(), set Lo =3 o +Ly.

Corollary 4.3. Let m = ee(A\, U, &, 7) be a representation on H = L[®]$H S M.
Suppose that

1) 9 = 91 + Ho where H1, Ha2 are U-invariant;

2) Slgl’l(A) = Ql @] QQ and Ql n Qg = QT n QQ = @;

3) Q1 is sectionally spectrally disjoint with Ulg,, Qo is sectionally spec-
trally disjoint with Ulg, .

Then H = Hy[+]Hz, where H; = (Lq,[+]9})+M,; are invariant subspaces,
Lq, are mazimal neutral invariant subspaces of H; and dim M; = dim Lgq,
for i =1,2. Moreover, $; = {—T;x + x: © € $;} for some bounded operators
T; € B($i, La,), i # j, so that dim ] = dim ;.

If Qy = sign(\) then Hy = L+ 95+ My, Hy={-Txz+z:2 € H} for
some T' € B(H2, L), and the representation 7|, is non-singular.

If 52 = 9 then Hy = Lq, + My, where My is skew-related to Lq,, and
Lq, is a mazimal neutral invariant subspace of Hs.

Proof. As U is non-singular, § = ﬁl[ﬂﬁ[ﬁ and .6[1“ is U-invariant. As
H = H1 + N, 53[1L] ={Tx+x: x € H} for a T € B($H2,91), and TUg, =
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Ug,T. The operator S = T + 1g, from Hs to 55[1J‘] has bounded inverse
and SUg, = Uﬁ[lL]S. Hence Sp(Uﬁ[IL] (9)) = Sp(Ug,(g)) for g € G. As Q4 is
sectionally spectrally disjoint with Ug,, it is sectionally spectrally disjoint
with Uf)[lL] .

The projection p on Lgq, along Lq, commutes with A. The projection
q on $H; along 55[1H is J-orthogonal and commutes with U. Set \; = )‘|L9i‘
Since € and Uy = U] it are sectionally spectrally disjoint, and since 2,
and U; = Ulg, are sectionally spectrally disjoint, H1 (A1, Us) = H (A2, Uy) =
0 by Corollary 2.4. Hence the (\y,U;)-cocycle &1 = (15 — p)€q and the
(A1, Us)-cocycle &2 = p€(1lg — q) are coboundaries. As sign(\;) = €;, we
have sign()\ﬁ) = ] by Lemma 4.1. As Q} Ny = &, it follows from Corollary
2.4 that H* (A2, AY) = 0. The rest follows from Proposition 3.3. O

As above, let L be a maximal neutral invariant subspace of a represen-
tation m = ee(\, U, &,7) in (3.4) on H = L[®]H & M, where §) is a II,-space,
n < k,and M (M =~ L) is skew-related to L. For x € sign(\), consider the
x-eigenspace HX of U

HX ={x € H: U(g)x = x(g)x for all g € G}. (4.3)

By Proposition 4.2, U is non-degenerate and similar to a unitary representation.
Hence if §X #£ {0} then x is unitary and $X is positive or negative; otherwise
it has a neutral U-invariant subspace. Set

usign(A) = {x = x* € sign(A\) : H* # {0}}. (4.4)

All subspaces $X, x € usign(\), are mutually J-orthogonal. Hence there
is a U-invariant subspace $° C § such that each y € sign()) is eigen-disjoint
with Ulgo. Thus H = L[®]H & M,

H=0"+8a" 5%= > [HH¥and L= Y  +L,. (4.5)

X Eusign(A) x Esign(A)

Lemma 4.4. The representation m on H has x-eigenspaces EX| x € usign()),
such that

1) E = 3 cusignoy [HEX is a non-degenerate subspace and w|g is non-
singular,

2) H = K[+]E where K is m-invariant and decomposition (4.5) has form
K = L[D|R® M', where & = 82[+]9°,

/Y = Z [+]8X and dim 8% < ng dim Ly, for all x. (4.6)
x Eusign(A)

Proof. Set V = U|ge. Then L[®]H? is invariant and 7| gm0 = 8\ é ,
where § = (€wy)wesign(r),xeusign(r) 15 a (A, V)-cocycle and &,y € B(HX, Ly,).
As X and V are block-diagonal, each &, is a (A, V/|gx)-cocycle. By Corollary
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2.4, H'(\o, Vl]gx) = 0 if w # x. Hence, by (2.3), &uy(9) = Ao(9)Twy —
T.xUsx(g) for some operators T, € B($X, L,,). For x € usign(\), set

T, = Z Ty and £X = {-T\y +y: y € HX} C L + HX.
wesign(\),x#w

Since each $HX is positive or negative, each £X is positive or negative.
Set also £X = {0} for x € sign(\)\usign(A). Then the spaces L, + £X are
invariant, dim £X = dim $X,

LI+ Y [#Ho = > [H(Ly+ LY,

X Eusign(A) x€Esign(A)

A 13 ) .
T jex = (OX X1>1<:X> if x € usign(\).

Set EX = N ker{(g) C £X for x € usign()\). Then EX is a x-
eigenspace of m and £X = RX[+]EX for some £X C £X. By Lemma 2.5,
dim 8X < n, dim L, . Thus we have

H = (L[+]8[+]9°[+]E) & M,

where 87 = ) [H& and E= ) [+]EX.
xEusign(A) X€Eusign(A)

As £X are positive or negative, EX are positive or negative. Thus F is
non-degenerate. By Proposition 3.1, H = K[+]E, K = E*t and L[+]8%[+]6° C

K. As K is non-degenerate, there is a scalar product on K and a subspace
M’ skew-related to L such that

K = (L[®]8?[+]9°) & M’ and dim M’ = dim M = dim L
which completes the proof. (I

Corollary 4.5. Let sign(A) = Q1 UQs, (QUQ7)NQ = @. If Oy is sectionally
spectrally disjoint with Ul|go in (4.5), then

H = Hy[+]H,, where Hy, Hy are invariant subspaces,

Lq, = Z +L,, are mazimal neutral invariant subspaces in H; (4.7)
weN;

and dim Hy < oo.

Proof. By Lemma 4.4, H = K[+]E, L C K, E is the J-orthogonal sum of
eigenspaces of 7 and K has decomposition (4.6). Set ® = usign(A) (see (4.4)),
Ri = ®, s RX and Ry = 9° @ (B, .. &Y). Bach x € Q; is sectionally
spectrally disjoint with all Ulge = wlge, w € Q2 N ®, and with Ulgo. Thus
Qy and Ulg, are sectionally spectrally disjoint. Similarly, Qo and U|g, are
sectionally spectrally disjoint.
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By Corollary 4.3, K = K;[+]K>, where K;, i = 1,2, are invariant
subspaces, Lo, are maximal neutral invariant subspaces in K; and

Ky = (Lo, [+]H) ® My,
L&} N Ky = Lo, [+]H, M; is skew-related to Lg,,
H ={-Txz+z: x € R}, for some operator T € B(R1, Lq,).
Then dim M; = dim Lg, . By (4.6),

dimH =dim Ry = Y dim & <n, Y dimL, < co.
XEQ XEQ
Thus dim K7 < co. Set H; = K7, HQZKQH-]E O

Let N be a maximal negative invariant subspace. Then dim N < k and
H = N[+]NW. If 7y is T-decomposable then Nt = H\[+]H;, where
H,, Hy are invariant subspaces. By Proposition 3.1, they are II,,,- and II,,,-
spaces, 0 < max(ni,n2) < k. Continuing this and using (3.3), we get

Lemma 4.6. Let m be a J-unitary representation on a I-space H and N be
a mazimal negative invariant subspace. Then either

either H = N[+]P, where dim N =k and P is positive,
or H = N[+]|H[+]...[+]Hn, (4.8)

where all H; are invariant 1, -spaces, k' > 0, 7|g, are non-II-decomposable.

Note that for some summands in (4.8) the inequality k& < k% can
fail. As 7|y is similar to unitary, it decomposes into a finite sum of one-
dimensional unitary representations.

Consider now some particular cases of Corollary 4.5. Let m be a non-II-
decomposable representation of G on H and x € sign(\). Set 1 = {x, x*}N
sign(A) and Qg = sign(A)\ ;.

Let x be non-unitary. As Ulgo is similar to a unitary representation,
it is spectrally disjoint with ;. Since usign(\) in (4.4) consists of unitary
characters, 21N usign(A) = @. As 7 is non-II-decomposable, it follows from
Corollary 4.5 and its proof that sign(A\) = Q1 C {x,x*}, that L = Lg,,
Hy =L ® M, where L and M are skew-related, and Hs is positive.

Let x be unitary and dim H < oco. Since G is nilpotent and U is similar
to a unitary representation, $° = 2?21 BHY is a finite sum of w;-eigenspaces
of U. As x is eigen-disjoint with U|go, they are spectrally disjoint. If Qs # @,
then 7 is II-decomposable by Corollary 4.5. Thus sign(\) = {x}.

Combining all this, we have the following summary of the results of this
subsection.

Theorem 4.7. Each J-unitary representation of a connected nilpotent group
G on a Ii-space decomposes in a finite sum of summands of the following
types:

1) a representation on a positive subspace similar to a unitary one;

2) a unitary representation on a one-dimensional negative space;



18 Edward Kissin and Victor S. Shulman

3) a finite-dimensional non-I1I-decomposable representation with sign(\) =
{x} for a unitary x;

4) a finite-dimensional non-I1-decomposable representation on LM, where
L is neutral, invariant and skew-related to M, and sign(A) C {x, x*}
for a non-unitary x;

5) a non-II-decomposable representation ee(\, U, &, y) such that sign(\) con-
sists of unitary characters and U = U @ U°, where U acts on a space
H with dim H@ < ng dim L and sign(U*?) C sign()\), and where U° acts
on a space $H° with dim H° = oo and is eigen-disjoint but not spectrally
disjoint with each x € sign(\).

More information about cases 3) and 4) will be obtained in the further
sections.

5. Finite-dimensional representations on II.-spaces

In this section we consider some important classes of finite-dimensional .J-
unitary representations of connected, locally compact nilpotent groups and
prove that each finite-dimensional J-unitary representation of such a group
is the direct sum of these representations.

5.1. Representations my, ,.

Let dimL = k € N and dim$ = m € NU {0}. Let A be a x.-representation
of G on L, where x. is the identity character on G, and let U(g) = 14 be
a trivial representation of G on $). We say that 7 = ee(\,U, &, ) in (3.4) is
Tk,m Tepresentation.

The following lemma allows us to consider 7, ,,-representations only for
m < kng.

Lemma 5.1. Let dim$) > kn,. Then H = K[®|P, where K and P are w-
invariant subspaces, P is positive, K =L®K®L, K C H and dim K < kn,,.

Proof. Set P = N _,keré(g) and K = $H © P. By (3.4), P is m-invariant,
positive, J-orthogonal to K = L® K & L. Then H = K[®|P and K is
m-invariant. By Lemma 2.5, dim K < kn,. (]

The structure of 7 ,,-representations depends on the structure of A,
& and . Since non-unitary finite-dimensional representations do not admit
reasonable classification even for commutative groups, one cannot hope for a
constructive description of the class 7, ,, in general. However, such a descrip-
tion is possible, though quite complicated in a very special and important case
of 1 ,m-representations on II;-spaces.
Representations 7y ;,,.. Let L = Ce and dim$ = m < n,. Then H = L &
$ @ L is a IT;-space. Let A\ = A = ¢ be the trivial representation of G on L:
t(9) = 11. Then

1, &(9) (9)
Tm(g)=| 0 15 &(g) | forged, (5.1)
0o 0 1z
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where £ is a neutral (¢, U)-cocycle, £(g) € M1, (C) and v is a prechain of &:

E(gh) = £(h) +£(g), v(gh) =~v(h) + £(9)EH(h) +(9), v(9)" =~(g™")

for g,h € G. The description of neutral (¢, U)-cocycles and their prechains
was obtained in [KS1]. Here we will summarize the results obtained there.
Let n = n, and w: G — R™ be the composition of the canonical ho-
momorphism G — G /Gy with an isomorphism G/Gy — R™ (see Proposition
2.1), so that w(g) € R™ is a column.
For x € $, y € L, a rank one operator x ® y acts from § to L by the
formula

(z®@y)z = (z,2),y for z € 9, (5.2)
where (-, ) is the scalar product on §. Then, for z,v € ,y,u € L, A € B(L)
and B € B($)
(zoy) =y, (ey)(udv)=(vz)(udy),
Az®y)=2® Ay, (zt®y)B=B"zQy. (5.3)

Recall that G is the closed subgroup of G generated by all commuta-
tors [g, h] = ghg~'h~! where g, h € G, and G is the closed subgroup of G
generated by all [g, h], where g € G, h € GI!I.

Theorem 5.2. ([KS1]) (i) Each (¢, U)-cocycle has form &(g) = Aw(g)®e, where
A is an m X n matriz. It is neutral if and only if there exists a continuous
real-valued function € on G satisfying

e(gh) = e(g) +e(h) — Im(A*Aw(g),w(h)), forg,h € G. (5.4)

Let (-,-)zn be the scalar product in R™. For each ¢ € R™, the corresponding
prechain v, has form

Y.(9) = ¢.(9)1,, where
6.(9) = — [ Aw(g)||* /2 +i(C, w(9))an + ic(g)- (5.5)

The representation my , = ee(t,U,&,7) on H has form (5.1) with &*(g) =
£lg71) = —e® Aw(g).

(ii) If the n X n matrix A*A has real entries then the (v,U)-cocycle
§ = Aw ® e is neutral and the functions ¢.(g) have form (5.5) with ¢ = 0.
If GPl = G (for example, G is commutative) then a cocycle ¢ = Aw ® e is
neutral if and only if the matriz A* A has real entries.

To formulate conditions of neutrality of the (¢,U)-cocycle £ = Aw ® e
in general, that is, when G[?! # G, we need some additional notation.

Let E = G/GP and Z = EWMN. Then H := E/Z # {0}, as Gl # G,
Let p: G — E and q: E — H be the quotient maps. By Proposition 2.1, there
are continuous epimorphisms w,,: H — Rl and w,: Z — R for | :=n,, , k :=
nz € N. It was proved in Corollary 4.5 [KS1] that there exist

1) a Borel locally bounded right inverse p: H — E of the map g:
q(p(h)) = h for h € H;
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2) real-valued n x n (n = n,) matrices T1,...,T; such that, for all
h,h' € H,

w,(hoh') = (uy,...,ux) € R¥, where hoh' = p(hh/) p(h)p(W) € Z,
Ui = (Tin (h)7wH (h/))m{z

and (-,-) , is the scalar product on R!. Let n = n,. For an m x n matrix A,
consider an n x n matrix S = A*A = (s;5).

Theorem 5.3. ([KS1, Theorem 4.7]) A (¢,U)-cocycle £(g) = (Aw(g)) ® e is
neutral if and only if

k
1
Im(S) = (Ims;;) = 3 ZJj(Tj —1T7) for some o = (01, ...,0%) € R”.

j=1
Let (+,-),, be the scalar product on R*. The function e on G satisfying (5.4)
has form
_ 1
e(9) = (0,wz(p(hg)~'P(9))) — 5(0swz(hg O Pg)). s
where hg = q(p(g)) € H and g € G.

The above construction is more transparent for the nilpotent group 7
of all k x k real upper triangular matrices g = (g;;) with identity on the main
diagonal. Then g = (g1,...,9k—1), Where g; = (9, ., 9s_,.) € RF=% are
the diagonals of g. We have (see Proposition 2.1) n, = k-1, G = {g € G:
g1 =0},

GPl ={geG: g =54 =0},
E=G/GP~{geG:§; =0fori>3},
H=G/GMN =R 72 Gl /GP = RF2,

w(g) =91 and ngy =k — 2.

FOI' /g\l = (912’ "7g(k—1),k) E Rk_l) set

I~ I~ k—2 ~
g1Xg = (912923,923934, "'ag(k,g),(k,l)g(kfl),k) €R =27

If h = (h1,...,hx—1) € H = R*¥1 we have p(h) = (41,0,...,0) € E with
g1 = h. Hence

hoh=p(h+h)" p(h)* = (h+h,0,..,0)" (h,0,...,0)
= (0,hX h,0,...,0) mod G2,

We have p(g9) = (¢1,52,0,...,0) € E, so that hy = ¢q(p(g)) = 1 € H and
wz(hg o hy) = g1 gy € R*2. Continuing these calculations and applying
Theorems 5.2 and 5.3, we obtain

Corollary 5.4. Let 1(g) = 11, and U(g) = 1g for all g € T, where L = Ce and
$H=Cm m <k—1. For a matric A € M, ,—1)(C), let S := A*A = (s4;)
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and o = (01, ...,05_2) € RF=2 with 0; = 2s; ;1. Then each (1,U)-cocycle has
form &£(g) = Agy ® e. It is neutral if and only if

Ims;; =0, when |i —j| > 1. (5.6)
If (5.6) holds then, for each ¢ € RF™1 the prechain Y. has form

'Vc (g) = (bc (g)lL» where
. PN VPO B
6c(9) = = | AGlI* /2 + (¢, G1) iy + (0,2 — 29181 . (5.7)
The corresponding representation my m, = ee(t,I1,&,v¢) of Ty on H = L&HSL
has form

L Agioe  oclg)lL
Tim(g) = 0 1q —e® Agr | (see (5.2)).
0 0 1

We shall now consider two particular cases: k = 3 and k = 4.

Example 5.5. (i) For k = 3,

1
Tz3=<g=10 cx,y,z€R (5.8)
0

O = 8
i SR\

is the real Heisenberg group. Then m = 0,1,2, 0 = (01) and ¢ € R2. If m # 0
then A*A is a 2 x 2 matrix and condition (5.6) holds automatically. Thus

(¢, I)-cocycles £(g) = A <z> ® e are neutral for all m x 2 matrices A.

If m =0 then A =0 and o7 = 0.
If m =1 then A = (a11,a12) and o1 = 2813 = 2Im(a0a17).

Ifm = 2then A = ( g1 G12 ) and o1 = 2s12 = 2Im(aisar; +
a1 Aa22

a22G21)-

Thus Corollary 5.4 gives a complete description of all 7 ,,, representa-
tions of the group 73.

(ii) For the group T, 0 < m < 3, A is an m x 3 matrix, S := A*A =
(Sij), g = (2812,2823), §1 = (912,923,934) and C S RS. By (56)7 the cocycle
&(g9) = Agyr ® e is neutral if s13 € R.

If m =0 then A =0 and ¢ = (0,0).

If m =1 then A = (all,alg,alg), s$13 = a11a13 € R, 01 = 2Imaysa17
and o9 = 2Im ay3a1s.

Similarly, we can consider cases m = 2,3 and obtain a full list of repre-
sentations 7y ,,, of 7.
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Representations 7y .. Let m = 0. Then H = L ® L with dimL =k,

0 1 Ag)  (9)
1= (5 W) et = (Y 0.
v(gh) = Mg)y(h) + 7(g)A*(h) (5.9)

and v(g)* = v(g™!). Then v is a (A, A\*)-cocycle and H is a 2k-dimensional ITj-
space.

If v = 0, (5.9) trivially holds. For v # 0, consider a particular case when
Mg) = 11. Then

v(g) =v(g™")*, v(e) =0 and y(gh) = v(g) + y(h) for g,h € G.

It follows from Proposition 2.1 that there is a linear map 0 from R™¢ into
the space of k x k symmetric matrices such that v(g) = id(w(g)), where w
is the canonical homomorphism from G onto G/Gy ~ R"S. Thus 7 (g) =
( 1, i6(w(g))
0 1p
For A\ # 11, we consider the following example. Let G = R and dim L =
2. For t € R, let

o= 1) xo=xco=( 21 7).
~(t) =it( t;/;’ t{Q )Aﬁ(t).

Then  satisfies (5.9) and 74 0(t) = < )\g) )Yﬁ((tt)) ) is a J-unitary represen-

> is a J-unitary representation of G.

tation of G.

5.2. Representations m, .

For a non-unitary character x, let A be a y-representation of G on L, dim L =
k, and M(g) = Mg~ ")*. Then H = L® M (M ~ L) is a Ili-space with
[z,y] = (J,y), where

J = ( 10L 10L ) and Ty, .+ (g) = ( A%‘J) /\ﬁ(gg) ) (5.10)

is a J-unitary representation.
For example, the character x(¢) = e on R is non-unitary and 7, - (t) =

t
( eO th ) is a J-unitary representation of R on a 2-dimensional II;-space.

For the real Heisenberg group 73 (see (5.8)), let A(g) = g be its identity
representation on L, dimL = 3. For o,3 € R, x(g9) = e***/¥ is a non-
unitary character on 73. Its representation , - on a ll3-space L & L has

_( x(9)g 0
form m, - (g) = ( 0 o) (g~ ) ) for g € Ts.
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5.3. Decomposition of finite-dimensional representations

We will now show the universality of constructions introduced above.

Theorem 5.6. Let G be a connected locally compact nilpotent group. Each
finite-dimensional J-unitary representation of G on a Ilg-space H is the J-
orthogonal sum of unitary representations on one-dimensional positive and
negative subspaces and

1) representations Xmk m, or J-antiequivalent to xmy, m for unitary charac-
ters x of G;
2) representations my ,+ for non-unitary characters x of G.

Proof. By Lemma 4.6 and Theorem 4.7, we only need to consider two types
of finite-dimensional non-II-decomposable representations m on a Ili-space
H:
a) sign(A) = {x} for a unitary x;
b) H=L® M and sign(r|z) C {x, x*} for a non-unitary x.
Case a). In decomposition (4.8) of a representation into non-II-decomposable
components it may happen that k% = ki < k' for some invariant II:-spaces

H;. As in Remark 3.2, H; is a IL,i-space in the new metric [-,-]; = —[,]
with p* = k%, p' = p°. < p, and the representation 7|y, on (H, [, ]1) is
J-antiequivalent to 7|y, on (Hj,[,-]). Thus we can only consider the case

k- <ky

As dim H < oo, we can also assume that 7 has no invariant subspaces
K such that 7|k is non-singular, since then, by Theorem 1.1, 7| is a sum of
representations on a negative and positive invariant subspaces. As sign(\) =
{x}, we have from (4.5) that

H=L@HeM, L=L, H=9+°

and the character x is eigen-disjoint with Ul|go. As G is nilpotent, Ulgo
is a finite sum of one-dimensional representations. Since y is eigen-disjoint
with Ulgo, they are spectrally disjoint. If $° # {0}, we have from Corollary
4.3 that H = H;[+]H> and the representation 7|y, is non-degenerate. This
contradiction shows that $° = {0}.

If §X = {0} then H = L & M, L is skew-related to M, so 7 is a 7y
representation (see (5.9)).

Let $% # {0}. Then H = L[®]HX & M. Note that $HX can be either
negative or positive. If $X is a negative subspace then k; = dimL < k_ =
dim L + dim $X which contradicts our assumption. Hence $X is positive and
dim L = ky = k. As 7 has no positive invariant subspaces, m = dim HX <
kng by Lemma 5.1. Thus m = xn’, where 7’ is a 7y, ,, representation.

Caseb). By (3.4), (3.5) and Lemma 4.1, sign(w) = sign(r|)U sign(ﬂﬁL) =
{x,x*}. By Corollary 2.3, H = L, + L~ where L,, L, are m-invariant and
A:=7|p, is a x-representation.

Let us show that the subspaces L,, L+ are neutral. Indeed, as LE'] is

m-invariant, K = L, N LECL] is neutral and 7-invariant. If K # L, then (see

[KS]) R, = L /K is a Il,-space and the quotient representation A on R, is
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J-unitary. By (3.4), R, = l®hPm, where [ is a maximal neutral invariant sub-
space of R, . Since A is a x-representatlon Nis also a x-representation. Hence
)\|l and the representatlon p that h) generates on m are x-representations.
However, as p = ()\| ) by (3.5), p is a x*-representation. Thus x = x*, so x
is unitary. This contradiction shows that K = L, is neutral. Similarly L, is
neutral.

As H is non-degenerate, L, L, - are skew-related subspaces. Hence they
are maximal neutral and dim L, = dim L, . Identifying L, with L, , we have
that, with respect to the decomposition H = Ly, + L, 7 has the same form
as my y+ in (5.10). O

Theorem 5.6 implies that all non-II-decomposable finite-dimensional
representations are either one-dimensional, or of type 7y, or of type my .
However, it does not mean that all representations of type 7y, or my ,~ are
non-II-decomposable.

It is also interesting to study the following stronger notion of non-
decomposability.

Definition 5.7. A J-unitary representation on H is J-decomposable if there
exists a decomposition H = Hy[+]Hs, where Hy and Hs are invariant subspaces.
Otherwise, it is non-J-decomposable.

We will see later that representations on infinite-dimensional spaces
cannot be non-J-decomposable. For finite-dimensional representations non-
I1- and non-J-decomposability are closely related: if 7 is non-II-decomposable
then, choosing the maximal positive invariant subspace P, we have that H =
K[+]P where 7| is non-J-decomposable. For m, ,--representations they are
equivalent.

Proposition 5.8. Set m = m, \~. The following conditions are equivalent.
(i) L does not decompose into a direct sum of invariant subspaces.
(ii) The representation m is non-II-decomposable.
(iii) The representation m is non-J-decomposable.

Proof. (ii) = (i). Assume that L = L; + Ly and L1, Ly be 7-invariant.
Denote by p the projection on Ly along Lo ® M. As Ly and Ly & M are
m-invariant, 7p = pm. Then p! = Jp*J is also a projection, as J? = 1y,
[p*z, y] = [z, py] for x,y € H, and p* commutes with 7, since

¢ D (g apt = J(pr(g~))*T

= J(n(g)p)" T "= pin(g).

Thus the subspace M; := p*H is 7-invariant. For x € H and y € M,
[pux,y] = [x,py] = 0, as pM = {0}. As M is a maximal neutral subspace,
p'z € M. Hence My C M. If u € L; then [z,u] # 0 for some 2 € H. Thus
ptr € My and [pfa,u] = [z, pu] = [x,u] # 0. Similarly, if v € M, then [z,y] #
0 for some z € Ly. Thus Ly and M; are skew-related, and K = L, & M is
a non-degenerate T-invariant subspace. By (3.2), H = K[+]K* and K is

m(g)p*
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m-invariant. For @ € Lo, y € My, we have [x,y] = [z, py] = [pz,y] = 0. Thus
Ly ¢ KM and 7 is TI-decomposable.

(iii) = (ii) is evident.

(i) = (iii) Assume that H = K[+]K* and both subspaces are 7-
invariant. As sign(w) = {x,x*}, we have from Corollary 2.3 that K =
K+ Ky« and KM = T, 4T, ., where K,, K,~, T\, Ty« are m-invariant sub-
spaces. It is easy to see that K,,T\, € L and K,~,T\» € M. As H =
K[+]K™, we have K, +T, = L. If K, = 0 then K C M and the decom-
position H = K[+]K* does not hold (Proposition 3.1). Thus K, # {0}.
Similarly, T}, # {0} which contradicts (i). O

For 7y .,,-representations, the problem is more difficult as it needs an
analysis of general finite-dimensional representations on L. Below we get
a criteria of non-J-decomposability for the case £ = 1, where the non-II-
decomposability is evident.

We saw earlier that each representation 7y ,,, has form (5.1) with £(g) =
Aw(g) ® e (see Theorem 5.2), where w: G — R™¢ is the standard homomor-
phism, A is a m X n, matrix satisfying the conditions of Theorem 5.3 and
~v(g) = ¢(g)1L, where the function ¢ is given in (5.5).

Theorem 5.9. A representation m := 7y p, is non-J-decomposable if and only
if ker A* = {0}.

Proof. Note first that ker A* = {0} if and only if the cocycle {(g) = Aw(g)®e
satisfies the condition Nyeg ker&(g) = {0}. Indeed, ker&(g) is the orthog-
onal complement of Aw(g) by (5.2). As w is surjective, we conclude that
Ngec ker &(g) is the orthogonal complement of the image of A.

Now if ker A* # {0} then K = Nyeg ker&(g) # {0} is a non-degenerate
invariant subspace. Thus 7 is J-decomposable. Conversely, let Ngeq ker £(g) =
{0}. Then

&(g)x =0, for all g € G and some z € $, implies z = 0. (5.11)

If 7 is J-decomposable then, as H = L@ H @ M, there is a J-orthogonal
projection p = (p; ;)7 ;=1 # 0,1m commuting with 7. Then pr(g) = 7(g)p
implies p31£(g) = 0 and £(g)pa1 + ¢(g)ps1 = 0. Since dim L = 1, p11, p13, pa1,
ps3 are numbers. As £(g) Z 0, we have p3; = 0. Thus &(g)p21 = 0. By (5.11),
&(g)p21e = 0 = po; = 0. As p is J-orthogonal, p = Jp*J by (3.1). Then
p11 = P33 and psp = 0. Since p? = p, either psz = 0, or p33 = 1. If p33 = 0
then p1; = p3z = 0. Hence pr(g) = 7(g)p for all g € G, so that £(g)p22 = 0.
By (5.11), p22 = 0. Thus p? = 0, a contradiction.

If ps3 = 1 then p;; = 1. As pmr = 7p, we have £(g9)(1g — p22) = 0
for g € G. By (5.11), paa = 1. Thus, as p?> = p, we have 2p;» = pio and
2p23 = po3. Hence p1a = posz = 0. Then p? = p implies 2pi13 = pi13. Hence
p13 = 0, so that p = 1, a contradiction. Thus 7 is non-J-decomposable. [l

Remark 5.10. The condition ker A* = 0 can be rewritten in the following
way: Ngec keré&(g) = {0}. This condition is necessary for a representation
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Tk,m With arbitrary k£ > 1 to be non-J-decomposable. What conditions guar-
antee that a 7y, ,,,-representation is non-II- or non-J-decomposable?

6. Primary and completely singular representations.

It follows from Theorem 5.6 that singular finite-dimensional non-II-decomposable
representations of connected nilpotent groups on Ilx-spaces possess two fea-
tures that deserve consideration in the general context. They are 1) com-
pletely singular, i.e., dim L = k; 2) primary, i.e., the restriction A = 7| to

a maximal neutral invariant subspace is monothetic: sign(A) consists of one
character.

Our aim here is to understand to which groups and to which rep-
resentations these properties extend. Firstly, it should be noted that each
bounded singular non-TI-decomposable representation 7 of any group G on
a Ilg-space H is completely singular. Indeed, 7 is similar to a unitary rep-
resentation ([OST]), so that H = N[+]P, where N, P are invariant, N is
negative, dim N = k, and P is positive. As 7 is non-II-decomposable, 7|, is
irreducible. Hence, if L is a neutral invariant subspace then L = {z + Ta:
x € N}, where T' € B(N, P), nT|, = Tn|, and [z,z] + [Tz, Tz] = 0. Thus
dimL =dim N = k.

In particular, continuous representations of compact groups are bounded.
So they are completely singular by above. If 7 is bounded and G is nilpotent
then dim L = dim N = 1, as 7|, is irreducible. Thus 7 is also primary.

On the other hand, if G is not nilpotent, it may have an unbounded
finite-dimensional singular non-II-decomposable representation which is not
completely singular. Consider the group

G=QU(2) = {g: (Z 2) ra,beC, |a|2—|b|2=1}

-1 0
andI(O 1>.

The space K = Ce & Ce with indefinite metric [z,y] = (Iz,y) is a II;-space.
The representation p of G on K given by p(g)x = gz for g € G, x € K, is
irreducible and J-unitary, as Ig*I = g~ '.

Consider the group G = G x K x R with operation (g,z,t)(h,y,s) =
(gh,y+h*x,t+s+Im(h*x, Iy)) for g,h € G, x,y € K, t,s € R. Let L = Cu.
Then H =L@ K @ L is a Ilp-space with [¢,n] = (J€,n), where

0 0 1,
J=0 I 0] and
1, 0 O
1, z®e (—i(Iz,2)+it)(e®e)
m(g,x,t)=1| 0 g —e®glx
0 0 1,
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is a J-unitary representation of G on H. The subspaces L, L& K are the only
non-trivial invariant subspaces. As L is a maximal neutral invariant subspace
and dim L = 1, 7 is not completely singular.

Theorem 6.1. Each connected locally compact, commutative group G such
that G/Gm s not compact has a singular non-1I-decomposable representation
which is not completely singular.

Proof. As G/GU is not compact, it follows from Theorem 26 [M] that G
has a normal subgroup Gy containing GI! such that G/Gy ~ R™ for some
n # 0. Setting ker m = Gy, we only have to show that the commutative groups
G = R™ have representations which are not completely singular.

Let H = Ce; @ Cey @ Ces, $H = Lo(G,dm) and H = H @ $. Let (see
(5.2),(5.3))

0 0 1
J=I®1ly, where ] =e; ®e3 —ea®ex+e3®e; =10 -1 0
1 0 O

Consider the indefinite form [z,y] = (Jz,y) on H. Then H_ = C(e; —e3) ®
Ces and Hy = C(e; + e3) b $ are negative and positive subspaces of H and
H = H_[®]|H;. Thus H is a IIy-space.

Let ¢ be a non-zero additive map from G = R™ onto R: (g + h) =
v(g) + ¢(h) for g,h € R™ (for example, ¢(g) = (g,u),. for some u € R™).
Then the map

L »(g) %")2
geG—=oa(g =10 1  ¢(g)
0 0 1

is a representation of G on H. Let U be the regular representation of G on
9. Then
geG@—m(g)=0(g)®U(g)

is a representation of G on H. Moreover, 7 is J-unitary, as (see (1.1)),
Jr(9)"J =1o(g)" T ®U(9)" = o(=9) ®U(=g) = m(=9).

Let C(x+y) be an eigenspace of 7, where z € H and y € §. Then Cy is
an eigenspace of U. As U has no eigenspaces, y = 0 and Cz is an eigenspace
of 0. It is easy to see that only Ce; is an eigenspace of o and, therefore, of 7.

If 7 is II-decomposable then H = H;[+]|H,, where H; are invariant
II;-subspaces. By Theorem 1.1, both summands have eigenspaces, a contra-
diction. Thus 7 is non-II-decomposable.

It remains to show that 7 is not completely singular, i.e., it does not
have a two-dimensional neutral invariant subspace. Suppose, to the contrary,
that N is such a subspace. As G is connected and commutative, N has a
basis (f1, f2) such that

m(9)f1 = XNg)f1 and 7(g) fa = v(g) f1 + p(g) f2 for g € R™.

As only Ce; is an eigenspace of 7, we can assume that f; = e; and (changing
if necessary fa by fo — Af; with an appropiate \) fo = fea @ yes @y € N.
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As N is neutral, 0 = [e1, fa] = (Jeq, f2) = (es, fa) = 7. Thus fo = Bea By
and, for g € G,

m(9)fo = 0(g)Be2a @ U(g)y = Be(g)er ® Bea @ U(g)y.

Since 7(g)fo = v(g)e1 + u(g)(Bea ® y), we get that U(g)y = pu(g)y. As U has
no eigenspaces, y = 0. Thus fo = Ses € N and 8 # 0. Since fs is not neutral
but negative, we have a contradiction. ([

Remark 6.2. Theorem 6.1 extends to all connected locally compact groups G
with non-compact G/GW (for example, to the Heisenberg group), since, by
Theorem 26 [M], G has a normal subgroup Gy such that G/Go = R".

We turn now to the question, for which nilpotent groups all non-decomposable
singular representations are primary. Our first aim is to show that this is true
for commutative groups.

Theorem 6.3. Let G be a commutative connected, locally compact group.
Each singular non-1I-decomposable representation w of G on a Il-space H
18 primary.

Proof. Denote by G* the group of all unitary characters of G. As in (4.5),
let H=L[®|$® L, where L =} .. Ly is a maximal neutral invariant
subspace and A = |, . Since 7 is non-II-decomposable, it follows from Corol-
lary 4.5 that it suffices to prove our result in the case when sign(\) has no
non-unitary characters, i.e., sign(\) C G*.

Let x € sign(X). As the representation U on §) is similar to a unitary
representation,

52 &
H= HwdP(w) and U(g) = / w(g)dP(w) for g € G,
G*

where P is a spectral measure on G*. Set 3 = {x} and Qs = sign(A) \ {x}.
By Lemma 2.5, there is h € G such that x(h) ¢ {o(h)}secq,-
Set ¢ = £ min{|x(h) — ¢(h)|: ¢ € Q2} and consider the sets
V ={we G |x(h) —w(h)| < e} and
G'\V ={we G*: |x(h) —w(h)| > €} (6.1)
in G*. Then Qy C G* \ V. The subspaces
53] @
) :/ HwdP(w) and $Ho = / HwdP(w)
1% G \V
are invariant for U, $) = $; & H2 and
(6.1)

x(h) & Sp(U(h)]s,) = {w(h)}wec~\v and
(6.1)
¢(h) ¢ Sp(U(h)ls,) = {w(h)}wev,

for each ¢ € Qq. Thus Q, Ulg, are spectrally disjoint, and Qq, Ulg, are
spectrally disjoint.
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Applying Corollary 4.3, we have that H = H;[+]|H; is the sum of in-
variant subspaces, L, is a maximal neutral invariant subspace of H; and
La, = 3 ,cq, +Lw is a maximal neutral invariant subspace of Hy. As 7 is
non-II-decomposable, Q2 = @. Thus sign(\) = {x}. O

For a unitary representation m of a group G, denote by E () the set of all
matrix elements of m: the functions g — (7(g)z, z), where x € $. For unitary
equivalent representations 7 and p, E(7) = E(p). The dual object of G is the
set G of all unitary equivalence classes 7 of irreducible unitary representations
of G, supplied with the topology of uniform convergence of matrix elements:
7 belongs to the closure of M C G if each element of E(7) can be uniformly
approximated on compacts by matrix elements of representations in M. This
topology is usually non-Hausdorff, but there is a large class of groups for
which G is a Ty-space, i.e., the intersection of all neighborhoods of each point
contains only this point. This class contains all groups of type I [D1, 4.4.1]
and, in particular, all connected nilpotent locally compact groups (see [Kir]).

Each unitary character x of G, identified with the equivalence class of
one-dimensional representations xt, is contained in G. The open sets

Wice(x) = {7 € G: [p(9) = x(9)| < forall g € K
and some ¢ € E(nm)}, (6.2)

where K C G are compacts and € > 0, form a base of neighbourhoods
for x. Characters x and w are separated in G if they have non-intersecting
neighbourhoods in G. Note that they are separated if and only if the trivial
character y. and the character Yw are separated in G.

As an example, we consider the dual space of the real Heisenberg group
G = Ts (see (5.8)). It is known (see [ShZ]) that the unitary characters x of
G and the corresponding one-dimensional unitary representations ¢, on Cu
have form

Xa,5(9(2.y,2)) = @Y for a, 5 € R, and 1y, ,(9)u = Xa,5(9)u.

In particular xo,0 = Xe, and ¢y, , = ¢, the trivial representation.
Infinite-dimensional unitary irreducible representations of G act on L?(R)
by the formula

Us(g(z,y. 2)) (1) = CFW f(t + 1), for f € L*(R), (6.3)
where 0 # o € R.

Proposition 6.4. Fvery two characters of G = T3 (see (5.8)) cannot be sepa-
rated in G.

Proof. It suffices to prove the proposition for xoo and each character x.
Consider the increasing sequence of compacts K,, = {g = g(z,y,2): |z| +
ly| + |z| < m}. As G = U, Ky, the sets Wk, -(x0,0) (see (6.2)) form a base
of neighbourhoods of xg,o.
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Consider the set of representations {U, : 0, = n=¢ n € N}. Define f,
in L2(R) by f.(t) = n=2 for t € [0,n%], and f,(t) = 0 for ¢ ¢ [0,n?*]. Then
If=ll = 1 and, for g = g(z,y, 2),

(Ua (9)fs ) = 11 < [1Us, (9)fa = fo
< (X ~1) fult + @) + Ialt +2) = Ful®)]

TL4—$ X 6 2 1/2
=n"2 / etz tty)/n —1’ dt

0 nt 1/2
+n? / dt + / dt
—x nt—x
< max eiltty)/n® _ 1‘ + n_2(2 \$|)1/2
—z<t<nit—z

< (lyl + (2]2))*)n 2.

Hence the matrix elements (U, (¢)fn, fr) uniformly tend to 1 on each K,,.
This means that each neighbourhood Wg .(x0,0) of xo,0 contains represen-
tation U, for all n starting for some V.

On the other hand, it should be noted that if U, € Wk (xo0,0) then
Us € Wk e(x) for each character x = xqo 3. To see this, note that the unitary
operator V =1V, 5, on L?(R) that acts by

(VHE) = eia(t*g)f (t — f) for f € L*(R),
satisfies Vx(9)Uy(g) = Us(g)V for all g € G. Hence

(Us(V 1,V ) = x(9) = [(Us(9) f, f) — 1

for 0 # 0 € R, f € L*(R) and g € G. Thus if U,, € Wk, -(x0,0) then
U,, € Wk,,.-(x), so that xo,0 and x cannot be separated. (]

We shall show now that if G has unitary characters not separated in CAT',
then it has a non-II-decomposable II;-representation which is not primary.

Theorem 6.5. Let G be a connected locally compact nilpotent group. Suppose
that G has unitary characters not separated in G. Then there is a finite-
dimensional representation A of G on L, a unitary representation U on §) and
a neutral (X, U)-cocycle £ such that the double extension m = ee(\, U, &,7) is
a non-II-decomposable representation on H = L ® H @ L and not primary.

Proof. We mentioned above that if two unitary characters are not separated
in CA;, there is a unitary character x which is not separated in G from the
trivial character y.. Define a unitary representation A on the 2-dimensional
Hilbert space L = Ce; & Cey by

Ag) =e1 ®er + x(9)(e2 ® e2) (see (5.2)). (6.4)

As x is unitary, M\ (g) = Ag=1)* @D A(g) for g € G.
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Since connected locally compact groups are o-compact, choose compacts
{e} € K; C K5 C ... such that G = US2 1 K,,. As Xe, x are not separated in
é, Wi, 2-n(Xe) N WKW,27n< ) # & (see (6.2)). This means that there are
irreducible unitary representations m,, of G on ), and u,, v, € $, such that,
for g € K,,,

(7 (g)tin, un) — 1| <277 and [(m5(g)vn, vn) = x(9)] <27 (6.5)

As e € Ky, |||un|l* — 1] < 27" and |[||v,||* — 1| < 27", Changing u,,v,
if necessary, we may assume that ||u,|| = [|v]| = 1. Since G is a Ty-space,
the representations m,, can be chosen pairwise non-equivalent. As each m, is
irreducible, it either coincides with ¢, or x¢, or it has no x.- and y-eigenspaces.
It follows from (6.5) that, starting from some n, 7, can not coincide with
t, or xt. Thus, without any loss of generality, we assume that x. and x are
eigen-disjoint with all .

Set $ = ®Hn, U = B 7n,

Un(g) = up — T (9) u, and v,(g) = x(9)vn — T (g) V. (6.6)
Set also u(g) = ®32,u,(g) and v(g) = B2 v,(g) for g € G. Then
(6.5)

||un(g)||2 = QRe(l - (unaﬂ'n(g)un)) < 9~ (=1 (6~7)
(67 e
and |lu(g) 22 (k=1 < o0, so that u(g) € § for g € K.
k=1

Similarly, v(g) € $. As
tn(gh) = un(h) + 7 (h) un(g) and v, (gh) = x(9)vn(h) + ma(h) va(g),
we have, for g, h € G,
u(gh) = u(h) + U(h)*u(g), v(gh) = x(g)v(h) + U(h)*v(g). (6.8)
Let us define maps & G — B($, L) and v: G — B(L) by
£(9) =u(g) ®@e1 +v(g) ®ex € B(H, L),
i ((un, un(9))(e1 ® e1) + (un(g™"),vn)(e1 ® €2)

+ (vm un(g))(ez @ e1) + (vn, vn(9))(e2 © €2)). (6.9)

The series converges uniformly on compacts because of condition (6.7). Then
¢ is a (A, U)-cocycle by (6.8), £ (g) = &(g7")* =e1 @ u(g™!) +e2 @ v(g™")

and

—&(9)€ (h) = a''(e1 ®e1) +a'?(e1 ® e2) + a®M (e2 ® e1) + a*(e2 ® €3),
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where

oo

PRI Z(un7Un(gh) —up(h) —un(g)),

n=1
o0

a'? = (un (b g™ ") = X(@un(h ™) — un(g™ "), vn),
a®' =" (U, un(gh) — un(h) = x(R)un(9)),

CL22 = Z(vn,vn(gh) —@U’n(h) - X(h)Un(g))

n=1

By direct calculations we obtain, using (5.3), that

(dxa7)(g, k) = A(g)y(h) — v(gh) + 7(g)A(h) = —&(g)€*(R).

In other words, ¢ is a neutral (A, U)-cocycle and + is its prechain (see (2.5)).

Set H=L®H®L and 7 = ee(\, U, &, 7v). Then H is a Iy-space and
sign(A) = {Xe, X}, so that 7 is not primary. We have to show that 7 is non-II-
decomposable. Suppose that it is [I-decomposable. By Theorem 3.4, there is
a projection p # 0,1; commuting with A and a projection ¢ = ¢* commuting
with U such that n = £ — p€q — (11, — p)&(1g — q) is a (A, U)-coboundary:
n(g) = Ag)S — SU(g) for some S € B(H, L) and all g € G. Then

pn(9)(Ls —q) = A(g)T = TU(g), where T'=pS(1s — q). (6.10)

As p commutes with A, either p = e1®eq, or p = ea®eq. Let p = 1 Re.
Then, by (5.3), T = (e1 ® €1)S(1g — ¢) = = ® e; for some x € $. Hence, by
(6.9) and (6.10),

p(9)(1s —q) = p(§ —p&q — (1L — p)§(1s — q))(1s — q)
=p8(9) (s —q) = (1s —qlu(g) @ &
(6.10) (5.3) *
= AT -TU(9) = (15 - U(9)" )z @ e
Thus (14 — q)u(g) = (15 — U(g)*)z. As ¢ commutes with U and all 7,
are pairwise non-equivalent, ¢ is the projection on a subspace @, _,$, for
some E C N. Let x = @52 1%n, Tn € Hpn. Then
* (6.6) *
(I, = m(9)un =" un(9) = (15, — m(9)")zn
forn ¢ E and all g € G. As x. is eigen-disjoint with all m,, we have u,, = x,
for n ¢ E. Taking into account that ||u,|| = 1 and [|z]|? = ||z.]|? < oo, we
conclude that the set N\ E is finite.
Similarly,

(1 —pnlg)g = (1L —p)&(9)g = qu(g) ® ea = (xa(g9) —U(g)")z @ ea,

for some z = @222z, € 9, 2, € Hy, so that qu(g) = (x2(9) — U(g9)*)z. Re-
peating the above argument, we get that v, = z, for n € E. As ||v,|| = 1 and
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121 = 3" ||2n]|? < oo, we conclude that the set E is finite, a contradiction.

Thus 7 is non-II-decomposable. [l

7. Splitting and approximate splitting of singular
representations

While non-singular J-unitary representations of nilpotent groups are similar
to unitary representations (Theorem 1.1), singular representations have much
more complicated structure. Although some of them decompose into sums of
finite-dimensional representations (their structure was described in Corollary
5.6) and representations similar to unitary, this situation is comparatively
rare.

In this section we will show that all singular representations admit an
”approximate” decomposition of this kind. We will start by introducing some
terminology.

Definition 7.1. We say that a mazimal neutral invariant subspace L of a
representation m on H
(i) splits 7 if H = K[+]K}, where K is invariant, dim K < oo and
L CK;
(ii) approzimately splits 7, if it does not split 7, but there are non-degenerate
invariant subspaces { Hp, Yooy of H such that L C Hyyy G Hyy, dim Hyp, =
oo and dim(N,, Hy,) < 00.

We will show that, for arbitrary J-unitary representation 7w of a con-
nected nilpotent group G, each maximal neutral invariant subspace L either
splits or approximately splits m. Moreover, this does not depend on the choice
of L.

Note that, in representations 7 considered in Theorem 6.1, maximal
neutral subspaces split 7, while in Theorem 6.5 maximal neutral subspaces
approximately split 7.

Let 7 be a J-unitary representation on a ITj-space H and (see (4.5))

H:L@f)@M7 fJ:f)QH‘]fJOa )‘:7T|L7 (71)
and sign(A) is eigen-disjoint with U|go. It was proved in Proposition 3.3 [KS1]
that

H° =N .9, where N < oo, (7.2)
$y, are U-invariant subspaces such that each Ulg, and sign(\) are spectrally
disjoint.

Proposition 7.2. If Ulgo is not sectionally spectrally disjoint with some x €

sign(A), then §° = @21 9,, and there are non-degenerate invariant subspaces
{H»}2_, such that dim H,, = oo,

LCHyi1 G Hy, LoH?=LHn(0,Hy)

and 7T|H[L] are non-singular.
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Proof. Tf M < oo in (7.2) then each w € sign()\) is sectionally spectrally
disjoint with U|go. As x is not sectionally spectrally disjoint with U|go, we
have M = co. Thus H° = B, 5.

We prove the rest of the theorem by induction. In (7.1) set

HE = 9% @ (852,.9,) for all k> 1.

For k=1, H' =$Hand H == H =L & H' ® M, for M; = M. Assume
that there are subspaces My, k = 2, ...m, skew-related to L such that H =
L ® H¥ + M, are m-invariant, non-degenerate and H,, S Hni1 G .. &
Hy. Then H,, = L ® (H™" @ $,,) + M}, and H™"!, §,, are U-invariant
subspaces. Set m,, = g, . As sign(A) and Ulg,, are spectrally disjoint,
Corollary 4.3 implies that there is M,,11 C H,, skew-related to L such that
Hyv1 = (L®H™Y) + M,y is a non-degenerate, m,,-invariant subspace.
Hence H,, 1 is m-invariant, dim H,, 11 = oo and Hy 41 g H,,. By induction,
there is a decreasing chain {H,,}2°_; of invariant non-degenerate subspaces
containing L.

As L = L@ $, we have L N H,, = L& H™. As N,H™ = H2, we
have

LY N (N Hp) = (L N Hy) = (L H™) = L 5.

il . .
As all spaces H}n] above have no neutral invariant subspaces, 7| gl are

m

non-singular. O

Theorem 7.3. (i) If sign(\) and Ulgo are sectionally spectrally disjoint then
L splits m.
(ii) The following conditions are equivalent:

1) L splits m;

2) H = M[+]P, where M and P are invariant subspaces, dim M <
oo and P is positive;

3) each non-degenerate invariant subspace R of H has a decomposi-
tion R = MR[+]Pr, where Mp and Pg are invariant subspaces, dim Mp < oo
and Pg is positive;

4) w has a minimal non-degenerate invariant subspace containing
L.

(iii) If L splits m then each mazimal neutral invariant subspace splits 7.

Proof. (i) Setting 7 = sign(\) and K = H; in Corollary 4.5, we get that L
splits 7.

(ii) 1) = 4) is evident.

4) = 1). Let K be a minimal non-degenerate invariant subspace con-
taining L. Asin (7.1), K = L@ (R%[+]&") @ M. Assume that dim K = oo. If
sign(A) is sectionally spectrally disjoint with U|go then, by (i), L splits 7|k:
there is a non-degenerate invariant subspace K; of K such that dim K; < oo
and L C K; — a contradiction. Thus U|go is not sectionally spectrally disjoint
with some x € sign()\). By Proposition 7.2, there are non-degenerate invari-
ant subspaces {K,,}>°_; of K containing L. This contradicts the assumtion
that K is minimal. Thus dim K < oo.
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1) = 2). If L splits 7, H = K[+]K*), dimK < oo and L C K.
Thus K™ has no neutral invariant subspaces, so 7| k111 18 non-singular. By
Theorem 1.1, Kl = N[+]P, P is a positive and N is a negative invariant
spaces, dim N < co. Set M = K[+]|N. Then dim M < oo and H = M[+]P.

2) = 1). Let H = M[+]P. As M and P are m-invariant, the projection
q on P along M commutes with 7. As dim L < oo, the subspace R = ¢L of P
is invariant, dim R < dim L and L C M[+]R. Then K := M[+]R is invariant,
non-degenerate, dim(K) < oo and L C K. Thus H = K[+]K], so L splits
.

2) = 3) Let H = M[+]P. If R is a non-degenerate invariant subspace
then Pp = RN P is invariant, positive and has finite codimension in R, as
codim(P) < co. By (3.2), R = Mg[+]Pr, Mg is invariant and dim Mg < oo.
3) = 2) is evident.

(iii) Let L split . By (ii), H = M[+]P, M, P are invariant, dim M < oo
and P is positive. Let L’ be a maximal neutral invariant subspace. As in 2)
= 1), we get that H = K[+]Q, where K,Q are invariant, dim K < oo,
L' ¢ K and Q is positive. Thus L’ splits 7. O

If L splits 7 then H = K[+]KM*], dim K < oo and 7|, decomposes
in a finite J-orthogonal sum of one-dimensional unitary representations and
of representations X7k, m, Ty, (Theorem 5.6). The representation 7T|KM is
non-singular and similar to a unitary representation.

Theorem 7.4. Let L be a mazimal neutral invariant subspace of a singular
representation ™ on H.

(i) L either splits w or approzimately splits m.
(ii) L approzimately splits 7 if and only if H does not have a decomposition
H = M[+]P, where M, P are invariant subspaces, dim M < oo and P
18 positive.
(iii) If L approximately splits w, all mazimal neutral invariant subspaces ap-
proximately split 7.

Proof. (i) By Lemma 4.4, H = K[+]E, where E is a sum of eigenspaces of 7
and
K =L&R® M, where & = 82 @ 8 and dim 8 < oo,

is a non-degenerate invariant space. If L does not split , it does not split 7|k .
Hence we have from Theorem 7.3 that sign(A) has a character which is not
sectionally spectrally disjoint with U|zo. Then, by Proposition 7.2, there are
non-degenerate invariant subspaces {K,,}o_; in K such that L C Kp41 G
K,,, for all m,

Les?=LMnn,Ky)and M = Lo g

is the J-orthogonal complement of L in K. As dim(L @ £%) < oo and
codim(LH) = dim M < oo, we have that dim(N,,K,,) < co. Setting H,, =
K., we get that L approximately splits 7.

(ii) follows from (i) and from part (ii) 2) of Theorem 7.3.

(iii) follows from (i) and from part (iii) of Theorem 7.3. O
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If L approximately splits m then H = Hm[—i—]HLi'] for m € N, and
the representations 7| gl are similar to unitary representations. The spaces
H,,, decrease and the invariant subspace N' = N, Hy, (the "nucleus”) is
degenerate, finite-dimensional and contains L. Thus the representations 7|,
are ”infinitely close” to 7|xr and we have an ”approximately decomposition”
of 7: the representations 7| L) ”almost approximate” .

Since singular representations 7, as a rule, do not decompose into irre-
ducible components, this is the closest we can get to the decomposition of
.

If 7 is non-II-decomposable then all H,[ﬂL I are positive subspaces.
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