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Abstract

The main results in this thesis are the minimax theorems for operators in Schatten
ideals of compact operators acting on separable Hilbert spaces, generalized Clarkson-
McCarthy inequalities for vector l,-spaces [, (S?) of operators from Schatten ideals
SP, inequalities for partitioned operators and for Cartesian decomposition of oper-
ators. All Clarkson-McCarthy type inequalities are in fact some estimates on the

norms of operators acting on the spaces [, (SP) or from one such space into another.
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Chapter 1 Introduction

The study of linear operators and functionals on Banach and Hilbert spaces aims at
producing results and techniques that help us to understand the structure and prop-
erties of these spaces. This study was developed in twentieth-century and attracted
some of the greatest mathematicians such as D. Hilbert, F. Riesz, J. von Neumann
and S. Banach. It grew and became a branch of mathematics called functional analy-
sis. It includes the study of vector spaces, spaces of functions and various classes
of operators defined on them. Some of the most important theorems in functional
analysis are: Hahn-Banach theorem, uniform boundedness theorem, open mapping
theorem and the Riesz representation theorem. There are numerous applications
of this theory in algebra, real and complex analysis, numerical analysis, calculus
of variations, theory of approximation, differential equations, representation theory,
physics (for example boundary value problems and quantum mechanics), engineering
and statistics.

Functional analysis uses language, concepts and methods of logic, real and com-
plex analysis, algebra, topology and geometry in the study of functions on linear
spaces and function spaces.

The first minimax theorem was proved by von Neumann in 1928 - it was a result
related to his work on games of strategy. No new development occurred for the next
ten years but, as time went on, minimax theorems became an object of study not

only in the game theory but also in other branches of mathematics. Minimax theory
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consists of establishing sufficient and necessary conditions for the following equality

to hold:

Inf sup f(w,y) = sup inf f(z,y), (1.1)
where f(z,y) is a function defined on the product of spaces X and Y. Minimax the-
ory is applied in decision theory, game theory, optimization, computational theories,
philosophy and statistics, for example to maximize potential gain. For overview on
minimax theory and its applications see [34] and [15].

This thesis has two aims and, consequently, is divided into two parts that corre-
spond to them. The first part consists of Chapters 2, 3 and 4. In these chapters we
verify whether the general minimax conditions hold in various settings of the oper-
ator theory. We also identify necessary and sufficient conditions for which minimax
theorems can be proved for certain classes of functionals and operators on Hilbert
spaces.

The second part consists of Chapters 5 and 6. Its aim is to obtain generalized
Clarkson-McCarthy inequalities for [,-spaces of operators from Schatten ideals SP.
We apply these generalized inequalities to prove various estimates for partitions and
Cartesian decomposition of operators from S? (H, H*) and [, (S?) spaces.

Borenshtein and Shulman proved in [10] that if Y is a compact metric space,
X is a real interval and f is continuous, then (1.1) holds provided that, for each
y € Y, the function f (-,y) is convex and, for each x € X, every local maximum of

the function f (x,-) is a global maximum. Some weaker conditions on f that ensure
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the validity of (1.1) were established by Saint Raymond in [36] and Ricceri in [33].
Minimax theory has various applications in the operator theory; see, for example,

Asplund-Ptak equality

inf sup ||[Az — ABz|| = sup in{: |Az — ABzx||,

AEC |Iz)|1=1 [lz]|=1 A€

where H is a Hilbert space, x € H, C is the the set of complex numbers and A and
B are bounded linear operators on H [2].

In our work we wanted to identify new minimax theorems that hold for semi-
norms and linear operators that act on separable Hilbert spaces. In Chapter 3 we
obtain some minimax results that hold for sequences of bounded seminorms. We
illustrate these results with examples of seminorms on the Hilbert space l,. Next we
consider and prove some simple minimax formula for operators. The formula works
also for bilinear functionals on a Hilbert space. The main results on minimax con-
ditions obtained in this thesis are the minimax conditions for operators in Schatten
ideals of compact operators. The details of this theory are explained in Chapter
4, and the results, namely Proposition 4.8 and Theorems 4.9, 4.11 and 4.15, have
been published in our joint paper in [19, pp.29-40] under the joint authorship of T.
Formisano and E. Kissin, where the second author contributed to various stages and
to its final version.

Clarkson proved in [12] famous inequalities for Banach spaces of sequences [,
p > 1. He used these inequalities to show that the [, spaces, for p > 1, are uni-
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formly convex. McCarthy obtained in [28] non-commutative analogues of Clarkson
estimates for pairs of operators in Schatten ideals SP. Using them, he proved that
the spaces SP are uniformly convex, for 1 < p < 0o, and therefore they are reflexive
Banach spaces [39, p.23]. The Clarkson-McCarthy estimates play an important role
in analysis and operator theory. They were generalized to a wider class of norms
that include the p-norms by Bhatia and Holbrook [6] and Hirzallah and Kittaneh
[24]. In [9] Bhatia and Kittaneh proved analogues of Clarkson-McCarthy inequali-
ties for n-tuples of operators of special type. Kissin [25] extended these estimates
to all n-tuples of operators. He also extended the results of Bhatia and Kittaneh in
[7] and [8] on estimates for partitioned operators and for Cartesian decomposition
of operators.

In Chapters 5 and 6 we develop a theory that allows us to extend the result of
Kissin [25] and to obtain an analogue of generalized Clarkson-McCarthy inequality
for [, (S?) spaces. We also establish various relevant results for operators that belong
to I, (S?) and SP (H, H>) spaces. Making use of this, we prove that the spaces
l, (SP) are p-uniformly convex, for p > 2. We also analyze partition of operators
from S? spaces and Cartesian decomposition of operators from [, (S*) spaces. In
fact, we extend the results obtained in [25, Theorems 1 and 4-5] to infinite families
of projections and operators. This extension requires new techniques and a new
approach to the theory of [, (S?) spaces and their relation to SP (H, H>) spaces.

Finally, we draw conclusions in Chapter 7. We provide elementary background
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of the theory of Hilbert spaces in the next chapter. In most cases, the reader can
find proofs of known results in the referenced literature. In some instances, we give

the proofs of some well known results for the readers convenience.



Part 1

Minimax



Chapter 2 Preliminaries and background

A linear space X over R (real numbers) or C (complex numbers) is called a normed
linear space if it is equipped with a norm |||, that is, each z € X is associated with

a non-negative number [|z|| — the norm of z, with the properties:

(1) ||z|| > 0 and ||z|| = 0 if and only if z = 0; (2.1)
(@) [l +yll < [lz] + lly]l for all z,y € X; (2.2)
(i73) ||az|| = |of ||z|| where « is a scalar. (2.3)

The distance between z,y € X is defined by ||z —y||. The concept of norm
generalizes the notion of absolute value and, more generally, the notion of the length
of a vector. For example if R is the real line with usual arithmetic and z € R then
the usual absolute value, |z|, is a norm. Having the distance function given by a

norm, we can extend familiar concepts from calculus to this more general setting.

Definition 2.1 Let (x,) be a sequence in a normed space (X, ||-||).

(i) It is a Cauchy sequence if for every e > 0 there is an integer N such that
m,n > N implies ||z, — x| <e.

(ii) It has a limit x € X (in other words, (z,) converges to x) provided that, for
every € > 0, there exists an integer N such that n > N implies ||z, — z|| < e. We
write im,, o ||z, — || =0, ||z, — 2| =no0o 0, limy, oo Ty = T 07 Ty, —p 00 T

A function from X into another normed space Y is continuous at x € X provided
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that for every sequence (x,) in X converging to x, the sequence (f (x,)) converges
to f(x).

If every Cauchy sequence in a normed linear space X has a limit in X then X
is said to be complete. A complete normed linear space is called a Banach space in
honour of the Polish mathematician Stefan Banach.

Let X be a Banach space with norm |-||, = ||-||. For 1 < p < oo, the [,(X)
space consists of all infinite sequences x = (x1, ..., Z,, ...) of elements x,, € X such
that

0o 1/p
]I, = (Z IIfJﬁnI!p) < 00,
n=1
For p = oo, the [, (X) space consists of all infinite sequences z = (1, ..., Z,,...) of

elements z, € X such that
[2]] o, = sup ||z, < co.
n

The proof below (see Lemma 2.2 - Theorem 2.4) that all [,(X), 1 < p < oo, are
Banach spaces is based on proofs developed in [30, pp.45-46] and [32, pp.78-81].

Recall that a real-valued function f defined on an interval I of R is convex if
flac+(1—a)b) <af(a)+(1—a)f(b), forall0 <a<1andallabel.

In other words, if a,b € I then the graph of the function f restricted to the interval
[a, b] lies beneath the line segment joining the points (a, f (a)) and (b, f (b)). Posi-
tivity of the second derivative is a sufficient condition for convexity, showing that,

in particular, the function f (t) = €' is convex.
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Consider numbers p > 1, ¢ > 1 satisfying

1 1
o= (2.4)
p q

If one of the numbers is 1, we assume that the other is oco.

Lemma 2.2 [30, Lemma 2.36], [32, Lemma IX.1] If s > 0,t > 0 then, for p,q > 1

satisfying (2.4),

sP e
st < — 4 —.
p q

Proof. If st = 0, the lemma is evident. Let s > 0 and ¢ > 0. Set a = plns and
b=gqlnt. Then s = e*? and t = €”/9. Thus s? = e* and t¢ = e’. By convexity of

f(t) = €', we obtain
st = ettt = o(or(1=5)) < Loa g <1 - 1) SO Y
which completes the proof. m

The above lemma allows us to prove easily the following important Holder’s and

Minkowski’s inequalities.

Proposition 2.3 (i) [32, Theorem IX.2] (Holder’s inequality) Let p > 1,q > 1

satisfy (2.4). Then, for anyn € N and a;,b; € C, i =1,...,n,

n n 1/7’ n 1/(]
> aibi| < (Z |aiyp> (Z |bi]‘1) : (2.5)
=1 =1 =1
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(ii) [32, Theorem IX.3] (Minkowski’s inequality) If p > 1 then, for any n € N and

a;,b; € C,i=1,...n

(i i + b@-|p> N < <i \a,-|”> 1/p+ (i |bi]”) l/p.

i=1 =1 =1

(2.6)

Proof. (i) Let A = (3", |a;/")"” and B = (320, [b:|)"%. If A=0 or B =0, the

proof is evident. Otherwise, by Lemma 2.2, we obtain

sl ) (il » ;
|ai] |bi] A B |ai|” bl
< + = + =
A B~ p q pAP  qBI
Thus
AB, ., AB |,
|ai] bi] < DA |ail” + B bil".
Hence, summing up, we obtain
& AB <~ AB ap 1 AB o
; |aib;| < w; |a;|” + Z| + @B
1 1
= AB <—+—) = AB.
P q

(ii) For p = 1, the inequality is evident. Let p > 1 and let p, ¢ satisfy 117 + é =

Then 1 + § = p and applying the triangle inequality, we have
la; + 0il” = |a; + bil |a; + b7 < (Jag| + [bil) |as + 0”9 =

= Jai] a; + b7 + |bi] |a; + 0]

Thus, summing up and applying (2.5), we get

n

Z\az—l—b1p<2\al ]al+b\”/q+21b|]al+b|p/q<

=1 =1 =1

1.
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25) n /p s n 1/q n /p s/ n 1/q
< (Z |ai|p) (Z la; + w) + (Z \bi|p> (Z la; + bi|p> .
=1 i=1 i=1 =1

If > | |a; + b;|” = 0, the proof is evident. Otherwise, dividing the above inequality
" a4 BP9 ing L —=1_1 -
by (> i, |a; +b;|")"" and using 5 =1 — ¢, we obtain
n 1/p n 1/p n 1/p
<Z |a; + bi|p) < (Z |ai|p) + (Z |bz‘|p> .
i=1 i=1 i=1

The proof is complete. m

Using norm triangle inequality (2.2), we obtain that, for a Banach space X with

norm ||-|| and a;,b; € X, i = 1,...,n, Minkowski’s estimate gives

n 1/p n 1/p
(Z o +bi||p> < (Z(Haiu + ||bi||>p> (2.7)

i=1
1 1
(2.6) n ; /p n ; /p
< Dl + )bl :
i=1 i=1

We shall now prove that all [, (X), 1 < p < oo, are Banach spaces.

Theorem 2.4 Let X be a Banach space. The space 1, (X), for 1 < p < oo, is a

Banach space — a normed linear space complete with respect to ||-|,.

Proof. Let z = (21, ..., %y, ...) € [, (X). Then [[z]|, = 0 if and only if z = 0, i.e., all
z, = 0.
Clearly, az € I, (X) for each a € C, and |ax||, = |af[|z]|, .

Let alsoy = (Y1, ..., Yn, --.) € . It follows from Minkowski’s inequality (2.7) that,
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for all n,

n 1/p n 1/p n 1/p
(znm%np) s(znxinp) +(znyinp)
1=1 =1 =1

oo 1/p o 1/p
< (Z IIwillp) + (leyillp) = ||zl + lyll, -
i=1 =1

p
Hence the sequence of partial sums S,, = 37" | ||z; + y;]|” is bounded by <||£B||p + ||y||p>

and monotone increasing. Therefore lim S, exists and

. > p
Tim S, = > Il + il < (ll2ll, + Il )
i=1
Thus
oo 1/p
» . 1/p
o+ yl, = (Z I + wil ) = (1mS.) " < llall, + I,
i=1
so that ||z +y||, < |lz[l, + llyll, - Thus ||-||, is a norm.

The triangle inequality ||z + yl|, < [|z||,+[[y||, implies that [, (X) is closed under
addition, i.e., if x,y € [, (X) then x +y € [, (X). Thus [, (X) is a normed linear
space and we only need to show that it is complete.

k

Let {zF = (af,...,2F,..)}?°, be a Cauchy sequence in [, (X). Then, for each

€ > 0, there is N € N such that, if r,s > N then

o0 1/1?
2" — 27|, = (Z [y, — a;j;||p> <e.
n=1

Consequently, for each n = 1,2, ..., we have ||z}, — ;[ < [|2" —2°||, < e. Thus
for each n, the “vertical sequence” {zF}2° | is a Cauchy sequence in X. As X is a

Banach space and, therefore, is complete, there are x,, € X such that

lim ||xﬁ — xn” = 0 for all n. (2.8)

k—o0
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Set © = (@1, ..., Ty, ...). We shall show that « € I, (X), ie., Y o ||z.]" < co and
that ||z — kap — 0.
As {z%}%°, is a Cauchy sequence in [, (X), for ¢ = 1, choose N such that

ka — xNHp <1 for all k > N. Setting s = HxNHp, we have
[a*]| = [|a* — 2 + V|| < [Ja* — 2N + ||V < s+ 1 for all k> N.
p p p p

Suppose that z ¢ I, (X). Then there is ¢ such that (37, [|z,[")"/" > s + 3.

Hence, for all £ > N,
q 1/p q
e (znxnnp) _ (zum—xﬁ) +x2||p>

n=1 n=1

@n [ k||P o ’ k([P v

S fon—atl?) o+ (S0
n=1 n=1
q 1/p q 1/p

< (Sl -atl) el (Sl e
n=1 n=1

By (2.8), we can choose M € N such that ||mn — me” < qﬁ, for each n = 1,...,q

1/p

and all £ > M. Then
: 1
ZHxn—xﬁHpgqx - =1
n=1 q
Combining this with the above inequality, we have s+ 3 < s+ 2. This contradiction
shows that z € [, (X).
Let us show now that Hx — x’“”p — 0. As {2*}2° | is a Cauchy sequence, choose
N such that
* = 2¥||, < 5 for all k > N. (2.9)
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For v > 1, let @, be the projection on [, (X) such that Q,y = (v1, ..., %, 0,0,..) for

all y = (yn) € 1, (X). Then
||vaHp S Hpr and va — y as v — OQ. (2.10)
For € > 0, we can choose m such that
o = Quall, < = and [[a¥ - Qua™]|, < = (2.11)
x m?[l, < 3 and |jz m? |, < g )

Then, by (2.9)-(2.11), we have for all k£ > N,

|2 = Quak|| < [Ja* = 2| +[]2" = Qua |, + |Qu(=" =M (212)
<2fat o, + o - Qo < Z+ 5=

By (2.8), we can choose kg such that Hxn — a:le < 357, foralln =1,...,m and

all kK > kg. Then

m 1/p m 1/p
foute=, = (Sl -atl) < (S (m) ) -5 ew

n—

Hence, for £ > max(N, k), it follows from (2.11) - (2.13) that

=¢&.

9 € £
Iz = 2", < llz = Qumall, + [ Qum(z = )|, + |@ma” — 2|, < 5+ 3+ 3

Thus Hx—kap —0ask —00. m

Example 2.5 [32, p.78] Consider the space [, = [,(C), for 1 < p < oco. The
elements of [, are sequences of complex numbers z = {z,,};° such that >~  |z,|” <
oo. If we define the p-norm on [, by the formula

o0 1/p
], = (Z Ixn|p> :
n=1
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then we derive from Theorem 2.4 that each [, is a Banach space.

Remark 2.6 Let X be a Banach space. The space [(X) is a Banach space. We
omit the proof as it is similar to the proof of Theorem 2.4.

It is also known (see for example [16, Lemma 9, XI1.9.]) that
ly Cly and ||zfl, > [|z|],, forxz€ly if1<p<q.
Thus [; is the smallest and [, is the largest of the spaces.

Definition 2.7 [1, p.2] Let X be a linear complex space. An inner-product (or
scalar-product) (-,-) is a complez-valued function defined on X x X which satisfies

the conditions:

L (z,y) = (y,7);

2. (ax + By, z) =al(x,z)+ B (y, 2) for a,p € C

3. (z,z) >0, with equality if and only if x = 0.

We can derive from the above conditions that

(z,ay+fz) = (ay+fPz,2) = a(y,z)+5(z )

= a(y,x)+ﬁ(z,x) :a(x,y)+6(x,z).

The Cauchy-Schwarz-Bunyakovsky inequality is one of the most important in-

equalities in mathematics:
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Theorem 2.8 (Cauchy-Schwarz-Bunyakovsky inequality) [1, p.2] If (-, -) is an inner-

product on a linear space X then
(@,9)] < (2,2)7 (y,y)*, for all z,y € X, (2.14)
with equality if and only if x and y are linearly dependent.

Proof. If (z,y) = 0 the theorem is proved. We can assume that (z,y) # 0. Letting

g — (=v)

ey e find from Definition 2.7 that, for any real A,

0< (5:6 + Ay, 0z + )\y) = ]9[2 (x,z) + 0 (x,y) + N(z,y) + A2 (y,v)

(z,y) + A (z,y) + N (y,9)

(z,9) | (z,y)
r<x,y>r‘ @)+ M)
@)P )

(@)l (=, 9)]

=N (y,y) +2X|(z,y)| + (z, 7). (2.15)

= (z,z)+ A

+ A (y,9)

We arrived at a non-negative (no roots or one repeated root) quadratic in A. Thus

the discriminant of this quadratic is non-positive:

4)(z, ) — 4 (y,y) (x,2) <0

Hence |(z,y)|> < (z,2) (y,y) and we have the inequality (2.14).
The equality in (2.14) holds if and only if the quadratic has a repeated root, in

other words if and only if

2N (y,y) + 2\ |(z,y)| + (z,2) = 0, for some \ € R.

18



This implies (see (2.15)) that (fz + Ay, 0z + Ay) = 0. Thus 6z + Ay = 0 for some

real A\, so that the vectors z and y are linearly dependent. m

Let X be a linear space with scalar product (-,-). Set

|z = (x,2)"2.

Let us check that [|-|| is a norm on X. From the Definition 2.7 we have ||z|| > 0
with equality if and only if # = 0. Additionally, it follows that |az|® = (az, az) =
aa (z,2) = |af’ ||z|? for all scalars . Thus ||az| = |a| ||z for all scalars o. To
prove the triangle inequality, we apply the Cauchy-Schwarz-Bunyakovsky inequality

to obtain

lz+yl? =@ +y.2+y) = (z,2)+ (x,9) + (y.2) + (1,9)

(2.14) ) ) )
< l2l®+ 2yl + [lyl” = izl + lyl)” for all 2,y € X.

This implies the triangle inequality ||z + y|| < ||z| + ||y|| for all z,y € X.
A Banach space whose norm comes from a scalar-product as [|z| = (x,x)% is
called a Hilbert space in honour of the German mathematician David Hilbert [32].
A normed linear space (not complete) is called a pre-Hilbert space if its norm
comes from an inner-product. Hilbert and pre-Hilbert spaces are called inner-

product spaces [32].
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Example 2.9 [1, p.5-7] Consider the Hilbert space Il that consists of sequences

x = {x,}] of complex numbers such that

o
Z |2, < 0.
n=1

As in Example 2.5, it is a Banach space with norm

. 1/2
2
]| = (lenl > -
n=1

The scalar product in the space I has the form
=D Tl
n=1
The series on the right converges absolutely because
t5] = |ts| < = |t| + = | * forallt,s e C.

We omit the simple prove that the number (z,y) satisfies all the conditions of a

scalar product and the norm ||z|| of each vector = € 5 satisfies

lzll = (z,2)"* = (Z |20 )

Definition 2.10 [32] [27, Definition 1.21] Let X be an inner-product space. Ele-
ments z,y € X are orthogonal (we write x L y) if their inner-product (x,y) = 0.
For sets A and B in X, we write A L B if (x,y) =0 forallz € A andy € B.
Finally, A+ is the set of all vectors x € X such that x Ly for ally € A; for any set
A this is always a subspace of X, moreover since At = Ngea {a}L, At is a closed

subspace by continuity of the inner product.
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A subset S of X is an orthogonal set, if x,y € S and x # y imply (z,y) = 0. If
each element of an orthogonal set S has norm 1, then S is an orthonormal set.
An orthonormal set S in X is complete if S C T and T is another orthonormal

set in X imply S =1T.

One of the most used results in all mathematics and especially in functional
analysis is a result taken from logic and it’s called Zorn’s lemma. It was stated
without proof by the man whose name it carries [32]. In fact it is not possible
to prove Zorn’s lemma in the usual sense of the world. However,it can be shown
that Zorn’s lemma is logically equivalent to the axiom of choice, which states the
following: given any class of non-empty sets, a set can be formed which contains
precisely one element taken from each set in the given class. The axiom of choice
is intuitively obvious. We therefore treat Zorn’s lemma as an axiom of logic [38].
Other, equivalent forms of Zorn’s lemma include: Principle of choice, Principle of
transfinite induction, Zermelo theorem (Every set can be well ordered), the Tukey-
Teichmuller theorem and Hausdorft’s theorem. Zorn’s lemma is frequently used in
place of transfinite induction, since it does not require the sets considered to be well
ordered. Usually sets are naturally equipped with a partially ordered relation but

not necessary a well ordered relation [31].

Definition 2.11 [32] [31] Let P be a set and R a relation on P satisfying for

x,y,z € P the following three conditions:
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1. (reflezive) xRz
2. (antisymmetric) xRy, yRx implies © =y
3. (transitive) xRy, yRz implies xRz.

Then (P, R) is a partially ordered set. If additionally, every two elements of
P are comparable i.e. for x,y € P either xRy or yRx, then the set P is totally
ordered (or linearly ordered). If S C P then m € P is an upper bound for S if
sRm for all s € S and a lower bound if mRs for all s € S (A smallest (largest)
element in S is an element s € S which serves as a lower bound (upper bound) for
S). A well-ordered set is a partially ordered set every non-empty subset of which
possesses a smallest element. An element m € P is maximal provided a € P and

mARa implies m = a.

Lemma 2.12 (Zorn’s lemma)[32] [38] [31|Let P be a partially ordered set and sup-
pose every totally ordered subset S has an upper bound in P. Then P has at least

one maximal element.

Theorem 2.13 [32] Let X # {0} be an inner-product space. Then X contains a

complete orthonormal set.

Proof. Proof of this theorem uses Zorn’s lemma. Let z # 0 be in X. Then

s = {ﬁ} is an orthonormal set. Let P be the collection of all orthonormal sets
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containing s and ordered by inclusion. Let P, be any linearly ordered (totally

ordered) subset of P. Consider

SOZUU

UePy

Let z,y € Sp. Then x € U; and y € Us,. Since F is linearly ordered we can assume
that Uy C U;. Thus z,y € Us. Since all elements of Fy are orthonormal sets we
have that x | y and so Sy is an orthonormal set. Thus Sy € P. S is clearly an
upper bound for Fj since for every U € Fy, we have U C Sy By Zorn’s lemma, P
has a maximal element 7.

Suppose that T is not a complete orthonormal set in X. Then there exists an
element z € X such that z ¢ T and T'U {z} is an orthonormal set. This implies
that T is not a maximal element in P and we have a contradiction. Thus 7" is a

complete orthonormal set in X and the theorem is proved. m

Theorem 2.14 [32, p.20] Let H be a Hilbert space and S a complete orthonormal

set in H. Then

T = Z (z,u)u, for everyx € H,

u€eS

where the convergence is unconditional (the series converges to the same element if
we rearrange the elements of the series), the number of u € S, for which (x,u) # 0,
s at most countable and
|z|* = Z |(z,w)|” (the Parseval equality). (2.16)
u€eS

23



If H is separable (i.e. it contains a countable dense subset), then any complete

[e.o]

ne1, and

orthonormal set S is countable, say S = {u,}

Tr =

NE

)
(2, n) e and ol = 3 |, ua) .
n=1

n=1

A Hilbert space H is the direct sum of its closed subspaces M and N, i.e.
M@ N =Hif MNN = {0} and each z € H can be written in the form z = z + y,

where z € M and y € N. As M N N = {0}, this representation of z is unique.

Theorem 2.15 [17, Theorem 2.2.4] For every closed subspace L of a Hilbert space

H

)

Lo Lt =H.
In this thesis we study separable Hilbert spaces.

Definition 2.16 [27, p.31]| Let X and Y be normed linear spaces. A map T : X —
Y is a linear transformation, linear operator or operator (in this thesis all operators

are linear) if
T (ax + By) = aTx + [Ty, foralxz,y € X and o, € C.
It is bounded if there exists M > 0 such that
|Tz|| < M ||z|| for all z € X.
The norm ||T|| of a bounded operator T can be defined as

T
|IT|| = sup ||Tx|, or equivalently ||T|| = sup ||Tx| = sup [ 93“
lell<t lel=1 vex |||
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If T is bounded, one-to-one, onto and its inverse T~ is bounded, then T is an

isomorphism and we say that the spaces X and Y are isomorphic.

Theorem 2.17 [27, p.32] The collection B (X,Y) of all bounded operators from a
normed linear space X to a normed linear space Y is a normed linear space in the
operator norm, where the vector operations are defined pointwise. If, in addition, Y

is a Banach space, then B (X,Y’) is a Banach space.
When X =Y we denote B (X,Y) as B (X).

Theorem 2.18 [38, pp.219-220] Let X,Y be normed spaces and let T : X — Y be

an operator. The following are equivalent:
1. T is bounded;
2. T 1s continuous at 0;
3. T 1s continuous on all of X.

Example 2.19 [27, Example 2.8] Let H be a Hilbert space with orthonormal basis
{en}—, and {a,} -, a bounded sequence of complex numbers. Set Ae, = ay,e,.

Extend A by linearity and continuity to all of H. Then, given x € H, we have

r=>" (x,e,)e, and

n=1

[e.e]

oo
|Az||* = Z (Az,e,)[? Z (2, e0)|? ||
n=1

=1

2
2 2
(sup|an| )Zux,enn _ (sup|an|) el
n=1 n

IN
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We see that A is bounded and ||A]| < sup,, |a,|. Consideration of Ae,, shows that
| A]l = sup |an| .
Such an operator A is called a diagonal operator, with diagonal sequence {a,} ;.

Definition 2.20 [30, p.86] Let X be a Banach space and let X* denote the linear
space of all bounded linear operators from X into C. FEvery f € X* is called a linear

functional and
1l = sup{[f (@) : [lz]| < 1}

is its norm. The space X* is the dual (or conjugate) space of X.

Theorem 2.21 [27, p.36] (adjoint of an operator). Given Hilbert spaces H and K

and T € B(H, K), there is a unique T* € B (K, H) such that
(Tx,y) e = (x,T"y)y forallz € H andy € K.
The operator T* is called the adjoint of T and (see [42, page 78])
I = .
Definition 2.22 [30, p.93] An operator T' € B (H) is self-adjoint if T = T*.

Theorem 2.23 [30, p.93] A bounded operator T is self-adjoint if and only if (Tx, x)

is real for all x € H.
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With every operator 7' : X — Y we associate two important subspaces: The
null space or the kernel denoted by ker (") and the range or the image of T denoted
by R(T). The null space consists of all z € X such that Tz = 0 and the the range
consists of all y € Y such that Tz = y for some z € X. The subspace R(T) is not

necessarily closed in Y, while ker T" is always a closed subspace of X. [26, page 52].

Theorem 2.24 [30, Proposition 4.27] For all ' € B (H) :

(a) ker (T*) = R(T)*;

(b) ker (T)" = R (T*).

Let A be a bounded linear operator on a Hilbert space H. The norm of A (see

Definition 2.16) is
I A]l = sup {[| Az : ] = 1} = sup { (Az, Aa)* : 2] = 1}.
From Cauchy-Schwarz-Bunyakovsky inequality we obtain for all z € H

sup |(Az,y)| < sup ([[Az] [lyl]) = sup [[Az] = |[Az]]
llyll=1 llyll=1 llyll=1

On the other hand, let ||| =1 and Az # 0. Set yo = 4. Then

Ax, Az
Jooll = L and Azl = D2AD — (a2 ) < sup (A2,
1Az ] lyl=1
Hence
sup (A, )| = 4] (2.17)
y =
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Thus

[All = sup [|Az]| = ~sup |(Az,y)|.

[l=f|=1 lzll=llyll=1
Definition 2.25 [30, p.93] An operator T € B (H) is positive if (Tx,x) > 0 for all

z e H.

It is clear that 0 and 1 are positive, as are T*T and TT* for any operator

T € B(H), since for all x € H, we have
(T"Tz,z) = (Tz,Tz) > 0 and (TT*x,x) = (T"x,T"z) > 0.

For operators A and B, A > B is defined to mean that A — B > 0; equivalently

A>B < (Ax,z) > (Bz,x) for all z.

Theorem 2.26 [30, Theorem 4.32] Given any positive operator T, there is a unique
positive operator A such that A2 = T. The operator A is denoted by T"/?. Moreover,

T2 commutes with any operator that commutes with T

Definition 2.27 [30, p.95] If H and K are Hilbert spaces and an operator U €

B (H,K), then U is unitary if U*U = 1y and UU* = 1.

Definition 2.28 [38, p.237] A projection P on a Banach space B is an idempotent
in the algebra of all linear bounded operators on B, that is, P is a linear bounded

transformation of B into itself such that P? = P.

Projections can be described geometrically as follows [38, p.237] (here the symbol

@ represents direct sum of subspaces):
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1. If P is a projection on a Banach space B, then the range R(P) is a closed

subspace of B and B = R(P) & ker(P);

2. a pair of closed linear subspaces M and N of a Banach space B, such that
B = M & N determines a projection P whose range and null space are M and
N, respectively. (If z = x + y is the unique representation of a vector in B as

a sum of vectors in M and N, then P is defined by Pz = x).

In the theory of Hilbert spaces we consider projections, sometimes called orthogo-

nal projections, whose range and null space are perpendicular, i.e., ker P = (R (P))L.

Definition 2.29 [30, p.94] An operator P € B(H) on a Hilbert space H is an
orthogonal projection, or ortho-projection, if P = P* and P?> = P. We will call

such operator P just projection.

By the projection theorem (see [27, p.13]), every non-zero orthogonal projection
is of norm 1.
We say that two projections P and () are orthogonal if P() = 0. It can be proved

[38, p.275] that
PQ=0 < QP=0 < R(P)LR(Q).

The following definition holds for Banach spaces but we shall only consider

Hilbert spaces.
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Definition 2.30 [17, p.59] (i) A set K in a Banach space X is called a precompact
set if, for every sequence {x,} in K, there exists an element v € X (a limit point)
and a subsequence {x,.} of {x,} such that x,, — x. It is compact, if all limit points
also belong to K.

(ii) A linear operator A : X — Y, where X andY are Banach spaces, is called a
compact operator if and only if, for every bounded sequence {x,} in X, the sequence

{Ax,} is a precompact set.

Clearly, a compact operator must be bounded, since the image of the unit ball
of X must be a bounded set in Y (otherwise, we can easily find a sequence {z,}
inside the unit ball of X such that ||Az,|| — oo and, therefore the set {Ax,} has

no converging subsequence) [17, p.59].

Theorem 2.31 [43, p.10] If T is a compact operator on a Hilbert space H, then for
any bounded linear operator S on H, the operators T'S and ST are both compact. If

S is also compact, then T + S is compact.

Note that if 7" is compact, then o = (al)T is also compact for all complex

numbers .

Theorem 2.32 [43, p.11]. A bounded linear operator T on H is compact if and
only if T* is compact, if and only if T*T is compact, if and only if |T'| = (T*T)l/2

18 compact.
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Theorem 2.33 [43, p.11]. If {7}~ is a sequence of compact operators on H and
for some operator T' on H, then T is also compact.

Definition 2.34 [30, p.168]. The spectrum of an operator T € B (H), denoted by

o (T), is the set of all scalars A such that T' — A1 is not invertible in B (H).

Theorem 2.35 (Spectral Theorem for Compact Operators) [30, Theorem 9.16 and
9.18]. Let T be a compact operator in B (H).

(i) The set o (T) = {\,} is finite or countable. All A\, # 0 are eigenvalues
and the corresponding eigenspaces M, are finite-dimensional. If {\,} is countable
infinite then A\, — 0, as n — oo.

(i) If T is self-adjoint, then all A, are real, all eigenspaces M, are mutually
orthogonal and their closed linear span is all of H. Moreover, T =)\, P,, where

P, are projections on M,.

We will need the following version of the spectral theorem also called the Schmidt

representation (see [32, pp.64, 75]).

Corollary 2.36 [27, Corollary 4.25]. Let T be a compact self-adjoint operator on a
separable Hilbert space H. Then there is an orthonormal basis {e,} of H consisting

of ergenvectors for T' such that

Tx = Z Mo (x,€,) en, for each x € H,
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where A\, is the eigenvalue of T corresponding to the eigenvector e,,.

In [21] the authors analyze completely continuous operators that map weakly
convergent sequences to norm convergent sequences. In our case of operators on
separable Hilbert spaces, completely continuous operators coincide with compact
operators, since, for reflexive spaces, the two definitions are equivalent (we know
that all Hilbert spaces are reflexive, i.e., if H is a Hilbert space then it is isomorphic

to its second dual H**) [11] [43] [38].

Definition 2.37 [38, p.208] An algebra (real or complex) is a linear space A equipped
with a multiplication operation that assigns to each x,y € A an element vy € A such
that, for all x,y,z € A and scalars o, the following axioms must be satisfied:

(1) (Associative law) x (yz) = (zy) 2;

(2) (Distributive laws) x (y + z) = vy + xz and (x +y) z = xz + yz;

(3) (Law connecting multiplication and scalar multiplication) « (zy) = (ax)y =
x (ay).

An algebra is commutative if vy = yx for all elements of the space.

Definition 2.38 [38, p.302] A Banach algebra is a real or complex Banach space
B, which is also an algebra in which the multiplicative structure is related to the

norm by the following requirement

lzyll < Nzl Iyl for all z,y € B.
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For example, the linear space B(H) of all bounded operators on a Hilbert space
H endowed with the operator norm is a Banach algebra, where multiplication of

operators is their composition.

Definition 2.39 [38, p.324] A Banach algebra A is called a Banach *-algebra if it
has an involution *, that is, if there exists a mapping x — x* of A into itself with
the following properties:

(1) (x+y)" =a"+y* fora,y € A

(2) (ax)" =az* forx € A and o € C;

(3) (zy)" = y'a* forz,y € 4

(4) x** =z forx € A;

() [lz*[| = ll=[| for = € A.

If H is a Hilbert space, then the algebra B(H) of all bounded linear operators
on H is a Banach *-algebra with the adjoint operation 7" — T™ as the involution.
A subalgebra of the algebra B(H) is said to be self-adjoint, or a *-subalgebra, if it
contains the adjoint of each of its operators. All closed self-adjoint subalgebras of
B (H) are Banach *-algebras. Moreover, the closed self-adjoint subalgebras of B (H)

that satisfy the following condition:
" 2
lzz™|| = [l

for all elements x, constitute a special class of Banach *-algebras called C*-algebras.
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Definition 2.40 [38, p.209] Let A be a complex algebra. Its subset I is a left (re-
spectively, right) ideal of A, if

(1) aa+ pb e I forall a,b € I and o, € C;

(2) ab € I (respectively, ba € I) for each a € A and b € I.

It is a two-sided ideal of A, if it is a left and a right ideal of A.

Let C' (H) denote the set of all compact operators on H. From the above Theo-
rems 2.31, 2.33 and 2.32 we know that C' (H) is a closed, self-adjoint subalgebra and
a two-sided ideal of the algebra B (H). Thus C' (H) is a C*-subalgebra of B (H). It

is known that C'(H) is the only proper closed two-sided ideal of B (H). [43, p.12].
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Chapter 3 Minimax and seminorms

3.1 Introduction
Let X and A be sets and let f be a real function on X x A = {(z,\) : x € X, \ € A}.

Recall that the minimax equality is the following equality:

inf (supf (z, A)) = sup (mgf (, A)) .

ACA \geXx zeX \N€

As we shall see in Proposition 3.1, the inequality

inf <supf (, A)) > sup <in£f (z, A))

AEA \zeXx z€X \ A€

holds for all functions f. Therefore to prove the minimax equality, one only need to

prove the inverse inequality

inf <supf (z, )\)) < sup <)1\1r61£f (x, )\)> )

AeA \zeX zeX

We give below the proof of the following known proposition, as we could not find

a reference.

Proposition 3.1 Let X and A be sets and let f be a function from
XxA={(z,\):ze X, A€ A}
mto R. Then

inf (Sup f(z, /\)) > sup <inf f(z, )\)) .

AEA \ zeXx zeX \M€A
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Proof. For every i € A, we have

sup f (z, ) > sup inf f (z, ).
reX z€X AEA

Thus

inf sup f (x, ) > sup inf f (z, \)
HEA zeX zeX A€A

This concludes the proof. m
To prove some theorems for example Theorem 4.11 we need the following lemma.

The lemma is known, but we could not find any reference.

Lemma 3.2 Let f: X x A — R be a function on the product of non-empty sets X

and A. Suppose that there exists 1 € A such that

sup f (x,A\) = f (z,p) for each x € X. (3.1)
AeA

Alternatively, suppose that there exists xo € X such that

1£1)f(f (x,\) = f (xo,\) for each X € A. (3.2)
Then
inf (i‘;ﬁf (z, A)) = sup (;g)f(f (, A)) = inf f(z,p). (3.3)

Proof. Applying Proposition 3.1, we always have

inf (Sup f(z, )\)) > sup (mf f (z, A)) (3.4)

z€X \ AeA AeA \z€X
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Suppose now that (3.1) holds. Then

inf (supf (x,)\)> = ig)f{f(x,u).

z€X \ AecA

Hence

: . < :
inf <§1£f (z, A)) inf f(z,p) < Sup <;g)f(f (z, A))
Combining this with (3.4), we obtain (3.3). The proof that (3.2) implies (3.3) is
similar. m

In sections 3.2 and 3.3 we consider the validity of the minimax equality for a

sequence of seminorms on Banach spaces.

Definition 3.3 [35, p.12] Let X be a complex vector space. A non-negative, finite,

real-valued function g on X s called a seminorm if, for all x, y € X and scalars A,
g9 (Az) =[A g (z) (3.5)
glx+y) <g@)+9(). (3.6)

In fact, any function on X that satisfies (3.5) and (3.6) is non-negative. Indeed,

for each x € X,
g(0) =g (0x) = 10| g (x) =0, so that
0=g(0)=g@@+(-2) <g@)+g(-z)=g()+|-1|g () =29(z).

Clearly, the set g~'(0) is a linear subspace of X. If g () = 0 implies z = 0, then

(see(2.1)-(2.3)) g is a norm, so that (X, g) is a normed space.
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Definition 3.4 [1, p.36] A seminorm g on a normed linear space X is bounded if

there exists M > 0 such that

g(z) < M|x| foralzxze X.

For example, let X be a Banach space with norm ||-|| . For each bounded operator

T on X, we have that gr(xz) = || Tz, for 2 € X, is a bounded seminorm on X, as

gr(Az) = [[TAz|| = ATz = [A gr(2);
gr(@+y) = [T+ )l < Tzl + Tyl = gr(z) + gr(y)

and gr(z) = ||[Tz|| < ||T ||z]| for all x € X.

A bounded seminorm g on X defines an equivalent norm on X and we will write

g ~ ||| , if there exists 0 < k such that
kx| < g(x) for all z € X.

In other words, g ~ ||| if

k = inf 9(@) _ inf g(z) > 0. (3.7)

veX ||z||  ll=ll=1
For example, if T is a bounded operator on X that has bounded inverse 7!
then g7 ~ ||-||, as

|z|| = ||T_1T$H < HT_lH |Tz|| = ||T_1H gr(x) for all x € X,

so that |71 ||z]) < gr(x) and &k = |T-1| .
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It follows from (3.7) that g ~ ||| if and only if there is a sequence {z,}°; in X
such that

|zn]| = 1 for all n and g(x,) — 0, as n — co.

The following theorem about seminorms is known. Note that if the seminorms
are linear, then the proof of the theorem follows from the uniform boundedness
principle and the Banach-Steinhaus theorem (see for example [27, Theorems 3.11

and 3.12]).

Theorem 3.5 [1, p.37] Let {gx}72, be a sequence of bounded seminorms on a Hilbert
space H. If the sequence is bounded at each point x € H, then the function defined
by

g(z) =supgy (z) forz € H,

1s also a bounded seminorm.

3.2 Minimax equality for seminorms
Let {gx}?2; be a sequence of bounded seminorms on a Hilbert space H bounded at

each point x € H. Consider the minimax formula:

inf supg, () =sup inf g, (z).

lzll=1 n n lzll=1
By Theorem 3.5, g (x) = sup,, g, () is a bounded seminorm on H. Hence the mini-

max formula takes the form

inf g(x) = inf supg, (x) =sup inf g, (x). (3.8)

llzf|=1 lzl=1 n n |lzll=1



A particular case could be that there exists m € N such that g, (x) = sup,, g, ().

Proposition 3.6 Let ||z|| = (z,2)"? be the norm on a Hilbert space H. Let {g,},
be a sequence of bounded seminorms on H bounded at each point v € H and let
g (z) =sup,, g, (). Then

(i) If g ||| then (3.8) holds.

(i) If g ~ ||| but all g, » ||| then (3.8) doesn’t hold.

(iii) Let g ~ |-||. Then (3.8) holds if and only if for each ¢ > 0 there exists n.

such that g,. ~ ||-|| and inf| ;=1 gn. (x) > inf);=1 g(x) — €.

Proof. (i) We know that g » ||-|| if and only if there is a sequence {z,}°; in X

such that ||z,|| = 1 for all n and g(z,) — 0, as n — oco. Then

0< inf ¢g(x) < inf z) =0.
< ||q,-||:19( ) < xe{mn}g( )

Thus inf ;=1 () = 0. We know from Proposition 3.1 that

”i1H1f 9(2) = Hilnlf SUp gy (z) = sup ”in 90 (%) -

As all seminorms are non-negative, we have sup,, inf|;j=1 g, (#) > 0. Thus

Hil|r|1f1g(ac) = Hiﬂlflsup gn () = sup Hil|r|1flgn (x) =0.
(ii) Suppose that g ~ [|-|| but all g,, » ||-||. Thus for each n there exists sequence
{x%}22, such that Hx?H = 1, for all n, j, and, for each n, g(z}) — 0, as j — oo.

Hence for all n we have
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Therefore sup,, inf|;=1 g» () = 0. On the other hand, g ~ ||| and by (3.7)
||H\|1f1g( x) > 0. Thus

inf g(z) = inf supg, > 0.
[|z]|=1 () [|z]|=1 npg (z) >

Therefore LHS > 0 and RHS = 0. Hence the minimax (3.8) doesn’t hold.
(iii) Let k, = infjz=1 gn(x) and k = infj=; g(x). Then k, > 0 if and only if
gn ~ ||| - The minimax (3.8) holds if and only if & = sup,, &, that is, for each ¢ > 0

there exists n. such that g,, ~ ||-|| and infj;j=1 gn. (x) > infg =1 9(z) —c. =

Case (ii) is a subcase of (iii) but we think that it is worth mentioning it as
individual case for clarity. Example 3.7 below illustrates Proposition 3.6 case (ii)

when g = -],

Example 3.7 Consider the Hilbert space

. 1/2
lb=1qx={z,} allz, € C,||z||, = <Z \ﬂfn\2> < o0
n=1

[V

and the following seminorms g, on ls given by g, (x) = (Z?Zl |:132|2) where x € 5.
The proof of condition (3.5) is obvious and the proof of the triangle inequality called

in this case the Minkowski’s inequality

n(@+y) = (Z\xm&yz) S(lef) +<Z|yi|2) = g(x) + 9(y)

was obtained in Proposition 2.3. Thus g, are seminorms on /5.

We have that

1 1
2

9(x) = sup g () = sup <Z\f€ > (Z !%\2) = l=ll, -
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Thus

LHS = inf g(z)= inf |[z|,=1

fl=fl;=1 ll=]l;=1

On the other hand

RHS =sup inf g, (x) =sup0=0.

n llell=1

Thus the minimax formula does not hold.

3.3 The minimax in reverse
Let H be a Hilbert space. Let {gx},-,, be a sequence of seminorms in H such that
gm () = inf,, g, (z) for all z € H and some m € N (for example {g} -, could be
monotone increasing, i.e. gx () < gry1 (x) for all z € H and we can set m = 1).

Consider the minimax formula, which is the reverse to minimax (3.8)

inf sup g,(x) = sup inf g,(z) (3.9)

" el=1 [lef=1 "™

Theorem 3.8 The minimax formula (3.9) holds and

inf sup ¢,(z) = sup inf g,(z) = sup g (z). (3.10)

" el=1 ef=1 " llzfl=1

Proof. The inequality in the formula

inf sup g,(z) < sup g, (¥) = sup inf g, ()

" lzll=1 llzl|=1 efl=1 "
is obvious, as the infimum over n of sup|,;_; gn(z) is not greater than sup . ; gm ().
The reversed inequality holds for all minimax formula (see Proposition 3.1). Hence

Eqn. (3.10) holds. m
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Example 3.9 Let us consider the following three examples.

(i) The following seminorms g,, on Iy

-

2

n
gn () = (Z |;EZ]2) where x € Iy
i=1
are monotone increasing and

RHS = sup inf g,(z) = sup inf (Z \xz|2> = sup || =1

ef=1 ™ ef=1 " llzfl=1

n 2
LHS = inf sup g,(x) = inf sup (Z |xz|2> =infl=1.
i=1

" el=1 " el=1

Thus the reversed minimax (3.10) holds as equality.

(ii) Consider the following seminorms g,, on ls

=1

n 1/n
gn(z) = | Pz, = (Z |xi|"> for x € I.

We have ¢, (z) = |z1] < gn(z) for all n € N and all x € l5. Thus

g1(z) = inf g, (z) for all = € I,

n 1/n o 1/n o 1/2
n n 2
() = (Sr) =(Ser) -n
i=1 i=1 i=1
for ||z|l, = ||z||=1, andalln € N, n > 2.

Hence

sup gn(x) <1 for all n € N and inf sup g,(z) <infl = 1.

llz]l=1 " lel=1 "
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We know that inf,, g, () = ¢g1(x) = |x4|, for all x € l5. Thus

sup inf g, () = sup (|21]) = 1.
Jall=1 ™ Jall=1

Hence, it follows from Proposition 3.1 that

1 > inf sup g¢,(x) > sup inf g,(z) = sup ¢; = 1.

" llel=1 llzfl=1 ™ [lz]l=1
Thus the reversed minimax (3.10) holds as equality.

(iii) Let us consider the following seminorms S,, on Iy

n 1/(1+%>
Sn (I) = ”PH‘THZH‘% = (Z |$i|1+"> for z € lg.
i=1

From Minkowski’s inequality we know that S5,,’s are seminorms.

As the function f (¢) = (327, sHOY', (0 <t < 00, s; > 0) is nonincreasing [21,

=11

p.92], we obtain that the sequence {5, ()} -, is monotone increasing, i.e.

1 r . .
1+ -~ > 1+ = implies Hx””%ﬂ > ||a:|]1+%

We have S, (x) > max;—1,__, (|z;|) > |z1], for all 1 <n € N. Thus inf, S,,(x) > |z4].

.....

On the other hand,
1/(1+1)
inf S, (z) < Si(x (Z |4 Hl) = |xq].
Hence inf,, S, (z) = Si(x) = |z1|. Therefore we have
RHS = sup inf S, (z) = sup |z1| = 1.

zfl=1 ™ [[zf|=1
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Let us now calculate LHS. We have that, for all n,

sup S,(z) > S,((1,0,...,0,...)) = 1.

llzfl=1

Thus LHS = inf,, sup,—; Sn(7) > inf, 1 = 1. On the other hand

L 1/2
LHS = inf sup S,(x) < sup Si(x) = sup (Z ]xz\2> = sup |z1| = 1.

" lzll=1 [l]l=1 lzll=1\ ;=1 llzl[=1

Thus the reversed minimax (3.10) holds as equality.

3.4 A minimax theorem for operators
Let H be a Hilbert space and let A be a bounded linear operator on H. The uniform

norm of A (see Definition 2.16) is

=

[A]] = sup {[[Az] - [[z]| = 1} = sup {(Ax,Ax)

all =1}

where (x,y) is the scalar product of elements =,y € H.

Definition 3.10 [30, p.63] A linear operator T € B (H) is bounded from below if

there is a k > 0 such that, ||Tz|| > k for all x € H,||z|| = 1.

Clearly, being bounded below implies that 7" is injective as ker (T") = {0} . How-

ever, the converse is not true in infinite-dimensional spaces.

Theorem 3.11 (The bounded inverse theorem) [30, Theorem 3.6] For an injective
linear operator T € B (H) , the following are equivalent:

(i) T is bounded;
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(i) T is bounded below;

(iii) R(T) is closed.

In this thesis report we will consider various cases when minimax formula holds

within the theory of operators on Hilbert spaces. We will start with the following

simple case of minimax formula.

Theorem 3.12 Let H be a Hilbert space and A a bounded operator on H.

(i) If A is invertible and

(a) dim H = 1, then the minimaz formula:

llzll=1 llzfl=1

lyll=1 lyll=1

holds, where a is a scalar such that Ax = ax for all x € H.

(b) dim H > 1, then the minimaz condition does not hold:

inf { sup |(Ax,y)|} = inf ||Az| =k >0,

lzl|=1 | ||y||=1 [lzf|=1

while

sup {inf |(Ax,y)|} ~0.

lyll=1 Llzl=1

(ii) If A is not invertible, then

=1 Jlyll=1 lyll=1 Lll=lI=1

inf {sup |(A:c,y)]} = sup { inf \(A:z:,y)|} = lal

inf {sup |(Aa:,y)]} = sup { inf \(Aa:,y)]} — 0.

(3.11)

(3.12)

(3.13)

(3.14)
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Proof. (i) (a) dim H = 1 implies that one vector spans the space and Ax = ax
for all # € H and some scalar a. Let e € H, ||e]| = 1. Then e forms a complete

orthonormal set. Thus

inf ¢ sup [(Ax,y)| p = inf < sup [(az,y)| p = inf < sup |(alie,lze)| p = |al,
l=l=1 { ||y||=1 l=l=1 { |y||=1 [L[=1 | jig|=1

and

= {nirllfl'(Ax’y)'} "ol {iﬂ£1|(ax’y)|} e {ui?_fll(alle, lge)|} = la].

llyll=1 llyll=1 |l2]=1
(b) Suppose that A is invertible. This implies that A is injective and that A~ is
bounded. By theorem 3.11, A is bounded below. Let inf, =1 [[Az|| = & > 0. Then,

for all = such that ||z|| =1

Y

sup |(Az,y) |Az|| > k > 0. (3.15)

lyll=1

Therefore

lz|=1 | ||y||=1 [lzf|=1

inf { sup |(Ax,y)|} = inf ||Az||=Fk>0.

Let us now evaluate the right hand side.

sup { inf ](Ax,y)|} = sup { inf |(x,A*y>\} ~0

lyli=1 Lll=l=1 lyl=1 Ullel=1
as dim H > 1 implies that for each vector A*y we can find an orthogonal vector x
such that ||z| = 1.
(ii) Suppose now that A is not invertible. If A is injective, Theorem 3.11 implies

that A is not bounded below i.e. there exists a sequence {x,} such that ||z,| =1
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for all n and lim, . ||Az,|| = 0. If A is not injective, there is e € H, ||e|| = 1, such

that Ae = 0. Set x,, = e for all n. Then

inf { sup |(A$,y)|} (217) |\il||1£1 ||Az|| < inf ||Ax,| = 0.

lzI=1{ |lyll=1

Hence, by Proposition 3.1, if A is not invertible, the minimax (3.14) holds. m

3.5 Application
Definition 3.13 [1] We say that a complex function Q) : H x H — C is a bounded
bilinear functional on a Hilbert space H if, for all x,y,z € H, the following condi-

tions are satisfied:

(a) Q (a1 + agy, z) = a1 (2, 2) + @ (y, 2);

(b) Q(z, Byy + Ba2) = B12 (2, y) + B (2, 2);

() supjp< <1 €2 (2, y)| < 00

The scalar product (x,y) on H is an example of a bilinear functional.

The norm of the bilinear functional €2, is defined by

Q(x,y
= sup Q)] = sup B9
lzl|=1, ]|yl =1 ewer [1] ||yl

Thus [ (z, y)| < Q] [[=] ly]| for all ,y € H.

Theorem 3.14 [1] Fach bilinear functional Q2 on a Hilbert space H has a represen-
tation of the form Q (x,y) = (Ax,y) where A € B(H) and A is uniquely defined by

Q. Furthermore ||A]| = [|9]|.
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The minimax theorem can be applied to a bilinear functional €2 on a Hilbert

space H as follows. Consider the minimax formula:

inf sup [Q(z,y)| = sup inf |Q(z,y). (3.16)
l2l1=1]jy||=1 llyl=1ll=lI=1

Corollary 3.15 Let () be a bounded linear functional on a Hilbert space H and let A
be the corresponding operator defined in Theorem 3.14 such that Q (x,y) = (Az,y).
(i) If A is invertible and

(a) dim H = 1, then the minimazx formula (3.16) holds:

inf sup |Q(z,y)| = sup inf |Q(z,y)| =|a|,
ll1=1|jy||=1 llyll=1llzl=1

where a 1s a scalar such that Ax = ax for all x € H.

(b) dim H > 1, then the minimaz condition (3.16) does not hold:

inf sup |Q(z,y)| = inf ||Az| =k >0,
l=l1=11y(|=1 [|z]|=1

while

sup inf |Q(z,y)| =0.
lyll=1ll=l=1

(i) If A is not invertible then the minimaz condition (3.16) holds:

inf sup |2 (z,y)| = sup inf |Q2(z,y)| =0.
1= 1y||=1 lyl|=1llll=1

3.6 Conclusion
In this chapter we studied minimax condition for sequences of bounded seminorms

on a Hilbert space H. We found that its validity depends on comparison of the
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bounded seminorms with the norm of the Hilbert space H. We illustrated the result
with example of bounded seminorms on the space l5. We also evaluated this minimax
in reverse and illustrated it with examples on [,. We found that, unlike the previous
minimax theorem, the minimax in reverse holds in all cases.

Towards the end of this chapter we presented a simple minimax formula for
bounded operators. We found that the minimax formula holds if the bounded oper-
ator is not invertible and it does not hold if the operator is invertible and dim A > 1.
We completed this chapter with application of the minimax condition for operators
to bounded bilinear functionals on H.

In the next chapter we study minimax theory for a special class of compact

operators - the Schatten class operators on a separable Hilbert space H.
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Chapter 4 Minimax and Schatten ideals of

compact operators
4.1 Introduction

In this chapter we consider various minimax conditions for norms of compact op-
erators in Schatten ideals. While in majority of cases the restrictions on operators
for which these conditions hold are straightforward, in one case considered in Sec-
tion 4.3 the fulfilment of the minimax condition depends on an interesting geometric
property of a family of subspaces {L,, = P,H} -, of a Hilbert space — approximate
intersection of these subspaces.

Before we consider these minimax conditions, let us recall main concepts of
theory of Schatten ideals that we will need in this chapter.

Let H be a separable Hilbert space and B(H) be the C*-algebra of all bounded
operators on H with operator norm ||-||. The set C'(H) of all compact operators
in B(H) is the only closed two-sided ideal of B(H) [21, Corollary 1.1]. However,
B(H) has many non-closed two-sided ideals. By Calkin theorem [21, Theorem 1.1],

all these ideals of B(H) lie in C'(H).

Definition 4.1 [21, pp.68-70] A two-sided ideal J of B(H) is called symmetrically

normed (s.n.), if it is a Banach space in some norm || - ||; and

IAX B, < [[A[[I X[ BI for all A, B € B(H) and X € .J.
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The most important class of s.n. ideals - the class of Schatten ideals - is defined
in the following way [21, Theorem 7.1 |. For A € C(H), consider the positive
operator |A| = (A*A)'/2. The operator |A| is compact [43, Theorem 1.3.7], so that
its spectrum o (|A|) contains 0 [30, Remark, p. 196], which is the only limit point
of o (|A]). Apart from 0, it consists of countably many positive eigenvalues of finite
multiplicity (see Theorem 2.35). Thus o (|A|)\{0} can be written as a non-increasing
sequence s(A) = {s;(A)} of eigenvalues of |A|, taking account of their multiplicities.
Hence s(A) belongs to the space ¢ of all sequences of real numbers converging to 0.

For each 0 < p < oo, consider the following function on ¢y :

oo 1/p
gbp(f) = <Z|€Z|p> , where § = (517"'757”"') € Cp,
=1

and the following subset of compact operators

1/p
SP=SP(H)={AecC(H): ¢p(s(A)) = (Z 8? (A)) < 00} (4.1)

Then all S? are two-sided ideals of B(H) [21].

For each A € SP, consider the norm

[A[lp = ¢,(s(A))

1/p
(Z s" (A)) . (4.2)

For all 1 <p < oo, SP are Banach®-algebras with respect to the norms ||-|| , and the
adjoint operation as the involution: if 7' € SP then T* € SP [43, Theorem 1.3.6].

Moreover, they are s. n. ideals of B(H) (see [16, Lemma 6 (c)] for the second
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statement and [21, Theorem 7.1] for the first statement):
IATBll, < [AIIT,|B] and [T, = [IT1, , (4.3)

for all T'€ S, A, B € B(H). These ideals are called Schatten ideals.
All Schatten ideals are separable algebras in the [|-||, norm topology and the ideal
of all finite rank operators in B(H) is dense in each of them [21, p.92]. Moreover

[16, Lemma 9 (a)],
STC S if g <p<oo, and || A, < ||All, if A€ S (4.4)
We also denote the ideal C'(H) of all compact operators by S>°. Note that [21, p.27]
[Alloo = |A]l = sup s; = s1. (4.5)

Definition 4.2 [27, p.28] [1, p.61] [30, p.164] A sequence {z,} in a Hilbert space

H s said to converge weakly to x € H if

lim (z,,y) = (z,y) forally € H.

n—oo

Let K be another separable Hilbert space. Let {A,}2° | be a sequence of operators

in B(H,K). It converges to a bounded operator A in the weak operator topology

(w.o.t), if

(Apx,y) — (Az,y) for allxz € H and y € K.

It converges to A in the strong operator topology (s.o.t.), if

|Az — Azl ,, — 0 for allz € H.
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If {x,} converges to x € H in norm, then {xz, } weakly converges to x. If {A4,,}°°,
uniformly converges to an operator A (|4, — A| — 0) then {A,}>, %' A; if
{A 12, 5" A then {4, )}, ™" A.

We can extend the norm |[-[|, to all operators from B(H), by setting [|Al|, = oo,

if Ae B(H) and A ¢ SP. Thus
|A]|, <ooif A€ S, and [|A]|, = o0 if A ¢ 5P, for p € [1,00). (4.6)
All Schatten ideals SP, p € [1,00), share the following important property.

Theorem 4.3 [21, Theorem IIL.5.1] Let p € [1,00) and let a sequence {A,} of

operators from SP converge to A € B(H) in the weak operator topology. If
sup [[An |, = M < oo then A € S” and [|A|, < M.
Theorem 4.3 implies the following result.

Corollary 4.4 [21, Theorem II1.5.2] Let a sequence {T,} of operators in B (H)
converge to 1y in the strong operator topology. Let p € [1,00) and A € B(H). The
following conditions are equivalent.

(i) A belongs to SP.

(ii) For some My > 0, A satisfies
sup |1, AT, ||, = My < oo. (4.7)

(iii) For some My > 0, A satisfies sup || T, All, = My < oo.
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Proof. As ||[T,x — x| — 0, as n — oo, for all z € H, it follows from the uniform
boundedness principle (see, for example, [16, Theorem 11.1.17] [30, Theorem 3.10])
that there is L > 0 such that sup,, ||7,,|| < L.

(i) — (iii). If A € 57 then all T, A € SP and, by (4.3),
1T All, < 1T I1A]l, < LA,

Hence (iii) holds for My = L[A][,.

(iii) — (ii). As T,,A € SP, the operators T,,AT,, also belong to SP. By (4.3),
[T AT, < I TWAll, 1]l < Mo L = M.

(ii) — (i). Let (4.7) hold. The sequence {7,,AT,,} converges to A in s.o.t. Indeed,

for each x € H,

|Azx — T, AT, x|| < ||Ax — T,,Az|| + || T, Ax — T,,AT, x|

< [[Az — T Az|| + (| Tl |Al |2 — Tozll — 0, as n — oo,

since ||z — T,z|]| — 0 for all z € H. Hence {T,,AT,,} converges to A in w.o.t. As
| T, AT, || » < My < oo, all operators T, AT, belong to SP. Therefore it follows from

Theorem 4.3 that A € SP and [|A]|, < M;. =

Corollary 4.4 is partially stated in Theorem II1.5.2 of [21, p.87] but only for
monotonically increasing sequence of finite rank projections.
It should be noted that Corollary 4.4 does not hold for p = oo, that is, for

S = (C(H). Indeed, let A be a bounded non-compact operator. Then A ¢ S*.
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However, as the norm ||-|| coincides with the usual operator norm ||-||, we have

that (4.7) holds, since
sup || T, Al = sup [ To Al < sup || T, [ |A]l < L [[A]l -

Theorem 4.5 [21, Theorem I11.6.3] Let {T,} be a sequence of self-adjoint bounded
operators on H that converges to 1y in the strong operator topology. Then, for each

p € [1,00] and for each A € SP,
|A=T,All, — 0 and ||[A—T,AT,[, — 0, asn — oo.

The above result means that every sequence of self-adjoint bounded operators on
H that converges to 1 in the strong operator topology is an approximate identity

in all ideals S?, p € [1, 00| (including S* = C'(H)).

Corollary 4.6 Let a sequence of self-adjoint bounded operators {T,,} on H converge
to 1y in the strong operator topology. Suppose that sup,, ||T,|| < 1. Then, for each

A€ B(H) and each p € [1, 0],
sup [| T AT, = [IA]l, (4.8)
and nlggj T AT, || = ||A]l - (4.9)
Proof. Let firstly A € SP. It follows from (4.3) and Theorem 4.5 that,

4.3)

( .
ITAT, < 1T 1AL I < Al and Y |[T,AT, |, = [|A], .
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Hence sup,, |1, AT, ||, = Al

Let A ¢ SP. Then by (4.6), ||All, = oo. If sup, [|T,AT,[|, < oo then it
follows from Corollary 4.4 that A € SP? and we have a contradiction. Hence
sup,, [| T, AT, ||, = oo = ||A]|, and (4.8) is proved.

Now let us prove (4.9). Given € > 0, we can find x € H such that ||z|| = 1 and

0 < ||A|| = ||Az|| < . Then, as T,, — 1y in the s.o.t., we have

T, AT,z — Azx|| < | T A(Thx — 2)|| + || T, Az — Ax||

< Tl AT = ]| + ([T Az — Azf] — 0, as n — oo,
since | T,z — x| — 0 and ||T,,Az — Az|| — 0. Choose N € N such that
|1, AT,z — Azx|| < e, for n > N.
Then, as [|T,AT,z|| < ||[T,AT,| < ||A]|, we have

0 <Al = 1T, AT < A} = Tn AT || < [[A]] = | Az]| + [[Az|| = [T, AT, x|

<e+ ||[Ax — T, AT x| < 2e.

Since we can choose € arbitrary small, we have that lim ||7,,AT,| = ||A|. Thus
n—oo

(4.9) is proved. =

4.2 Some minimax conditions for norms in S”

Let a sequence {T,,} of self-adjoint bounded operators on H converge to 1y in the

s.0.t. For each A € B(H), consider the function f4(p,n) = || T, AT, ||, , for n € N and
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p € [1,00). In this section we shall show that the function f, satisfies the minimax

condition:

inf supfa(p,n) = sup inf )fA(p, n) (4.10)
n pE|l,00

pe[l,OO) n

in the following two cases:
1) when A € Upepr,00)5?,
2) when A ¢ Upepi 00)S? and TR ATy, & Upen,o0)SP for some .
We shall also show that, as a consequence of Lemma 3.2, the reversed minimax

condition
inf sup fa(p,n) = sup inffa(p,n) (4.11)
" pell,00) pell,c0) ™
holds for all operators A in B (H).

The following lemma contains simple norm equalities some of which are well

known.
Lemma 4.7 Let A € S, for some q € [1,00). Then
S [lAfl, =14 (4.12)

Let {T,} be a sequence of self-adjoint bounded operators on H that converges to 1y

in the s.o.t.. If a sequence {p,} in [q,00) satisfies lim p, = oo, then
tin [ T,AT, |, = [14] (4.3

Proof. Let {s;} be the non-increasing sequence of all eigenvalues of the operator

(A*A)Y/2 repeated according to multiplicity. Set a; = 2. Then all a; < 1. As
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A € 59, the series > 77, s7 = s{> 72 af converges. Hence we can find N such that

215

> ey af < 1. Thus a; < 1for j > N, sothat Y 2 v af <> vaf <1, forp>gq.

Therefore,
o0 0 N -~
D si=s) af Z FSLY ol < SN = 1)+ o = NS
Jj=1 j=1 j=1

Thus

s 1/p
< (Z sf) = ||A|]p < §1NYP — g, as p — 0.

J=1

Hence

Tim [|A],, = 51 = |1A4] = [[(44)7|

which completes the proof of (4.12).

By (4.4), we have that A belongs to all SP». Noticing that

[A[] = | 7o AT |

<[4l - 14,

+ |14l = 1T AT, |

DPn Pn

we shall prove that

4] = |7, AT, ],

Indeed, by (4.12), lim )||A|| —JIAl,,| = — 0. Tt follows from Theorem

4.5 that ||A — T, AT, ||, — 0, as n — oo. Thus

(4.4)
1A, — ITWAT ], wll,, < IJA—=T,AT,|, — 0, as n — oco.

Thus (4.13) holds. m
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In the following proposition we evaluate

inf (Sup||TnATn||p> and Sup< 1[nf | T AT, ||)
n pe(l

pe[l,oo) n
Suppose that sup,, [|T,[| < 1. Recall that [|A]|, = oo if A ¢ SP. We obtain from

Corollary 4.6 that

sup [T AT, = |4l if A€ 5. (414)

and sup [T, AT, |, = [[All, = oo, if A ¢ SP. (4.15)

Proposition 4.8 Let A € B(H). Let a sequence {1,} of self-adjoint bounded
operators on H converge to 1y in the s.o.t. and sup,, [|T,] < 1.

(i) If A belongs to S9, for some q € [1,00), i.e., A € Upcp1,00)S” then

it (sup|Z,AZ ) = 4]

pe[l,c0)
(ii) If A does not belong to any Schatten ideal S9, for q € [1,00), i.e., A ¢
Upe[lyoo)Sp then

inf (sup ||TnATan> = 0.

p€(l,00)

(iii) If, for each n, the operator T,, AT, belongs to Upcp o0)SP (for example, all T,

are finite rank projections, or A belongs to some S?), then

sup ( inf HT AT, || ) = ||4]. (4.16)

pE[l,00

(iv) If TR ATy, & Upepi,00)S?, for some k, then

sup( inf ||T AT, || ) 0.

n peE[l,00
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Proof. (i) Let A € S9. Then, by (4.15),

inf (sup | T, AT, || ) = inf <||A||p p€e[l,), A€ SP> :

PE[1,00)
Taking into account (4.4), we have

(4.12)

inf {||4]l,:p e [1,00), A€ sr} = Tim ||a], = |4
q<p—0o0

which completes the proof of (i).
(ii) If A does not belong to any Schatten ideal S?, for p € [1, 00), then ||A]|, = oo

and it follows from (4.15) that sup [|7,,AT,[|, = oo for each p € [1, 00). Hence

inf (sup ||TnATan> = 0.

PE[1,00)
This ends the proof of (ii).
(iii) Fix n. Then T, AT, belongs to some S4™. Hence T, AT, € S, for all p >

q(n). By (4.15),

inf_ (1,AT, |, inf{||TnATn||p p€[l,00), T,AT, € 57}

pe(l

(1 lim ||7,AT, |, " T AT

As [T AT, || < I TL ATl < [JA[], we have

sup inf HT AT, = = sup T, AT, < ||A]l -

n pE[l,00
From (4.9) we have that lim ||7,,AT,|| = ||A|. Thus sup|7,AT,| > ||Al|. Hence

sup ||T, AT, || = ||A]| and

sup inf HT AT, = Sllp T AT, = [|A]l -

n PE[l,00
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Thus (4.16) is proved.
(iv) If, for some k, the operator T AT}, does not belong to any S?, then || T, ATy, =

oo for all p € [1,00). Hence mf HTkATkH = 00. Therefore
pell

sup inf ||TnATn||p—

n PE[l,00
and the proof is complete. =

Making use of Proposition 4.8, we obtain

Theorem 4.9 Let A € B(H). Let {T,} be self-adjoint bounded operators on H
and T, "% 1. Suppose that sup, ||T,|| < 1.

(i) If A € Upep,00)S? then the minimaz condition holds:

inf sup || T, AT,[|, = = sup. 1nf ||TnATn||p = || 4]l

pE€[l,00)
(i) If A & Upep,o0)S? and Tp ATy, & Upepi,)S?, for some k, then the minimax

condition trivially holds:

1nf sup || T, AT, |, = sup. 1nf HTnATan—

€[l,00) n
(iii) If A & Upep,00)S? but each T, AT, € Uper,00)SP, then the minimax condition

does not hold:

inf sup ||T,,AT, [, = oo, while sup mf HT AT, = lIAll-
pe[l,OO) n 6

n
Remark 4.10 Using the same arguments as above, we obtain that the results of

Theorem 4.9 hold if T, AT, is replaced by T,,A.
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Unlike the minimax condition in Theorem 4.9 that only holds for some operators

in B(H), its reversed minimax, i.e., Theorem 4.11 holds for all operators in B(H).

Theorem 4.11 For a non-empty set X, let {A,}, . be a family of operators in

B (H). Then the following minimazx condition holds:

inf Al | = inf || A, ) = inf [|A.]]; .
inf (,,es[lf,go)” Hp) sup (;gXH Hp) inf A, |,

In particular, if {T,} is a sequence of operators in B (H) then, for each operator

A € B(H), the following minimax condition holds:

inf( sup ||TnATn||p> = sup <inf||TnATn||p> = inf | T, AT, ||, -

™\ pe(l,00) pE[1,00)
Proof. Set f (z,p) = ||A:|, for all z € X and p € [1,00). Then, for each z € X, it

follows from (4.4) that

sup f(x,p) = Sup)llellpz [Aally = f (2, 1).

pE[l,00) pE[l,00

Setting A = [1,00) and p = 1 in Lemma 3.2, we obtain

o ) = (3 00) - 10

p€e|(l,c0

This concludes the proof. m

Remark 4.12 Note that we can not apply Lemma 3.2 to prove Theorem 4.9.
Indeed, to do this, we have to set X = [1,00), A = N and f (p,n) = | T, AT,

Then (see (3.1)) we have to find € N such that

sup |7, AT, = sup f (p,n) = f(p,n) = |TLAT,|, . for each p € [1,00).
ne ne
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From (4.8), sup ||T,AT,||, = ||All,- This means that there is u € N such that, for
neN
each p € [1,00), [|Af, = ||T,AT,||, and that is, generally speaking, not true.
Also we can not apply Lemma 3.2 using condition (3.2). Indeed, to do this we

need the fact that

inf | T, AT, |, = | TLAT, | = 1T, AT, | for all n € N.

p€[l,0c0

However, infinity is not an element of the interval [1, 00).

4.3 Minimax condition and geometry of subspaces of

Hilbert spaces
Let {P,} 2, be a sequence of projections in B(H), P, # 1, and let ¢ € [1,00).
Suppose that a sequence {p,} -, in (g, 00) satisfies lim,_, p, = co. In this section

we study the minimax condition

inf (sup ||PnXPann) = sup ( inf ||PnXPann) (4.17)

XeSt[X[l,=1 \ n n  \Xe€5%[X| =1

and the reversed minimax condition

inf ( sup ||PnXPn||pn) = sup (inf ||PnXPn||pn> . (4.18)

no\ xes,|x|,=1 Xese|X|,=1 "
We will show that while the first minimax condition always holds, the fulfilment
of the reversed minimax condition depends on an interesting geometric property of
the family of subspaces {L, = P,H}, ., — approximate intersection of these sub-

spaces.
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Definition 4.13 We say that a family of nonzero subspaces {L,}.., of H is ap-

proximately intersecting if, for every € > 0, there is x. € H such that
|ze|| =1 and dist (x., Ly,) := m}:n |ze —yl| < e for all n. (4.19)
yeLy

In particular, if there exists 0 # = € H that belongs to all L,,, then, clearly, the
family of subspaces {L,} is approximately intersecting - condition (4.19) holds for
xszuf;—”foralla>0.

For nonzero vectors x,y € H, consider the rank one operator z ® y on H that

acts by

(x®y)z=(z,x)y for all z € H. (4.20)

Geometrically the operator x ® y can be described as follows:

1. If ||z|| = 1 then the operator  ® x is an orthogonal projection onto the one-
dimensional subspace Cx = {Az : A € C}. The subspace ker (x ® z) consists

of all vectors orthogonal to the vector , i.e. ker (z ® z) = (Cz)™;

2. Generally, if (z,y) # 0 and y ¢ Czx, then the operator T' = ﬁ (z®@vy) =

(z,y)
[z 0)l

(x ® y) is a projection (but not orthogonal projection) onto the one-
dimensional subspace Cy = {\y : A € C}, i.e. T? = T. In particular, if (y,z) =
(x,y) = 1 then x ® y is a projection (but not orthogonal projection) onto
the one-dimensional subspace Cy = {Ay : A € C}. The subspace ker (z ® y)

consists of all vectors orthogonal to the vector z, i.e. ker(z®1y) = (Cz)".
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L
Note that (ker (z ® y))" = <(C9:)L> = Cz. As y ¢ Cz we have that y is
not perpendicular to ker (z ® y), i.e. the range and the null space are not

perpendicular;

3. If (z,y) = 0 then the range of z ® y is the subspace Cy but the range of

(z ® y)* consists only of the zero vector.
IfT,Se B(H)and z € H,

Txy)Sz = T(xy)(Sz)=T(Szx)y=T(2,57)y

= (2,5"2)Ty = (S"z®@Ty) .

Thus

TRy S=S2eTy. (4.21)
To find the adjoint of A = x ® y, notice that for all z,w € H, we have
(z@y)z,w) = ((z2)y,w) = (2,2) (y,w) = (2, (w,y) ) = (2, (y @ ) w) .

Thus

A'=(z@y) =y

In particular, if z = y, we obtain

(r@z) =r®uw. (4.22)
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For all z € H, we have

AAdz=(y@r)(zy)z=(yo)(2,1)y = (2,2) (y®@x)Yy

=(z2)(y.y)z=(y,y) (z,2)z = |ly|* (z ® 2) 2.

Hence
AA=|y|* (z ). (4.23)
In the case when x = y and ||z|| = 1, i.e., A* = A = (z ® x) we obtain
z@z)’ =z (4.24)

To evaluate the norm || Al ,=|lz ® y||,, we need to find eigenvalues of the operator
(A*A)2. These are the square roots of eigenvalues of A*A. Note that the operator
(z ® x) has only one non-zero eigenvalue and it is ||z||>. Indeed, if k& # 0 is an

eigenvalue and z is the corresponding eigenvector: (r ® x) z = kz, then (z ® x) z =

(z,z)x = kz, so that z and x are linearly dependent: z = tx, for t = (Z—kx) # 0.
Hence
2
L ew) (o) el
k k ko’

so that k = ||z||>.

It follows from (4.23) that the only non-zero eigenvalue of the operator A*A is
]/ [|y]|*>. Thus the only non-zero eigenvalue of the operator (A*A)Y? is ||z |ly].
Hence

lz@yll, = llz|l [lyll, for all p € [1,00). (4.25)
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If ||| = 1 then the operator x®xz is a projection on the one-dimensional subspace

Cx = {Az: A € C}. Indeed (see (4.22) and (4.24)),
@z’ =r@zand (z®@2)" =z

Let {e,} -, be a complete orthonormal basis in H with e; = x. Then, for each

z =73 aye, € H, where a, are scalars, we have

oo

(z®@x)z=(22)r= (Z anen,x> z=o |z’ = .

n=1
We shall now prove a lemma that will help us to identify approximately inter-

secting selection of spaces.

Lemma 4.14 Let {L,}.>, be a family of nonzero subspaces of H and let P, be the
orthogonal projections onto L,,. The family {L,} - | is approzimately intersecting if

and only if, for each € > 0, there is x. € H such that
[zl =1 and [|P,zc|| = 1 — € for all n. (4.26)

Proof. For ¢ > 1, (4.19) and (4.26) hold trivially as || P,z.|| > 0 for all n. Thus we
can assume that 0 <e < 1.

Let { L, } be approximately intersecting. Then, for each e € (0, 1), thereisz. € H
such that (4.19) holds for all n. We know from [1, pp.8-10] that min,¢,, [|z. — y|| =
|xe — Pyzc||. Thus ||z. — P,z.|| < ¢ and, since

|zel| = [|2e — Pawe + Pore|| < |7 — Poae|| + || Pore]|
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we have

| Poze|| > ||ze|| — ||Jze — Poze|| > 1 — € for all n.

Conversely, let for each ¢ € (0, 1), there be x. € H such that (4.26) holds for all

n. Then (1 — P,) x. and P,x. are orthogonal, as

((1 - Pn) Le, ana) = (l’g, ana) - (anm ana)
- (x& ana) - (ZL’E,P;PHZEE> - (xm ane) - (menQ,xa)

- (m& ans) - (xsy ans) =0.
Since x. = (1 — P,) z. + P,z., we have

1 = ”3:8”2 = ((1 _Pn)wa+anaa(1 _Pn)xe+PnfEa)

= (1= P ae|* + || Paz|*.
Hence, by (4.26), ||Pyz.|* > (1 — ¢)® and we have
|z. — Poxe||> =1 — ||Poz|® <1— (1 —¢)* = 2 — &2 for all n.
Thus, given ¢ € (0,1), let 2.2/, be such that HPna:Ez/QHz > (1 —€2/2)*. Then

. g2 o\ 2 o\ 1/2
i s — ol = o -~ Pl < (2% 5 -5 ) < ()" ==

for all n. Hence (4.19) holds. =
We will now verify the following minimax conditions in Schatten ideals for a

family of projections.
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Theorem 4.15 Let {P,}°, be projections in B(H), P, # 1, and let q € [1,00).
Suppose that a sequence {p,}>>, in (q,00) satisfies lim p, = oo.

(i) The following minimaz condition holds in all cases:

inf (sup HPnXPan,l) = sup ( inf ||PnXPn||pn> =0.

Xese, [ X]|,=1 Xesa||X| =1

(ii) The reversed minimax condition

inf< sup ||PnXPn||pn>: sup (inf||PnXPn||pn>:1. (4.27)

no\ Xesq|X]||,=1 Xesa|X|,=1 "
holds if and only if the family of subspaces {L,, = P,H} " | is approzimately inter-

secting.

Proof. (i) As all P, # 1, we can choose X, € S such that [|.X,||, = 1 and
P,X, P, =0. Then we have that RHS = 0.
Set

r = inf{p,}.

Since lim p, = oo and all p,, € (¢,00), we have ¢ <r <p, — o0 and

n—oo n—oo

(4.4)
[P X Pull,, < Bl 1IXN,, 120 = 11X, < 11X, (4.28)

Hence sup || P, X Poll, < [|X||,. Let X), = {k~"/%,...,k71/9,0,...} be the diagonal

operators with first & elements equal k=19 and the rest equal 0. Then

| Xkll, = ((kfl/q)q +..+ (k’l/q)q> e =1 and
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k 1/7‘ 11
il =i () =ik <o

as ¢ < r. Hence

(4.28)
inf (sup HPnXPann) < i%f (sup HPnXkPann> < iI]}f | Xk, =0

Xesa,|x],=1

and (i) is proved.

(ii) First note that it follows from (3.4) that

inf < sup HPnXPann) > sup <inf HPnXPann>

o\ Xesa||x],=1 Xes9||X||,=1

always holds. As [P X P.|l, < |Bull | X], 1Pl = 1X],, < X[, = 1, we have

o\ Xesa | X|,=1

1 > inf ( sup HPnXPann) :

Thus in order to prove (4.27) we only need to show that

sup (inf||PnXPn||p>21. (4.29)
Xesa|X|,=1 N " "

Let the spaces {L,, = P,H} , approximately intersect. Then, by (4.26), for
each ¢ > 0, there is z. € H such that ||z.| = 1 and ||P,z.|| > 1 — ¢ for all n. Set

X. = 2. ® x.. Then, by (4.25) and (4.21),
IXcll, = llze ® 2|, = ||z = 1, and P, X.P, = Pox. ® Pya..

Thus

(4.25)
||PnXEPann = | Pz ® anenpn = ||ans||2 >(1- 5)2 :
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Hence

inf | B, X Py, > (1—¢)

and

sup (mf IP.X P, ) > sup (mf 1P X. Pl ) > sup (1 — ) = 1.
Xesa,||X]|,=1 € n " e

This proves (4.29).

Conversely, let (4.27) hold. Let us prove that the spaces {L,, = P,H} | ap-
proximately intersect. It follows from the last equality in (4.27) that, for each ¢ > 0,
there is X. € S? such that || X.[|, = 1 and ||, X Py, > 1—¢, for all n. Let, as in

(i), r = inf {p,}. Then ¢ < r < p,, and
| Xcll, > |1 P XcPl, > ||PnX6Pn||pn > 1 — ¢ for all n. (4.30)

Let s1(g) > s3(¢) > ... be the singular values of X., that is, the eigenvalues of the

operator (X2 X.)"?. Then it follows from (4.2) and (4.30) that

dosnE) =Xl > (1—e).
n=1

Therefore, as s/, < s ?s? (this follows from the fact that s, < s;) and

o 1/q
[ Xel, = (Z Sm (6)) =1, (4.31)

n=1

we have
(L—e) <Xr =D si(e) <s779(e) ) _sh(e) =87 (&) [ Xo)0 =177 (e) .
n=1 n=1
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By (4.31), 1 > s; (¢). Hence,

T

1>s5(e)>(1—¢g)ra. (4.32)

Consider the Schmidt decomposition (see [21, Chapter 11.2.2.]) of the operator
X, :

Xe = Zsk () zr () @y (¢),

k

where {z} (¢)},—, and {yy (¢)},—, are orthonormal systems of vectors in the Hilbert

space H. Then B. = s1 (¢) 21 (¢) ® y1 (¢) is a rank one operator and,

0 1/q
| Xe - BEHPn < [|Xe = Be||q = (Z Sk (5)>

k=2

k=1

00 1/q
i <Z 1)~ <e>> = (- s, (43)

for all n. Since
|PuX.Pyll, = |[P.X.P, — P,B.P, + P,B.P, |,
< |PX.P, — PuBE, + |PB-EA,,
< 1PalH[Xe = Bell,, 12all + [ 2o B P,
= [[Xe = Bell,, + 1PaBePall,,
it follows from (4.30) and (4.33) that, for all n,
|P.B.R,, > [PX.PA, — X, — B, (434)

> (1—¢) = | Xe = Bel,, > (1—2) — (1—s{ ().
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As B, = s1 (€) 71 (¢) ® y1 (¢), making use of (4.25) and (4.21), we obtain that,

[1PaBePll,, = l[s1(€) Pazy (€) @ Pays (e)l,, = [s1 (&)l ([ Pay () [ Pagin ()]

for all n. Hence, by inequality (4.34),

s1(€) 1Pazy (@)1 | Pan ()| = (1 =€) = (L = s ()7

Therefore,for all n,

i s4 1/q )
1P ()] = 51)61371%;;;'” S(—e)— (-l (435)

since, by (4.32), s1(¢) < 1 and [P,y (¢)|| < |ly1 (e)]| = 1.
We have

[Py ()] < llza ()] = 1,

and, by (4.32), s; () > (1 —s)ﬁ. Hence s (¢) — 1, as ¢ — 0 and therefore it

follows from (4.35) that
| Poxy (€)|| — 1 for all n, as ¢ — 0.
As lim. 0 51 (¢) = 1, we have that given &; € (0, 1), there is 0 (¢1) such that

s1(e) > (1— (21> )1/q for all e < §(ey).

Then
1-sf(e) <1-(1- (’32—1)'1> - (%)q (4.36)
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Thus, it follows from (4.35) that, for ¢ € (O, min {5 (e1), % ), we have

(4.36)
IPar @2 (1—e) = (1=st () 2" (1-2)- L2142,

for all n. Set z., = 21 (3 min {6 (1), % }) . Then, by the above inequality, || P, z., || >
1 — & for all n. Hence it follows from Lemma 4.14 that the family {L, = P,H}, -,

approximately intersects. m

4.4 Conclusion
The aim of this chapter is to research, identify and evaluate minimax conditions
(4.10), (4.11), (4.17) and (4.18) within the theory of operators on a separable Hilbert
space H. We discussed sufficient and necessary conditions in all four cases of the
minimax formulae.

In fact we found that (4.11) holds unconditionally for all bounded operators on
H. Similarly, (4.17) holds for all sequences of projections in B (H) different from
identity and (4.10) holds for Schatten class operators and, generally, for any bounded
operator A, if T, AT} is not a Schatten class operator for some k, where {T}} is as
described in Theorem 4.9.

In section 4.3 we introduced a new concept - approximate intersection of a se-
lection of nonzero subspaces of a Hilbert space H. We proved that the approximate
intersection of subspaces {L,}, as introduced in Theorem 4.15, is the necessary and
sufficient condition for the minimax (4.27) to hold.

All the results in this chapter have been published in [19, pp.29-40].
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In Chapters 5 and 6 we divert our attention from minimax theory and focus
our study on inclusion of spaces [, (S*) and S? (H, K), on analogues of Clarkson-
McCarthy estimates, on inequalities for partitioned operators and Cartesian decom-

position of operators.
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Estimates
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Chapter 5 Inclusions of spaces [, (S”) and

SP(H, K)
5.1 Background

Let H be a separable complex Hilbert space and let B (H) be the C*- algebra of
all bounded linear operators on H (see definitions 2.16 and 2.39). The following
concepts and theorems are the main results we will need in this chapter. See also
introduction to Chapter 4.

Let K be another separable Hilbert space and B(H, K) be the Banach space (see
Theorem 2.17) of all bounded operators from H into K. Then B (H) = B(H, H). If

A€ B(H,K) then A* € B(K, H) [42, page 76] and A*A € B(H).

Definition 5.1 [30, pp.20, 99] (i) An operator V. € B(H,K) is an isometry if
\Vz| = ||z| g for allz € H.
L

(ii) An operatorV € B (H, K) is a partial isometry, if it is isometric on (ker V')

ie., |Vl o = ||zl for all z € (ker V)©.

A partial isometry V is an isometry from (ker V)" onto VH; (ker V)" is called
the initial space and V H the final space of V. [13, p.15].
We give below the proof of the following known theorem, as we could not find a

reference. We will need this theorem in section 5.4.
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Theorem 5.2 Let V € B(H,K). Then
(i) V*V =1y if and only if | Vx| = ||z|| ;4 for allz € H, i.e., V is an isometry.
(ii) If V is an isometry from H onto K then V* = V=1 is also an isometry. In

this case V' is unitary.
Proof. (i) Suppose that V*V = 1. Then
Vel = (Va, Vi) = (@, V*Va)y® = (z.2)y" = ] -

Conversely, suppose that ||Vz| , = ||z||; for all x € H. Then, using polarization

[41, Theorem 1.1.1], we have, for all z,y € H,

(VVa,y)y = Ve, Vy)

1 2 2 1 ? 1 ’
:H_V(Hy) —H—V(:c—y) +illsV (@ +iy)| =5V (@ —iy)
1 2 2 1 ? 1 ’
—[3ern| ~[|3e-n| +i|zern] -ije-w| =@
H H H H

Hence (V*Vz —z,y)y =0forall z,y € H. Thus V*Voz—2z =0, forall x € H, i.e.,
V*V = 1y.

(ii) As V is an isometry onto K, V is invertible. Let y € K and V~'y =z € H.
Then |[V~'yll; = llzlly = V2l = [yl Thus V=1 is also an isometry. From
part (i) we have V*V = 1. Since also V1V = 15 and from the uniqueness of an
inverse, we conclude that V* = V=1 AsV*V =1 and VV* = VV ! = 14, V is

unitary. ®
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Definition 5.3 [38, p.222] Normed linear spaces X and Y are isometrically iso-
morphic if there exists a one-to-one linear transformation T' of X ontoY such that

|Tz|| = ||x| for all x € X.

The following theorem that considers polar decomposition of operators plays a

very important role in the theory of operator algebras.

Theorem 5.4 [16, p.935] [43] For any T € B (H), there exist a unique partial

isometry U with initial space (ker T)L and final space R (T) such that
T=U|T| and |T| =U"T, (5.1)
where |T| = (T*T)I/Z. If T is invertible, then U is unitary.
If A is a bounded operator from H to K then
A=U|A| (5.2)

is the polar decomposition of A, where |A| = (A*A)Y/2 € B(H) and U is a partial

isometry from the closure R(A*) = (ker A)™(see Theorem 2.24) of the range of A*

onto the closure R(A) of the range of A. Indeed, it suffices to notice that if V' is an

isometry operator from K onto H, then
VA=U,|[VA = U, (VA VA" = U, |A],

where U is a partial isometry as per Theorem 5.4 (applied to the operator V A).

Thus A = VU, |A|, where V1T is an isometry from (ker A)™ onto R(A).
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n=1

Let T' € S? be a positive operator. Then T" = |T'| and the eigenvalues {s; (T')}
of T, repeated according to multiplicity, are non-negative numbers. It follows from
Corollary 2.36 that {s; (T?)};~, = {s? (T)};-, . Hence (see (4.2)), for each p > 0,

2/p 2/p
7= (Sen) = (Semr) —imgee 6
i J
so that T? € SP/2.

Let A € SP. Then A*A = |A|* and, by (4.1), IAll, = lI[A]ll,- Hence

1A A, = [1AP]], ., = 1Al = 1412, (5.4)

p/2 p/2

Replacing A with A* in (5.4) we have [|[AA*|| ., = HA*Hi Thus

p/2

144", = 14712 2 L% = [[14P], , = 47 A] (5.5)

p/2 p/2 p/27

for 0 < p < 0o. Therefore
A*A € SP2(H) <= Ac SP(H) < AA* € SP?(H).

Let K be another separable Hilbert space. Then the set C' (H, K') of all compact
operators from H to K is the closed subspace [30, p.193] of B (H, K). For 0 < p <

oo, Schatten space SP(H, K) is defined as follows:
SP(H,K)={A€C(HK):|A = (A"A)* e SP(H)} (5.6)

1/p
with norm [ A, = [[|A]l[, = Zs?) , for Ae SP(H,K), (5.7)
J
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where s; are eigenvalues of |A|, repeated according to multiplicity. Then

(54) |1 4
1AL, = [I1A]l, =" [|4*A]})5 - (5.8)

We will need the following inequalities (see [16, Lemma XI1.9.9(c)], for p € (0,2),

and [21, Section I11.7.2] for p > 2). If A, B € SP(H) then AB € SP/?(H) and

IABIl, 5 < 27 | All, 1BIl,, if 0 <p <2, (5.9)

P Y

IABI, ;2 < [IAll, 1B, if p = 2. (5.10)

p/2
This also holds if A € SP(H,K) and B € SP(K, H).

If0<p<1land A, B € SP(H) then (see [16, Lemma X1.9.9(b)])
A+ Bl < 2[|Al; + 2| B[, - (5.11)
For 1 < p, we have the norm triangle inequality [16, Lemma XI1.9.14(d)]
1A+ Bll, < | All, +[IBll,- (5.12)

Let S be a positive compact operator on H with eigenvalues {\, (S)} repeated
according to multiplicity. It follows from the spectral theorem (see Corollary 2.36)
that S =" A, (5) (-, en) €n, where {e,} is an orthonormal basis of H consisting of
eigenvectors of S. Then S is a diagonal operator with {), (S)} on the diagonal. Let
g be a real-valued continuous function on [0,00). We define (see [30, pp.180-183,

200] [5, p.5]) g (S) to be a diagonal operator with the same orthornormal basis {e,, }
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of H consisting of eigenvectors of S and with eigenvalues A, (¢ (S)) = g (A, (5)) on
the diagonal.
We need the following results, that are probably known, but we could not find

the reference.

Lemma 5.5 Let S, T be positive compact operators on H. Let f,g be real-valued
non-decreasing continuous functions on [0,00) and g((Sz,x)) < f(Tx,x)) for all

x € H with ||x|| = 1. Then, for each p, 0 < p < 0,
f(T) € 8" implies g(S) € S and [lg(S)||, < [/ (T, - (5.13)
In particular,
0<S<T andT € S” implies S € S* and ||S||, < [T, (5.14)

Proof. Let all eigenvalues of S be ordered so that A\;(S) > A\;j11(5), j =1,2,.... It
follows from the Minimax principle (see [21, Theorem II.1] and [16, Theorem X.4.3])

that

A1(S) = max(Sz, z) and \;;1(S) = min ( max (Sx,x)) , for j > 1,

=1 LeL; \weL[lz]=1
where £; is the set of all j-dimensional subspaces of H. Then, as above, g (5) is a
diagonal operator with the same eigenvectors as S and with eigenvalues \;(g(5)) =
g(A;((S)). The same is true for f(T) and u;(f(T)) = f(u,;(T)), where u; (T) are

ordered eigenvalues of T'. Since g and f are non-decreasing and continuous, we have

A (9(9)) = g(M(S)) =g (maX(Sxaﬂi)) = maxg ((Sz,1)),

llzfl=1 llz[l=1
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iy (F(T)) = Fu(T)) = [ (max@x,x)) ~ max/f (Ta ).

|z|=1 [lz]|=1

Nala(8)) = g0a(9) = (pin (_max(52.0)) )

LeL; \zeLt lo]=1

:mm( max ﬂwxwo,jZL

LeLl; \zeLlt,||z|=1

1 (F(T)) = Flaa(T)) = f (mn (megéﬁ:l(”’ >)>

:mm( max ﬂﬁawo,jzl

LeLj \weLt|z|=1

From this and from the condition of the lemma it follows that \;(g(S)) < u;(f(T))
for all j. Since S and T are positive, we have (5*9)"? = S and (T*T)"* = T. Thus
5i(S) = A;(S) and s;(T) = p;(T), and condition (5.13) follows from (4.1).

Let f(t) = g(t) =t for 0 <t < oco. Then g(S) =S, f(T) =T, and (5.14) follows

from (5.13). =
Lemma 5.6 Let S,T be positive operators on H and 0 < p < co. Then
0<S<T andT € S*, implies S € S* and ||S||, < [T, (5.15)

Proof. We only need to verify that S is a compact operator and to apply Lemma
5.5. As T is a positive compact operator, we have that T%/2 is also a positive
compact operator. Indeed, by spectral theorem there is an orthonormal basis {e, }

of H consisting of eigenvectors for 7" such that

Tr = Z)\n (z,e,) ey, for each z € H,
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where )\, is the eigenvalue of T corresponding to the eigenvector e,, and A\, — 0, as

n — oo. As T is positive, all the \,, are nonnegative. Thus
TV = Z A2 (z,e,) e, for each z € H.

We have )\71/ 2 0, as n — oo and thus the operator T/2 is also a compact operator

(see [43, Proposition 1.3.10]). By Theorem 2.26, for all x € H, we have

5] = (5% 8%) = (50.0) < (@) = [T 10

o0

Let {x,,} ~, be a bounded sequence in H. Then there is a subsequence {T V2, }n=1

such that T%/%z,,, — x, as k — oo, for some x € H. Hence {T"?z,, } " | isa Cauchy

sequence. As

(5.16)
<

15202, — 82| = 182 @ — )] S [T (s — 20| = 220, T,

)

{sY 2xnk}:1 is also a Cauchy sequence. Hence S'/? is a compact operator. Thus

1

S = S/281/2 is also compact. Hence (5.15) follows from (5.14). m

Definition 5.7 [25, p.3] (i) A family {P,}_,, for N < oo, of mutually orthogonal
projections on H, i.e. P,P; =0 if i # j, is a partition of 1y if

ZP =1y for N < oo; and ZP 1; 1y for N = oco.
We denote by Py the set of all partitions P = {P,}N_, of N elements of 1y.

(ii) For two such partitions {P,}_, € Pn, {Qum}Y_, € Py, N, M < oo, and an

operator A € B (H), the set

=1,...,
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is called a partition of A.

5.2 The spaces B(H,H*), SP (H,H*) and [5(5?)
In this section we prove some important norm inequalities that we will use later.
We proved in Chapter 2 (see Theorem 2.4) that if X is a Banach space, then the

space s (X)) of sequences x = (z1, ..., Tp, ...), all x,, € X, with

- 1/2
2
1z, x) = (Z ||$n||p) <00
n=1

is a Banach space.

Let H* = H & ... ® H & ... be the infinite orthogonal sum of H, i.e.,
H>* =1y(H) (5.17)

We shall use H* and I (H) and also |- o and [[-[|;, ) interchangeably. Thus

H* is a Hilbert space with inner product

(2,Y) oo = Z (@, Yn) for z,y € H™. (5.18)

=1

S

We omit details of the proof that (5.18) defines inner product on H.
Let A be a bounded operator from H into H*, i.e., A € B(H, H*). Then
A has form A = (Ay,...,Ap,...), where all A, € B(H). For © € H, we have

Az = (Ayx, ..., Ay, ...) and

||A||B(H7Hoo) = ”SIH1£)1 {IJ A1z, ..., Ap, oo || g } (5.19)
o 1/2 o 1/2
- ||Sll\1p1 (Z HAanQ) : (Z ||A”||2> |
= n=1 n=1

86



Hence each A = (A,)2, € ls (B (H)) also belongs to B (H, H®), so that

l» (B (H))

0o 1/2
2
Al gy < (ZIWH) = 1Al )
n=1

N

B(H,H™), (5.20)

and B (H, H*®) is a Banach operator space [38, p.221 | with respect to pointwise
addition and scalar multiplication and the above norm ||| g s grec)-
Since H is a Hilbert space, we have additional structure - the adjoint operation

A — A* such that
(Az,y) oo = (2, A%y)y forallz € H, y = (y),o, € H®.

Noticing that

(Az,y) 4 i An, Yn) gy i (x, AL yn ( ZAnyn>
H

n=1 n=1

we have that if A= (A,))", y = (yn),o; € H®, then A* = (A%)> | and
A*y = Z A}y, € H where the series converges in w.o.t.. (5.21)

For all n, consider the subspaces

n=1

of H* isomorphic to H and let @),, be the projections on H,, i.e.,

Qnr =(0,...,0,2,,0,...) forall x = (z1,...,xp,...) € ls (H). (5.22)
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For all n, let U, be isometry operators from H,, onto H, such that
Un (0, ...,0,2,,0,...) = . (5.23)
We will identify H, with H. Consider also the projections
= i®Q”’ e, Pnx = (z1,....,xm,0,...) forallm=1,2,... (5.24)
Let A= (A,))", €l (B(H)). Then Q,, and P, act on I« (B (H)) by
Q.A=(0,..,0,A,,0,..), P,A= Pnz = (Ay,...., Ap,0,...),

so that Q,A, P,A € B(H,H™), for all A € I, (B(H)) and m,n € N, and A, =

U,Q,A. Indeed,

1@uAll sy = sup { (I4u]?)"}

llz(l=1

= Al < sngAkH = 1Al ey

and
1PnAll Sy = Sﬁpl{ZIIAnﬂfll }S > (Hsugl IIAn56||2) (5.25)
x n=1 Ti=
< Z”AHH%( < m || Al ey < o©-
We have
P, "2 1 (5.26)

since, for each x € H™,

o 1/2
2
1Pt = | groo = [[(0, 1, 0, Tt ) | oo = ( >l > — 0.

m—oo
n=m-+1
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Thus, for each A € B (H, H®),
P, A" A, (5.27)

since Av € H®™ for all x € H. This implies that P, A "% A for each A €
B (H, H*®). Hence (P,,A)" (P,,A) converge to A*A € B(H) in w.o.t.:
(PRA) (PhA)z,y) = (A*P,Ax,y)

= (PnAz,Ay) — (Az,Ay) = (A"Az,y)

for all z,y € H. Thus we have
Ay
(P A)* (PpA) = A*P A = A* Am (42D f: ATA, S AR A (5.28)
st
0

If P,A e SP(H,H®), for some 0 < p < oo and some m, then

i Af A,

n=1

5.28)

1(PA)* (PaA),, 2

5.54)

(
PR Al (5.29)

p/2

We shall now prove some norm inequalities for operators in the space [, (S?).
We shall need these results at the end of this chapter when proving inclusions of
spaces SP (H, H*) and [, (S?).

McCarthy and Simon (see [39, Theorem 1.22]) proved that if A and B are positive
operators in S? then

1AL + B, < [|A+ B, for 1 <p < oo.
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Let {T,,} 7, be positive operators in S?. We can prove by mathematical induction

that, for each m < oo,

m m
DTl < DT
n=1 n=1

For 0 < p < 1, Bhatia and Kittaneh [8, pp.111-112] showed in Lemma 1 (the first

p
for 1 <p < oo. (5.30)
p

inequality) and in Theorem 1 formula (7) (the second inequality) that
p
(||A||p + ||B||p) <A+ B[P < AL+ ||B||" for 0 <p < 1.

Similarly to (5.30) we could extend this result to all m < oc:

p

m p m m
(Z ||Tn||p) STl <D CITIE for0<p < 1. (5.31)
n=1 n=1 D n=1

We can see that if we add the norm triangle inequality to (5.30) and reverse all the

inequality signs, then we would obtain from it the inequalities (5.31).

Proposition 5.8 Let A = (A,)", € B(H,H®) and all A,, € S*(H). If 1 <p <2

then, for each m,

m p/2
(Z HAan,> < || PRAl, =
n=1

If 2 < p < oo then, for each m,

p/2

<3S (5.32)
n=1

p/2

p/2 m p/2
W < (Z ||An||f,> . (5:33)
n=1

p/2

> D < 1P AL =
n=1

zm: A A
n=1

Proof. We have P, A = (A4, ..., A,0,...) and

p/2

1PRAIL 2 (P A) (P, A) 22 P2

p/2 Z ApA

(5.34)

10/2
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If 1 < p < 2then & < 1. Replacing T;, by A; A, and p by £ in (5.31),

m p/2( ) m
5.4 .
(znAnni) 2 (z uAnAnup/g)
n=1 =

534) " (5.4)
1PaAlL S ZHAAH% ZHA 7.

p/2 p/2

p/2

Let 2 <p. Then 1 < £ and SP/? is a Banach space. Using the triangle inequality

for norms, replacing 7}, by Ay A, and p by £ in (5.31),we obtain
54 % 2 A
Z = Z A5 A2 < ZA
p/2
(512) [ p/2 ) m p/2
. 5.4
(Shsan,) = (Sm)
n=1 n=1

This completes the proof. m

p/2
(5:34)

1P Al

As SP = SP(H), p € [1,00], is a Banach space, we have that the space l3(SP) of

sequences A = (A,), |, all A, € SP, with

0 1/2
2
1Al (sm) = (Z ||An||p> < 00
n=1
is a Banach space. For convenience, we set
1Al 5r) = 00 if A & I5(SP).

Let A= (A,),", € B(H H®). As P,,A 20 A (see (5.27)), we have

(f: AL A, y) = ((PnA) (PnA)z,y) = (A" PpAz,y)

n=1
= (PpAx, Ay) — (Az, Ay) = (A" Ax,y),
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for all x,y € H. Therefore
A"A =) A7 A, € B(H), (5.35)
n=1

where the series converges in the weak operator topology.

Recall (see (5.6), (5.7)) that a compact operator A = (A,,) 7, belongs to S?(H, H*)
if and only if |A| = (A*A)"* € SP(H). Then

1/p
1Al = Al = (Z S?)
J

where s; are eigenvalues of |A| in non increasing order.

Since all infinite dimensional separable Hilbert spaces are isometrically isomor-

phic, similarly to Theorems 4.3 and 4.5, we have:

Proposition 5.9 (i) Let operators {A,} from SP(H,K), p € [1,00), converge to
A€ B(H,K) in w.o.t. Ifsup|[Ay|, =M < oo, then A € SP(H, K) and ||All, < M.
(ii) Let {P,}°, be a sequence of projections in B (K) that converges to 1k in

s.o.t. For each p € [1,00] and for each A € SP(H, K),
|A—P,A|,— 0 asn— oo. (5.36)

Proposition 5.10 Let A= (A,),~, € B(H,H™).

(i) If A € SP(H, H*®), for some p € [1,00), then

lim
m—00

A*A— i A* A,

n=1

=0, (5.37)

p/2
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so that 31" Ay Ay is a Cauchy sequence with respect to the norm [|-||,,,-

(i) Let 1 <p < 2. If Ae SP(H,H™) then A € [5(SP) and

1/2 00 1/p
< (Z HAnHz) . (5:38)
n=1

% A111/2 .
1Al gsmy < IAIl, = 1A AllJ3 = lim

p/2

p/2

where the last term in (5.38) could diverge.

(iii) Let 2 < p < oco. If A € l5(SP) then A € SP(H, H™) and
1/2
< Al (5:39)

o0 1/p m
* 1/2 .
(ZnAnni) < [lAll, = 14° Al 5 = lim
n=1 n=1 p/2

(iv) A € 15(S?) if and only if A € S*(H,H™). In this case || A, 52y = [ All, -

Proof. Let A € SP(H, H*). By (5.36), [|[A — P, A, — 0 as m — oo. Hence
1P All, — A, - (5.40)

(i) Let 1 <p <2 Then § <1 and

ATA - Z AnAn ||A (PmA) (PmA)||p/2
n=1 p/2
= [|A"A = AP Al = [[AT (A = PrA)l,
(5.9)
< 274, A~ PyAl, — 0
Let 2 < p. Then
AA=N A, A A= (PLAY (PaA)],),
n=l1 p/2
= [[ATA = AP Al = [[A (A = Br A,

0)
<A, A - PaAll, — 0
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This completes the proof of (i).

(ii) Let 1 < p < 2. It follows from Proposition 5.8 and (i) that

m 1/2
) 2 . (5.40) (5.8) * 4111/2
[ Al sr) = lim. (ZnAnnp) < lim [[P,All, "2 A, S ar )
n=1

1/ 1/p

m 2 m 1/p 0
S < (k) < (Sha)
n=1 p/2 n=1 n=1

where the last term could diverge.

part (1) lim

m—00

(iii) Let 2 < p < oo. It follow from Proposition 5.8 and part (i) that

0 1/p
. (5.40) (5.8) % 1/2
(Z ||An||§> < 1im [|PaAll, 2 1], @ 442
n=1

1/2 (5.12) m 12
" i, < (S
n=1

f: A A,

n=1

p/2

. 1/2

(5.8) .. 2

= dm <ZHAHp> = [ Al sv) -
n=1

Part (iv) is evident from (iii) in case when 2 =p. m
Proposition 5.10 extends the results of Lemma 6 in [25, p.4] to infinite families

of operators.

5.3 Action of operators on [, (S?)
In this section we introduce a subset B (I (S?)) of B (H>). We show connections
between norms of operators R € B (I (SP)), A € I3 (SP) U, (SP) and B = RA.
Recall that H* = H®...H®... is a Hilbert space with respect to scalar product

(2, Y) oo = Dovy (Tny ) (see (5.18)). Thus B (H*) is a C*-algebra. The space
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B(H,H®) is a left B (H>)-module, that is, if R € B(H*) and A € B(H,H™)

then RA € B(H, H*), since

I1RAl g ey = sup [[(RA) 2| oo = sup [[R (Az)]| e

[l]l=1 [l]l=1

< e 1Bl pareey 1A% e = 1Bl pszoey 1Al sz sreey < 00-

The operator R has block-operator form R = (R;;) where all R;; € B(H). It

follows from (5.20) that [ (S?) C B (H, H*™). Set

B(12(SP)) = {R € B(H®) : RA € 15(S”) for all A € 15(S")}.

The following theorem is the main result of this section. It shows connections
between norms of operators: R € B (ly(S?)), A € ly(S?)Ul,(SP) and B = RA. It

extends the results of Corollary 7 [25, p.5] to infinite sets of operators.

Theorem 5.11 Let R € B(1x(S7)). Set B = ||R| gy For A = (An);2, €

n=

B(H,H>), set B = RA.

(i) Let p € [1,2), let A € SP(H,H*®) and A € 1,,(S?). Then B € Iy (S?) and

o 1/2 o 1/p
1Bl cm = (Z ||Bn||f,) <5 (Z ||An||§> — B Al csm) -
n=1 n=1

(i) Let p € [2,00) and A € 15(S?). Then B € 1, (SP) and
~ 1/p ~ 1/2
1Bl1, 50y = (Z HBnHﬁ) <p (Z ||An||§> = Bl Al 0y -
n=1 n=1
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(iii) Let p = 2 and A € 15(S?%). Let R be invertible in B(ly(SP)) and o =

||R71||B(H°°)' Then

o0 1/2 o 2 o 1/2
a”! <Z IIAn||§) < (Z IIBn||§> <p (Z IIAn||3> :
n=1 n=1 n=1

Proof. The operator K = 3?1y~ — R*R € B(H®™) is positive, as

1/

(Kz,z) = % |z||> = (R*Rz,z) = HRH2B(H°°) |z||> = ||Rz||”> > 0 for all z € H*.

Since A* € B(H*, H), the operator A*K A is positive in B(H), as (A*K Ay, y) =
(K Ay, Ay) > 0 for all y € H. Therefore we have A*KA = A*3*1y-~A — A*R*RA.

Rearranging it, we obtain
BPA*A=A"(R"R+ K)A=B*B+ A*"KA > B*B. (5.41)

(i) Let p € [1,2) and A € SP(H, H*®). By Proposition 5.10 (ii), A € [2(S?). Hence
B € I5(SP). We know from (5.8) that A € SP(H, H*®) if and only if A*A € SP/2(H)
and [|A*All, ., = | Al

We also know that 5%A*A and B*B are positive operators. Therefore it follows

from (5.41) and (5.15) that

1B*B,, < 6% A" Al (5.42)

p/2 p/2"

Thus B*B € SP/? (H) and therefore B = RA € SP(H, H®).
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We also have from (5.38) that

0o 1/2
* 1/2
1Bl (sry = <Z||Bn||§> < |IBll, = |1B"Bl|,)
n=1

1/p
and [[Al|, = [|A*A]}); < (ZHA ||p> .

Combining this with (5.42) yields

1/2 0 1/p
1Bll1ys0) = (Z 1Bl ) <p <Z|!An|!§> = BlAll, ) -
n=1
(ii) Let p € [2,00) and A € [5(SP). By Proposition 5.10(iii), A € SP(H, H™®).
Then, for the same reasons as in part (i), (5.42) holds and B = RA € SP(H, H*®).
As A € [5(S?) and R € B(l5(S?)), we have from definition of B(l3(SP)) that B €

l5(S?).We also have from (5.39) that

00 1/p
(ZMHZ) <||BIl, = 1B*BI|,);,
" 1/2
and [|A[, = [[A*AY)5 < (Z 1A, ) .

Combining this with (5.42) yields

o 1/p o 1/2
1Bl o (z ||Bnu;z) <p (z nAnu;) Al
n=1 n=1

Part (iii) follows from part (ii). Indeed, the second inequality follows immediately
from part (ii) by substituting p = 2. The proof of the first inequality is as follows. Let
R € B(l5(SP)). Then A = R™'B € [5(SP) and, applying part (i) to B € I5(SP),

i.e., swapping B and A, we have

(fj ||An||§> 1 e, (fj ||Bn|r§>

1/2
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Thus
1/2

00 1/2 0o
1B ey (ZnAnné) < (Z ||Bn||§>
n=1 n=1

and the proof is complete. =

5.4 The spaces [, (S?),l (B(H)) and S? (H, K)

In this section, unless otherwise stated, we assume that 1 < p < oo. We shall
prove several results such as: equivalent definitions of the spaces SP (H, K), that
SP (H, K) are Banach spaces and S? (H, K) are left B (K)-module. Towards the
end of this section we will develop an approach that enables us to identify which
operators from I, (B (H)) belong to B (H, H*) and S? (H, H*). We will prove a
lemma that studies the inclusion of spaces Iy (B (H)), B (H, H*) and [, (B (H)) for
q € [1,2). In addition, the lemma states that for ¢ > 2 and all p, the spaces [, (SP)
are not subsets of B (H, H*). We shall need these results in the subsequent section
when proving inclusions of spaces SP (H, H*) and [, (S?).

For a Banach space (X, ||-||) and n € N, let X" = X & ... ® X be the direct sum
of n copies of X. That is, X™ consists of sequences x = (z1, ..., z,,) with all z; € X.

For 1 < ¢ < oo, denote by [;'(X) the space X", endowed with the norm

n 1/q
lef def
Htzg(x) = (Z Hmz”q) and Hm”ng(x) = sup ||| . (5.43)
i=1

Similarly, for n = oo, the space [2°(X) = [,(X) consists of infinite sequences
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T = (zn),_;, all 2, € X, endowed with the norm.||-[|; ). That is
00 1/q
— q
[E (Z (S ) < 00, for g € [1,00), (5.44)
n=1
and ||z, x) = supllz| < oo, for ¢ = occ.
In Theorem 2.4 we proved that all /,(X) are Banach spaces.

As the function f(q) = (3%, t9)"/? is decreasing [16, Lemma 9 (a)], we have for

=1 "

z € ,(X) and p < g,
12l o) < 2l < 2l and L(X) & 1g(X). (5.45)

Definition 5.12 [27, Definition 4.1] Norms |||, and ||-||, on a linear space X are

equivalent if and only if there are positive numbers ki and ko such that

lelly < Fyllzlly and [lelly, < ks llzlly for allx e X.

For N < oo, the norms ||-||,» (x) are equivalent for all g. Indeed, we know that if
q

p < g then ||z xx) < [|[z]lyx) and, on the other hand,
q p
ey < NP mas (il < N2 ey -

For N = oo, and 1 < p < ¢ the norms |-}, vy and ]|, ) on the space [,(X)

are not equivalent. Indeed, fix x € X, ||| = 1. Consider 2™ = (x,) -, such
that 1 = ... = z,,, = 2z and x, = 0 for n > m. Then all 2™ € [, (X) C [, (X),

™1,y = m'/? and ™, ) = m'/?. Clearly, there does not exist a constant

K > 0 such that

||:Bm||lp(X) — ml/p § K ||1‘m||lq(x) = Kml/q for all m.
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Let H and K be Hilbert spaces. Let C'(H,K) be the Banach spaces of all
compact operators from H to K. Recall that the subspace SP(H, K), 1 < p < oo, of

C (H, K) is defined by

AeC(H,K): |Al € SP(H),
SP(H,K) = , (5.46)

»\ 1P
Al = Al = ()
where s; are eigenvalues of |A|. The above definition is equivalent to the following

definition (see Proposition 5.13 below):
SP(H,K) = {A € B(H,K): UA € S"(H) and || Al|, HUAHP} . (547
where U is an isometry operator from K onto H.

Proposition 5.13 (i) Definition (5.47) does not depend on the choice of the isom-
etry operator U.

(ii) Definitions (5.46) and (5.47) of the space SP(H, K) are equivalent.

Proof. (i) We know that the adjoint of isometry is its inverse and the inverse is
also an isometry (see theorem 5.2). Suppose that V is also an isometry operator
from K onto H. Thus UV~ and VU ™! are unitary operators on H, as UV ! and

VU~ are onto and
[0V -Sall = V-1l = el and V-] = 071l = .

IfVAe SP(H), then UA=UV 1 (VA) € SP(H), since SP(H) is an ideal in B (H).

On the other hand, if UA € SP(H), then VA = VU Y (UA) € SP(H), as SP(H) is
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an ideal in B (H). To show that [[UA[|, = [[V A[|, use (4.3):

lwAl, = [[ovt@va), < lov[IvAal, =[VA],

and [|[VA|l, = |[vU~! (UA)||p§ VU IUA], = UA],.

Hence |UA|, = [[VA],. Thus VA € SP(H) if and only if UA € SP(H) and
|UA|, = [[VA]||, and therefore the definition (5.47) does not depend on the choice
of the isometry operator U from K onto H.

(i) Let ST\ (H, K) and Si;(H, K) denote the set of operators defined in (5.46) and
in (5.47) respectively. Suppose that A € B (H, K). Let us show that S},(H, K) =
Sﬁ(H, K) and [||A]||, = [|[UA]|,,where U is an isometry operator from K onto H.

We have that A € S},(H, K) if and only if
A€ B(H,K) and [|A]|, = [|[UA]|, < oo,
if and only if

A = U*(UA) e C(H,K) and

A, = |caay”

— |(@way way*

= [[UA]], < o0,
P P

if and only if A € S7(H, K). This ends the proof. m
Corollary 5.14 The spaces SP (H, K) are Banach spaces for all 1 < p < co.

Proof. We know that the Schatten ideals S? (H), 1 < p < oo, are Banach spaces

[43]. Let U be an isometry from H onto K. It follows from Proposition 5.13 that
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SP (H,K) and SP (H) spaces are isometrically isomorphic. Indeed, the operator T’
that maps every A € SP(H) to UA is one-to-one, onto and [[T'(A)[|, = [UA]|, =

|All,- Hence, as S? (H) is a Banach space, S? (H, K) is also a Banach space.

Definition 5.15 [11] Let R be a Banach algebra. We say that a Banach space M
1s a left R-module if M is endowed with an exterior left multiplication by elements

from R that is associative and distributive and
lrally, < 7l lally, > for allr € R and a € M.

Lemma 5.16 S? (H, K) is a left B (K)-module (multiplication by composition) for

all1<p<oo. If BeE B(K) and A€ SP(H,K) then
I1BAI, < IBIAIl, - (5.48)

Proof. We have that SP (H, K) is a Banach space. Let U be an isometry operator
from K onto H. If B € B(K) and A € SP(H,K) then UBU* € B(H), so
that UBA = UBU* (UA) € SP(H), since SP(H) is an ideal in B (H). Hence

BA € 5P (H,K) and
. (4.3) .
IBA[l, = [UBA|, = [UBU* (UA), < [UBU*[[|[UA], = [[BI[ A,

The proof is complete. =
To prove that A € SP(H,K) implies A* € SP (K, H), we need the following

lemma and another yet equivalent definition of the spaces S? (H, K).
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Lemma 5.17 For A € SP (H, K), the nonzero eigenvalues of AA* and of A*A are

the same and the multiplicities are also the same.

Proof. Let V be an isometry from K onto H. Then VA € B(H). Let VA =
Uy [V A| be the polar decomposition of VA, where U; is a partial isometry with

initial space (ker VA)" = (ker A)" and final space R (VA). Hence,
A=V*U; |VA| = V*U (VA VA =V*Up |A].

Set U = V*U;. Then A = U |A|, where U is a partial isometry with initial space

(ker A)" and final space R (V*VA) = R (A).
Let us assume to begin with that U is unitary, i.e. U*U = UU* = I. Suppose
that \ is an eigenvalue of |A[%, i.e., |A|” 2z = Az, for some x € H. Consider z = Ux.

Then
AA* 2 =U|A|(UJA) 2 =U |AP U Uz = U |A 2z = Uhx = \Uz = Az

Thus A is an eigenvalue of AA*. In general, when U is a partial isometry, for each
x € H, we have & = x1 + &, where z; € ker (A) and x5 € (ker (4))". Then
e = [AP 2 = |A]? (21 + 12) = A*A (21 + 15) = A" Azy = |A] 5. (5.49)
Hence, as U*U is a projection onto (ker (A))L (14, p.88],
(5.49)

AA 2 =U|A|(U AN 2 =U|AP U Uz = U|APzy = Ut = AUz = Az

Hence A is an eigenvalue of AA*.
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Let us assume now that A is an eigenvalue of AA* i.e., AA*x = Az for some
x € K. Suppose that U is unitary. Consider the vector z = U*x € H. Then, since

AA* = U|A]? U*, we have that U*AA*U = |A|* and
AP 2 = U*AA Uz = U AA*UU . = U AA*z = U Az = \U*z = Az

Thus X is an eigenvalue of |A|>. In general, when U is a partial isometry, U*z =

21 + 7, where 2 € ker (A) and z, € (ker (A))". Since AA*z = U |A]> U*r,

UAA*z = UU |AP Uz = UU A (21 + 22) = U*U |A| 2. (5.50)

We have |A|” z, = A*Az € R(A*) and R (A*) = (ker (A))" (see Theorem 2.24).
As U*U is a projection onto (ker (4))" [14, p.88], we obtain that U*U |A|* z, =
|A|* 2. Thus

U AA 2 "2 U U AP 2y = |AP 2 = |AP 2

On the other hand,
U'AA*x = U" (A\z) = AUz = Az

Hence |A|* 2 = Az. This ends the proof. m

Consider the following definition of the space S? (H, K) :

A€ B(H,K): AV € SP(K)
SP(H,K) = : (5.51)

with norm [|A]|, < [|AV]|,

where V' is an isometry operator from K onto H.
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Proposition 5.18 (i) Definition (5.51) does not depend on the choice of the isom-
etry operator V.

(ii) Definitions (5.46) and (5.51) of the space SP (H, K) are equivalent.

Proof. (i) We omit the proof as it is similar to the proof of Proposition 5.13(i).

(ii) Let S}\(H, K) and Sy (H, K) denote the set of operators defined in (5.46)
and in (5.51) respectively. Suppose A € B(H, K). Let us show that S,(H, K) =
S)|(H, K) and [[|A][|, = [[AV],, where V' is an isometry operator from K onto H.
We have that A € S}, (H, K) if and only if

A€ B(H,K) and ||A||55 = |[AV]|, < oo,
if and only if

2

A= (AV)V* € C(H,K) and |4V = | ((AV)" (aV))*”?

v
VY AV, HAV) (AV)'l
= [|[AVVA, ) = | AA"]
b ST 4= Ay ) 14112 < oo,

if and only if A € Sﬁ(H, K). We also proved that [[AV]|, = [|[A]||,- This ends the

proof. m
Corollary 5.19 If A € SP(H, K) then A* € SP(K, H) and

1Al = [1A™]], - (5.52)
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Proof. We have

(5.47) (43) (5.5

141, "= oA, 2 jway, = 14ave), 24y,

where U is an isometry operator from K onto H. m
Corollary 5.20 Let 2 < p. If A, B € [(S?) then B*A € SP/?(H) and
1B"All, 2 < Al 1B, < [[ Al 50y Bl sr) - (5.53)

Proof. As A, B € [5(SP), it follows from (5.20) that A, B € B(H, H*). Hence,
from Proposition 5.10(iii), we have that A, B € SP(H, H*). Hence, by Corollary

5.19, B* € SP(H>, H). Tt follows from (5.10) that B*A € SP/?(H) and || B*A||

p/ 2

| All,, [[BIl,, - Therefore, (5.53) follows from (5.39):

I1B*A] HAH HBH IIA!\12 so) 1Blliy(s0) -

p/2

This completes the proof. m
The following is a generalization of (5.5) for SP (H, K). Let A € S? (H, K) and
1 < p < oco. We have from Lemma 5.17 that

(5.46) (5.52)

* * ) *
1AA", = 4% AL, Z 14]12 P2 1 A12 2 a2 (5.54)

p/2 p/2

Therefore
A*Ac SP?(H) <= Ac SP(H,K) < AA* € S?*(K)

The following lemma gives conditions when A € [, (B (H)) belongs to B (H, H*)

and S? (H, H*). It also provides some information about inclusion of spaces I (B (H)),

106



B(H,H*) and [, (B(H)), ¢ € [1,2). Additionally, we find that for ¢ > 2 and
all p, the spaces [, (S?) are not subspaces of B (H, H*).According to (5.44), for

X = B(H) and for X = H, we have

A= (A)2 ¢ all A, € B(H),

n=1

loo (B (H)) = :
Al (5 = supn [|An ] < oo

Ty)oo, o allz, € H
and H?CHZOO(H) = sup,, [|z,[| < oo.
(B

Each A = >~ €lx ) acts as an operator from H into I, (H) :
Ar = (Apx))" | €l (H), for each z € H,
since
[Az ], ey = sup [Anz]| < sup [|An]l [l2]] = [lz] sup [[An]] = 2] | All, 5y < o0
The Hilbert space H>® =I5 (H) is a linear subspace of o, (H) : H*® C Il (H) ,as
~ 1/2
/gy = sup [zl < (Z IIan?{) = [/l e -

n=1

For all operators A = (A,) ", € B(H, H*) we have (see (5.22))

[N sy = sup [[Anll = sup [|@nAll < sup [ Qull 1Al sz, ooy = 1Al par,pree) < 00

Therefore
B(H,H*®)Cly,(B(H)). (5.55)
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On the other hand if A € [ (B(H)), Az € H*® and ||Az| g < C||z|y, for
some C' > 0 and all x € H, then A is a bounded operator from H into H*. We shall
now consider some necessary and sufficient condition when A € [, (B (H)) belongs

to B (H, H®).
Lemma 5.21 Let A € I (B(H)). Then

(i) A € B(H,H®) if and only if {P,,A} converges in the w.o.t. to an operator
from B (H, H*).

(i) A € SP(H, H*®), for some p € [1,00), if and only if there is M > 0 such
that || PnAl, < M for all m. Moreover, [|All, < M.

(iii) [, (B (H)) C 2 (B(H)) C B(H,H*) for q € [1,2), and

1A B ey < D 1Al = A gy for A € 12 (B(H)). (5.56)

n=1
(iv) For ¢ > 2 and all p € [1,00), I, (SP) is not contained in B (H, H*).
Proof. (i) Clearly, for each m, P,,A € B(H, H*®) (see (5.25)). Let, for each z € H,
{P,Az} "S" 2, € H™, ie., for each y € H*, (PrAZ,Y) oo —  (22,Y) goo- Let

e = 1. Then, there is N such that, for all m > N, (P, A%, y) oo — (22, Y) goo| < 1.

Then |(P,, Az, Y) goo| < |(22,Y) goo| + 1. Thus
sup |(Pn Az, y) yoo| < 00 forall z € H,y € H. (5.57)

Recall [38, page 261] that, for each bounded functional f on H°, there is a unique

ys € H* such that f (z) = (z,yy) for x € H*. Thus for any arbitrary functional f
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on H* we have f (PpnAx) = (PnAx,yf) oo Thus

(5.57) *
sup | f (PnAx)| = sup ‘(PmAx,yf)Hoo‘ < ooforallz e H and f € (H®)".

Applying now the uniform boundedness principle (see [16, Volume 1, Chapter II,

§3, Corollary 21]), we obtain that the set {P,, A} ~_, is bounded in B (H, H*):
¢ = sup ||PmA||B(H,H°°) < 09,

for some C' > 0. Therefore, for all m and each x € H, we have

m 1/2
| Bn Az oo = (Z ||An93||2) <Cll|.
n=1

Hence, for every = € H,

00 1/2 m 1/2
A o = (Z HAna:\F) = lim (Z ||Anx||2> < Cllall.
n=1 n=1

Thus A € B(H,H*). The part only if follows from (5.27) and the fact that con-
vergence in s.o.t. implies convergence in w.o.t.

(i) Let A € SP (H, H*) for some p € [1,00). For all m, let P, be the projections
given in (5.24). Then P, € B (H>). Setting M = ||A]|,, we have

(5.48)
PR AlL, < 1Pall 1Al = IA]l, -

Conversely, let there exist M > 0, such that || P, A, < M for all m. Hence, all

P, A€ SP(H,H*) and it follows from (5.47) that

(4.4) (5.47)
1 PaAll gy = IUPmAll pary < IUPRA|, =" [Pndl, <M
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for all m,where U is an isometry operator from H* onto H. Hence
sup || P All p(gr ooy < M < 00,
m

Thus A € B (H, H®) (see (i) and [|A]| 5y ooy < M. As P, A% A (see (5.27)),.we
have from Theorem 5.9(i) that A € SP (H, H*) and [|Al|, < M.
(iii) I, (B(H)) C lo(B(H)) for ¢ € [1,2) follows from the fact that if A =

(A,)2, €l,(B(H)), then

1/q

(4.4)
2
HAle(B(H)) = (E [ Azl ) < (E HAan> = HA”lq(B(H))'
n=1 n=1

To prove that I, (B (H)) is a proper subset of [y (B (H)) we consider an example.

Let A= (A,),”,, where 4, = (nfl)l/q 1y for each n. Then A € I (B (H)), as
~ 1/2
||AH12(B(H)) = <Z||An”2>
”;1 1/2 00 1/2
_ (Z ((n—l)l/Q>2> _ <Z n—2/q) < 00,
n=1

n=1

since % > 1. However, A ¢ 1, (B (H)), since

) 1/q 0o 1/q
||A||lq(B(H)) = (Z ||An||q> = <Z n‘1> diverges.
n=1 n=1

We have [ (B (H)) C B(H, H™) (see (5.20)). To prove that Iy (B (H)) is a proper
subset of B (H, H*) we consider the following example. Let (e,) ~, be an ortho-

normal basis in H. For z € H,z = Y.°, (z,e,) e, and ||z]|> = 32°°, |(z,e,)|*. Let

n=1
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A= (A,))", where A,z = (%)1/2 (x,€,) €,. Then

1/2 - 1/2
1
Wl = 0 (Sl x“) - o (35 e

lzll=1 \ , =1 =1 \n=1
1/2
< sup Z| T, e,)| =1.
l=ll=1 \ 5=

Hence A € B(H, H*). However, A ¢ I (B (H)), since

|Anl| = sup ||Anz|| = sup ||| T, en) \/n1/2H “1/2 and
|

[J]l=1 |lzfl=1

2 2 _ .
||AH12(B(H)) = Z A" = Zn ! - diverges.
n=1 n=1

The estimate (5.56) follows from the following reasoning

1Al =y = sup (Z [ Anzz]] ) < Z (lsup [ Anzzl] >

llzll=1

= Z AW = 1A sy » i A= (Aa)72 € b (B (H)).

(iv) Let ¢ > 2 and p € [1,00). We are going to construct an operator A such
that A € [, (S?) and A ¢ B(H, H*). Let a = 2%. Then a > 1, as ¢ > 2. For some

0#T €SP, let A= (A,) ", where A, = n~ 4T for each n. Then

o) 00 q 1/‘1 00 q 1/q
Mo = (So0a) = (S eal) = m (32 (5)')
n=1 n=1 n=1
o 1/q 0o
=T, (Z n_a) < 00, as Zn‘o‘ converges.
n=1 n=1

1/q

Thus A € [, (SP). On the other hand, as =% 2+q < 1, we have
2
4 = o 1421 = s ZnAnazn - |s1|;plZH” i
— sup (|T=]%) Zn T = ||T||22n_27a _ diverges,
ll=]l=1 n=1

111



2a
as » oo, n « diverges. Hence A ¢ B(H,H>). Thus, for ¢ > 2 and p € [1,00),

none of the spaces [, (S?) is contained in B (H, H*). =

5.5 Inclusions of spaces S? (H, H*) and I, (S?)
In this section we prove the main result of this chapter - inclusions that hold for
the spaces SP (H, H*) and [, (S?). Let C (H, H*) be the subspace of all compact
operators in B (H, H*). Recall that, for p,q € [1,00), the Banach space [, (S?)

consists of all sequences A = (A,,)°~,, such that all A,, € SP and

n=1"

s 1/q
[ All;, (s2y = (Z HAnHZ> < 0o0. (5.58)
n=1

Similar to the rank one operator on H in (4.20), we define a rank one operator in
B(H,K). For x € H and u € K, denote by z®u the rank one operator in B (H, K)
that acts by

(x®@u)z=(z,x)u for each z € H. (5.59)

All finite dimensional operators on H belong to S? (H) for all p € [1,00) (see [21,

Calkin Theorem |). Therefore z ® u € S? (H, K) and

|z ® UHSP(H,K) = Uz U)HSP(H) (5.60)
(4.25)
= llz@Uullgpyy =" llzl 1Uull = |l lu]
where U is an isometry from K onto H.

Theorem 5.22 (i) Let 1 < p < 2. Then

L (SP) &SP (H,H®) S 12 (5%) S 12 (C(H)) & C(H, H”).
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For A e SP(H,H*),
1Al (spy < 1AW, < 1Al (or) where [[All,, g0y = 00 o A &1, (7). (5.61)

For q € (p,2), the space [, (S?) neither contains, nor is contained in SP (H, H>).

(i) Let p € (2,00). Then
I(S7) G SP(H,H*) G 1,(S7) ¢ B(H,H™).
For Ae SP(H,H®),
||A||zp(5p) < ||A||p < ||A||12(3p)7 where ||A||12(5p) =00 if A¢ 1 (S"). (5.62)

Moreover, S? (H, H®) is not contained in l, (S?), for any q € [2,p) and 1, (S?)
is mot contained in B (H, H*), for all ¢ > 2 and p € [1,00).

(ifi) Iz (52) = S (H, H*) and ||A|,s2) = || All, for each A € 5% (H, H*).

Proof. (i) Let 1 < p < 2. We begin by showing that I, (C' (H)) C C' (H, H*). Let
A= (A", €l(C(H)). Then all A, € C(H) and P,,A € I, (C (H)) for all m.
By Lemma 5.21(iii), A € B (H, H*®). Since P,A = (Ay,..., A, 0,...) is a sum of
finite number of compact operators, it is compact, i.e. P, A € C (H, H*) for all m

(see [30, p.193.]). We also have

(5.56) (4.5)
|4 = PuAlpgrney < 1A= Pudlymem = 1A= Pulyem, =0

m—00

Since the set of all compact operators C' (H, H*) is closed (see [42, Theorem 8.3]),

we have that A € C (H, H*). Thus I, (C (H)) C C (H, H*®).
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We shall now prove the inclusions
l,(SP) C SP(H,H®) Cly(SP) Cly(C(H)).

The inclusion Iy (SP) C I, (C'(H)) is obvious.

Suppose that A € [, (S?). Since A € [, (S?) C Il (S?), we have

1/p 00 1/p
(| P AII (ZIIA ||p> < (ZHAnIIﬁ) = [l All;, sy -
n=1

for all m. By Lemma 5.21(ii), A € S? (H, H*). Thus [, (S?) C SP (H, H*).
Suppose that A € SP (H, H*®). For all n, let @),, be the projection given in (5.24)
and U, be the isometry given in (5.23). Then, for all n, A, = U,Q,A. Hence

U-'A, = Q,A and we obtain that for all n

(5.47)

[Anll, = HUnUJlAnII U An]l,

= ||QnA|| IIQnII 1A[l, = [IAl, -

Thus sup,, |4, < oo and therefore A € I (S?). Applying (5.32), we have

: 00 p/2 m p/2

8 .

A 5y (znAnnz> ~ tim. (znAnn;)
n=1 n=1

p (5:36)

(5.32) ,
< lim [[P,Al 1Al -

Hence A € I3 (S?), so that SP (H, H*) C [, (S?). Additionally,

’p (5.36)

(5.32)
| Al Jim [|P, Al < lim ZHA 1 = A7 (s -

Thus ||A[l, < [|Al]; (se)- This ends the proof of (5.61).
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To complete the proof of (i), we shall construct examples of operators that will

show proper inclusions, i.e.,
1y (S7) # S7 (H, H®) £ 15 (S") # 1 (C (H)) £ C (H, H=)

We begin with I (SP) # ls (C (H)). Let Ay € C(H) and A; ¢ SP. Then

Ay
A= ,EZQ(C(H)) butA¢l2(Sp)
0
Before proving the other proper inclusions, we construct some operators. Let
{en}.2, be an orthonormal basis in H and P., be projections on Ce,, = {Ae,, : A € C}.

Then ||, ||, = 1 for all n and p € [1,00). Let {\,};2;, {11, },—, be nonincreasing

sequences in (0, 1] and

A= (4,7 B = (B,),>, with A, = \,P.

n=1">?

By, =, P.,. (5.63)

n?

Then [|A,[l, = A, | Bull, = 1, Hence A and B belong to lo, (S7), since sup,, [ A, ||, =
sup, A, < 1 and sup, || By, = sup, p, < 1. Let z = X7 aze, € H. Then
S an)? = [|z]]* and Az = 3%, @A\,ane,, where A\,ane, belongs to the n-th

component of H>. As
[ Az | oo =

0o 0o 1/2
S o] < (zw) el < oo
n=1 n=1

we have Ar € H*, so that A € B(H, H*) and .||A|| < 1. Then

Ho>e

AP = A A PN Ara, =Y NP,
n=1 n=1
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is a diagonal operator (see Example 2.19) with diagonal sequence {)\i} and Theorem
2.26 implies that |[A| = > A\, P.,. Hence, by (4.2)
JA[Z =" X2 for p € [1,00). (5.64)
n=1
We also have that Bx = a1 Y-, ®u,e1, where p,e; belongs to the n-th component

of H*°, and
B 2 _ 2 - 2 < 2 C 2
1B = af Y gl < lz* > 42
n=1 n=1

Hence B is bounded if and only if > 7, u? < co. Setting x = €1, we have

[e.o]

||B||2B(H,H°°) = ZM% (5.65)

n=1
Moreover, if B is bounded then B = e; & u, where u =) °  &pu,e; € H®, is a
rank one operator in B (H, H*). Indeed, (z,e1) = aq, so that

(e1@u)x = (x,e1)u=a Z ®pu,e1 = Bx.

n=1
Thus, as every rank one operator, B € SP (H, H*) for all p € [1,0).
We shall now prove that SP (H, H*®) # [y (S?). Let 1 <p < ¢ < 2. Set in (5.63)

A\, = n~ /P, Then

AN 5oy = D IARE =DM => " n 9" < oo
n=1 n=1 n=1

On the other hand, by (5.64), [|A[} = >°°2, A) = >0, n~' - diverges. Hence

n=1"'n

Ael,(SP) and A ¢ SP(H,H™). Thus [, (S?) is not contained in SP (H, H*). In
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particular, when ¢ = 2 we have SP (H, H*®) # ly(SP). This ends the proof that
SP(H,H*) S Iy (SP).
Now we shall prove that 1, (SP) # SP (H, H*). Let 1 < p < ¢ < 2. Set in (5.63)

ft, = n~*/9. Then

IBII}, 50y = Z 1Bl = ZMZ = Zn_l - diverges,
n=1 n=1

and thus B ¢ [, (SP). On the other hand, >°7 p2 =3 n=2/4 < 00, as 2/q > 1.
Hence, as above, B € SP (H, H*) for all p € [1,00). Thus the space [, (S?) does
not contain S? (H, H*). In case when p = ¢ we have that [, (S?) # SP (H, H*) and
therefore [, (S?) & SP (H, H™).

Finally, to prove that I, (C (H)) # C (H, H®), set A, = n~%/? in (5.63). Then

A, =n"Y2P, and A ¢ 1,(C (H)), since

||AHZ22(C'(H)) = Z | An|* = ZAEL = Zn_l — diverges.
n=1 n=1 n=1

On the other hand, [A]” = A*A = 3% A*A, = 3% n~'P, and, by Theorem
2.26, |A| = 3%  n~Y/2P, . Thus |A] is a compact operator. Indeed, for each m, the
operator T, = an:1 n=Y 2P, is compact, as it is a finite sum of rank one operators,

and the operators T,,, converge uniformly to |A| :

Z n71/2P€n

n=m-+1

I|A] = Tl = =sup {n 2} =(m+1)""* — 0.

n>m m—00

Thus, by Theorem 2.33, |A| € C (H). Hence A = U|A| € C(H,H™). Since

A¢ly(C(H)) and A € C (H, H*), we have I, (C (H)) G C (H, H®).
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(i) Let p > 2. We shall begin by proving the inclusion /5 (S?) C S? (H, H*) and
the RHS inequality in (5.62). Let A € Iy (SP). As 3 (S?) C Iy (B(H)) C B(H,H™)

(see (5.20)), it follows from Proposition 5.8 that, for all m,

1/2
[P All, < (ZI\A | ) < [[Ally(sv) -

As A€y (S?) Clo (S?) Clo (B(H)), we can apply Lemma 5.21(ii) to obtain that
A€ SP(H,H*) and [|Al|, < [[All,,(sp)- Thus l> (S?) C SP(H, H>*) and the RHS
inequality in (5.62) holds for all A € I (S?).

We shall now prove the inclusion SP (H, H*) C [, (S?) and LHS in (5.62). Let
A={A,}° € SP(H H®). By (5.36), || P A|| ||A|| Applying now Propo-

sition 5.8 we obtain that, for each m,

Z ||An||§ < ||PmA||p 539 ||A|| as m — oo.

Hence, (3272, ||An|y§;)1/ " < 00, ie, A €1,(S?). Thus ¢ (H, H*) C I,(S?) and
LHS in (5.62) holds.
To complete the proof of (ii), consider some examples that show that
SP(H,H>®) ¢ 1,(S?) for 2 <gq < p,
l,(S?) € B(H,H*), for ¢ >2and p € [1,00),
Iy (SP) # SP(H,H™) # 1, (S?), for p > 2. (5.66)
Let 2 < g < p. Set A, =n~Y%1in (5.63). Then A ¢ [, (SP), since

0o 00 00
1A sy = 1AL = S0 = 3" 7 diverges.
n=1 n=1 n=1
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On the other hand, A € SP(H,H>) since, applying (5.64), we have [|A|} =
SN = 3% nP/4 < co. Thus, (5.66) holds. In particular, when ¢ = 2,

we have SP (H, H®) # [5 (SP).

Set now s, = n~*/? in (5.63). Then, for 2 < ¢ and p € [1, o0),

IBIE gmy = Y M Palll =gt =3 0792 < o
n=1 n=1 n=1

Thus B € [, (S?). On the other hand, since

) 1/2 ) 1/2
(5.65) B )
HBHB(H,Hoo) = (ZM%) = <Zn 1> diverges,
n=1 n=1

B is not bounded, i.e., B ¢ B (H, H*). Hence [, (S?) € B (H, H*), for 2 < ¢ and
p € [1,00). In particular, if p = ¢ > 2, we have SP (H, H*®) # 1, (S?) .

(iii) Repeating the proof of (ii) for p = 2, we obtain that
l2 (52) g S2 (Hu HOO) g l2 (52) )

AN 52y < 1All5 < 1Al 52y , for A € S* (H, H™).

Thus [ (5%) = S (H, H*) and || Al|,,s2) = [ A]l, for each A € S*(H, H>). The

proof is complete. m

5.6 Conclusion
The main results in this chapter are Propositions 5.8 and 5.10, Lemma 5.21 and

Theorems 5.11 and 5.22. In Proposition 5.8 we prove some norm estimates for an
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operator from B (H, H*) with all its components from S? (H). This is an auxiliary
result that we use in the proof of Theorem 5.22.

In Proposition 5.10 we prove some norm inequalities for operators from the
spaces SP (H.H*) and I (S?). In fact, this proposition and Theorem 5.11 extend,
respectively, the results of Lemma 6 and Corollary 7 of [25, p.4] to infinite families
of operators.

In Lemma 5.21 we find and prove necessary and sufficient condition when an
operator A from [, (B (H)) belongs to B (H, H®) and to SP (H.H*). We also
prove inclusions that hold for spaces I« (B (H)), B(H,H*) and [,(B(H)). In
addition, we find that for ¢ > 2 and all p, the spaces [, (S?) do not lie in B (H, H*).

In Theorem 5.22 we prove some inclusions that hold for spaces S? (H.H*) and
l, (SP?). We will use the results of this chapter in the subsequent chapter.

Chapter 6 is dedicated to generalized Clarkson-McCarthy inequalities, convexity

of spaces [, (SP), partitions of operators from S, Cartesian decomposition.
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Chapter 6 Analogues of Clarkson-McCarthy
inequalities. Partitioned operators and Carte-

sian decomposition.

This chapter is mainly devoted to generalized Clarkson-McCarthy inequalities for
vector [,-spaces [, (SP) of operators from Schatten ideals SP. We show that all
Clarkson-McCarthy type inequalities are, in fact, some estimates on the norms of
operators acting on the spaces [, (SP) or from one such space into another. The first
section is dedicated to known analogues of McCarthy inequalities. In the second
section we analyse actions of operators from B (H>) on [, (S?) spaces. We obtain a
further generalization of McCarthy estimates in section 6.3. In the fourth section we
study the convexity of spaces [, (S?). In the fifth section we study partitioned oper-
ators from SP and the sixth section is about Cartesian decomposition and Schatten

norms. Finally, in the last section we summarize the results in this chapter.

6.1 Background on analogues of McCarthy inequalities
Clarkson [12, Theorem 2] proved the following estimates for spaces L, and [,. If

p>2,q=p/(p—1)and x,y € L,, or x,y € l,,, then
27 (|zl” + yl")"? < (e + yl” + llo = ylP)? < 2277 (|l + [lyl) 7 ;
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1 1
29 (|lz|P + g™ < (= + ]| + Iz — yl|)";
—1
|z +yll” + Iz — yll” <2 (|2 + [ly]| )"

For 1 < p < 2 these inequalities hold in reversed order.

The algebras SP are non-commutative, i.e., 71Ty # 1517 in general for 11,715 €
SP. McCarthy [28, Theorem 2.7] stated that the non-commutativity of S? spaces
complicates the proofs of estimates for these spaces. However, he obtained the
following non-commutative analogues of Clarkson estimates.

ForA,BESp,2§p<ooandI—1)+$:1,

1/p 1/p
e (s +1BIE) " < (lA+BIL+A- BIE) (6.1)
1/p

< 2 (g + 1Bl

1/q

1/p
e (Jalz+1BIE) " < (14 + Bl + 1A - BI) (6.2)

For 1 < p <2, inequalities in (6.1) and (6.2) are reversed.

We will consider now these and some other inequalities from the perspective of
L, (SP)-spaces of operators from Schatten ideals.

Let H™ be the orthogonal sum of n copies of H. Each R € B(H™) has the
block-matrix form R = (R;;), 1 < i,j < n, with all R;; € B(H). It generates a

bounded operator (we also call it R) on each space [} (S?) that acts in the following
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way
Ay > i1 R
RA=(Ry)| ¢ | = E € lg (57), (6.3)
An Z?:l RHZAZ

for A = (A4;);_, €l (S?). Clearly, RA € I} (S?), since

1
" q\ V4

> RuA;

i=1

HRAHZZ;(SP) = Z
j=1

p

.....
..........

In particular, each n X n matrix a = (aij) generates an operator
R, = (ai1g) on Iy (SP). (6.4)

Consider the unitary matrix (the conjugate of the transpose is its inverse) u =

1 1

% . By (6.4) and (6.3), the operator R, acts as

1 A+ Ay A
RUA:E ,fOI‘A: Gli(sp)
A — Ay As
We will show now that Clarkson-McCarthy inequalities (6.1) and (6.2) could be
transformed to the form

i1 1_1
271573 Al g0y < IRuAlp sy < 25731 All g0y for pe [Lo0);  (65)
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N[

_1 1 1
| RuAllp ey < 2575) | All 5y, , where o =landpe2o0). (6.6)

The inequality (6.6) is reversed for 1 < p < 2.

Indeed, substituting A; for A and A, for B in (6.1) and (6.2), we obtain

1/p
27 (Al + 1 422)

IN

» 2\ /P
(1141 + Aall2 + 1141 = A7) (6.7)

1/p
;

IN

271 ([l Al + 11 A2

1/q
)

1/p
2 (Al +114s07) < (14 + Asllg + 141 — A1) (6.8)

for 2 < p < oo and % + % = 1. For 1 < p < 2, inequalities in (6.7) and (6.8) are
reversed. Note that we can extend (6.7) to p = 1. Indeed, substituting p = 1 in

(6.7) we get

2([1Aully + [[A2l) = [AL + Azll; + [[AL — Aol = [[Ad]ly + [[Azl]; -
We can verify this using the norm triangle inequality:

A1+ Asly + | A1 = Aolly < 2([[Aully + [[A2lly) and [[Asfl, + [ A2l

1
=3 (I[A1 + Ax + Ay — Aoy + || A2 + Ay — Ay + Agly) < AL+ Ao, + [ A1 — Asl

Ay
Let A = . Then A € I2 (S?),

As

» 2\ /P
lAlgny = (Al + 14201)
1

V2

1/p

and ||, Al s, (1141 + Ao+ 141 = A32)
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Thus we can transfer the first inequality to
2!/7 ||A||lg(5p) <2'? ||RuA||zg(5p) <2t ||A||lg(sz7) for 2 < p < oo and
2 || Al > 22 | RuAllygsny > 2777 | Allyggny for 1 <p <2
Simplifying and rearranging, we get
20 % || Allg(sn) < | RuAlligsn) < 2577 | 4ll sy for 2 < p < oo and
2575 || All sy < I1RuAllz g0y < 2577 [All sy for 1 <p<2.
1 1

Taking into account that * —1 < 0andi—1>0,for2<p<oo,andi—-21<0and
p 2 2 p 2 p

N[

> 0, for 1 < p < 2, we obtain the transformed Clarkson-McCarthy inequality

D=

(6.5).
Similar procedure shows that we could transform the inequality (6.8) to

1_1 Ay 9
202 HAHZZ?)(SP) < “RuA“lg(Sp) ’ where A = S lp (Sp) ’

Ay

i + é =1 and 2 < p < co. We could rearrange it, by substituting 7' = A; + A, and

S = A; — A, to obtain (6.6)
T

HRUAHII%(SP) <22 HAng(SP) ; where A = € 112; (5).
S

For 1 < p < 2 the above inequality is reversed.
Ball, Carlen and Lieb proved in [3, Theorem 1(b)] the following inequality for

X, Y € 5P and 2 < p < oc:

(HX + Y+ IX =Y
2

2/p
> < X2+ (-1 Y. (6.9)
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For 1 < p <2, the estimate (6.9) is reversed.
Set A = (p — 1)"/%. Then (6.9) could be transformed to the form

1 A Ay

1 =X As
For 1 < p < 2, the inequality is reversed.
Indeed, set X = A; and Y = AA,. Then
A+ AAs X+Y
A — N, X-Y

1/p
|ReAllgeny = (IX+ Y+ X = Y7)

and

1/2

2 2\ /2 2 2
lAllgeon = (N4 +14202) ™ = (IX12 + (0 = 1) I1Y12)
Substituting the above formulae for [|R,Al|;5(g,) and ||A||l%(sp) into (6.9) we obtain
P
||RaAHlQ%(Sp) x 272P < HAH%(SP). Rearranging it, we get (6.10).

For n > 2, let a = (ax;) ;_, be the n x n matrix with entries

2n(j—1) (k-1
ag; = n % exp (Z = D >> :n’mwf:%,

n
where w;_; = e?™0U-D/nj =12 ... n, are the n-th roots of unity. For 1 < p < oo,
let, as before, ¢ be the conjugate index defined by Ilj + % = 1. Bhatia and Kittaneh
[9, Theorems 1, 2, 4] obtained an analogue of Clarkson-McCarthy inequalities (6.1)

and (6.2) for n operators Ay, ..., A,,_; in SP:

2n—1 n—1 [|n—1

= 2

e S A2 < S0 w4,
j=0 k=0 || 7=0

2 n—1
<P AR, (6.11)
p 3=0
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n—1 n—1 n—1 p n—1
nY Al <D (D oWkl <oty lIAlL, (6.12)
Jj=0 k=0 || j=0 » =0
n—1 a/p n—1 ||n—1 q
n (Z ||Aj||§> < Z Zw?Aj for 2 < p < 0. (6.13)
=0 k=0 || j=0 »
For 1 < p <2, inequalities (6.11) and (6.12) and (6.13) are reversed.
A
Let A= | : | and all A; € SP. Inequalities (6.11) and (6.12) can be interpreted
Ay,

as a particular case (¢ = p or 2) of the following inequalities in [j (S7), for 1 < p < oc:

1 1_1

_|i_1 1 1
B Al or) < IRaAllysry < 1127211 A L o) (6.14)

Inequality (6.13) can be interpreted as inequality in [ (S?):

1

(=2 Al g0y < [1RaAlly 50 for p € [2,00), (6.15)

and reversed for 1 < p < 2. Indeed, we have

1/q

, (6.16)

n

||RaA||lg;(5p) =n 12 Z

k=1

n
E—1
§ :wj—lAj

J=1

q

P
n 1/q

1Al (sey = (Z HMIZ) : (6.17)
j=1

Set ¢ = 2 and ¢ = p. Substituting (6.16) and (6.17) in (6.11) and (6.12) and

changing the index of summation, we get
11 11
ne 2 HAHzg(Sp) < HRaAHzg(s:)) <n2» ||AHZ[;(SP) , for 2 < p < oo,

11 11
n2 » HAng(SP) < HRGAng(SP) <nr 2 “Ang(Sp) ,for 1 <p <2.
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Noticing that %—% <0for2 <p<ooand %—% < 0 for 1 < p <2 we obtain (6.14).

Substituting (6.16) and (6.17) for ¢ = p and changing the index of summation in
(6.13), we get (6.15).

In [25, Theorems 1 and 2| Kissin extended the above results to all invertible
operators R = (Ry;);,_, € B (H") with all R;; € B (H). Set r = max; j1_._» [| Ry,
p = Max; -1, n HR;H, a=||R7Y, 8 = ||R|| and let A = (A;)"_, € I (S”) and
B = (By)j_, = RA. He proved that

1)if2<p<ooand \,u € [2,p],orif 1 <p<2and A\, p € [p,2], then

1 1 1
iy a1 - - 1< N 1o, (1 - 2\
wlito (IS ae) < (230 Im) <aliHa (230 1a)
=1 j=1 j=1
(6.18)

2)if%+%:1and2§p<oo,then

S =
Q=

(Z HAjHZ> <p'Trar (Z H&-HZ) : (6.19)
j=1 j=1

and if 1 < p < 2, then

(ZH%HZ) <ri g (ZH!‘%‘Hﬁ) : (6.20)
=1 j=1

Replacing A by t and p by s and using the fact that

Qe
S

1/s

I1RA[ 1 50y = 1Bllip(sey = (Z ||le|;> and [| Al g0y = (Z ||Aj||f,) ,
j=1 j=1

we can interpret (6.18) as inequalities in [jy (S?) in the following way:

1,1 11 1,1
Tia ||A||lg(5p) < ||RA||zg(3p) <nlimzlmTig ”AHZQ(SP)a (6.21)
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for 1 < p < oo, where t, s € [min (p,2) , max (p, 2)].

Similarly, we can interpret (6.19) and (6.20) as inequalities in [} (S?):
HRAng(Sp) < e HAHZ;;(SP) for1 <p<2, (6.22)

1A

1—2
13 (SP) < p'Tra®?||RA

12 (57) for p > 2, (6.23)

1,1 _
where st.= 1.
In turn, inequalities (6.21) could be interpreted as estimates of the norm of the

operator R acting from [7 (S?) into I} (SP) for 1 < p < oc:

W =

+

ol
o+l

il B
no vz < nlv

R < 1

S IR (6.24)

Inequalities (6.22) and (6.23) could be interpreted as estimates of the norm of the
operator R acting from [ (S?) into [} (S?), where }D + % =1

2 2
||RA||1;L(SP)_>53(SP) <rv " |R] /1 for 1 < p <2, (6.25)

C142 o1 -2/
HRAHz;;(sp)Hzg(sp) >p Hp HR 1” 8 for p > 2. (6.26)

We call inequalities (6.24) - (6.26) the generalized Clarkson-McCarthy inequalities.

6.2 Action of operators from B (H*) on [, (S) spaces
In this section we analyse action of operators from B (H>) on [, (S?) spaces.

By Theorem 5.22(iii), I (S*) = S?(H,H*). By Lemma 5.16, S? (H, K) is a
left B (K)-module for all p € [1,00). Thus, in case p = 2 and K = H*, we have

I (S?) = S? (H, H®) is a left B (H*)-module. In this section we assume that H is
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a separable infinite dimensional complex Hilbert space. We show that, apart from
I5 (S?%), the Banach spaces [, (S?) are not left B (H*)-modules. We also establish
the following inequalities. Let R € B (H).

(i)if 1 <p<2and A €1,(S?), then

RA €15 (S") and [[RA[, 50y < [[Bll perre) |41l 50y 3
(ii) if p > 2 and A € I, (SP), then

RA€1,(5") and HRAHZP(SP) < HR||B(H°°) ”AHIQ(SP) .

We will need these estimates to prove the main result in this chapter, namely, the
analogue of McCarthy inequality (6.1) for [, (S?) spaces.

Each operator R € B (H*) has the block matrix form R = (R,);,_, where
Ry, € B(H). It acts on a subspace D (R) of [, (B (H)) - the domain of R - defined

as follows:

A= (An),Zy € loo (B (H)) :

D(R) =19 By:=3", RinA, € B(H) forallk=1,2,... (-

and B := RA = (B,),~, €l (B (H))

\ Vs

where all > >° | Ry, A, converge in the w.o.t. Thus, for A = (A,)>, € D(R),

Ay ZZO:1 Rin Ay,

B=RA=R| * | = : € loo (B (H)),
An Zzozl RknAn
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where all By =Y " | Ry, A, € B(H). We also have

H}@4mmuxH»::’Uﬂhmuxﬂn::kfyg HE%”Buﬂ-

Proposition 6.1 (i) Nrepu~)D (R) = B (H, H*)

(ii) If (p,q) # (2,2) then the space l, (SP) is not a left B (H*)-module.

Proof. (i) Let D = Ngrepu~)D (R). First let us prove that D C B (H, H*). Let
A = (A,)2, € D. Then, A € l(B(H)) and, for all R € B(H>), we have
A € D (R). In particular, A € D (R) where R is an operator that we are about to
construct. Since all separable infinite dimensional Hilbert spaces are isometrically
isomorphic to the complex sequence space [y (see for example [32, p.26]), there

exists an isometry L from H* onto H. It is of a form L = (Ly, ..., Ly, ...) with all

Ly € B(H), |IL]| (oo ) = 1 and
a1

Lx = (Ly,..., Ly, ...) ' :ZLnxn € H, for all x = (x,) ., € H*,

T n=1

where all z,, € H, and the series converges in H. Let R = (R;;);_, € B(H>) be

1,j=1

such that all Ry, = L, for all n, and R;, = 0 for all # > 2 and all n. Then

Ly - L, - Lax

R = andezyZ(yn)zo:l: )
0O - 0 --- 0
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for all z = (x,).~, € H®. Thus R € B(H>), as

1Bl proey = sup [[Rll o = sup [|Lally = [|Ll pigroe ) = 1-
Jall=1 Jall=1

Since R maps D (R) into [, (B (H)), we have

ZzozanAn
RA = : = €lw(B(H)).

0 -~ 0 --- A 0
Let P, be the projections defined in (5.24). As RA € I (B (H)), we have LP,,A =

S LAy 5" By € B(H). Since L is invertible isometry, L™ € B (H, H*®) and

L=t=L* Thus, forallz € H, y € H®
(L' (LP,A)z,y) = (LP,A) z,Ly) — (Biz,Ly) = (L 'Biz,y) .

Hence
PoA= LY (LP,A)"%" L7'B, € B(H,H™).
By Lemma 5.21(i), A € B (H, H®). Thus D C B (H, H®).

Let us now prove that B (H,H*) C D. Clearly, for all A € B(H,H*®) C
lo (B(H)) (see (5.55)) and R € B (H®), we have RA € B(H,H*) C I, (B (H)).
Thus B (H, H*) C D (R). Hence B (H, H*) C D.

Combining these inclusions, we have D = B (H, H*).

(ii) (1) First consider the case when ¢ € (2,00) and p € [1, c0).

We see that [, (SP) C lo (B (H)). Indeed, if A = (A,)~, € l,(S?) then

0 1/q
Al 5y = sap [|An] < sup [|An], < (Z HAnHZ> = || All;, sy -

n=1
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If 1, (S?) is a left B (H*°)-module then RA € [,(S?) C I (B (H)), for each A €
l4 (S?) and each R = (Rgn)y,—; € B (H*). Hence I, (S*) C Ngepme)D (R). There-
fore, by (i), {, (S?) C B(H, H*). This contradicts Theorem 5.22(ii). Thus [, (S?),
for g € (2,00) and p € [1,00), is not a left B (H>)-module.

(2) Consider now the case when ¢ € [1,2) and p € [1,00).

Let R = (Ruk)p -y € B (H*) be such that R,; = 0 for all k > 1. Then, for
A= (A,))", €1,(5?) and © = (z,,),-, € H®,

Ry 0 .- RllAl Ri1xy

R=| * ° RA=| |, Re=]|  |. (6.27)
Ryn 0 - R,.1 A Ry

Let Ry = a1y, where all a, > 0, Y7 a2 =1 and ) 2 ad = oo (for example,

~1/2
an =n" Y9, where o = <Z;’ilj_2/q> ). Then, by (6.27),
1Rz|* = llawa|* = a1 | Y ol = [l ]|* < |||, for all z € H*.
n=1 n=1

Hence R € B(H>). If A €,(S?) and Ay # 0, then, by (6.27),

o 1/q 0o 1/q
IRA[];, sy = <Z||Rn1A1IIZ> = (leanz‘hll,’i)
n=1 n=1
1/q

1SS 1/q 0
= (Z || ||A1||f,> = [| A, (Z 04%) = 00.
n=1 n=1

Therefore RA ¢ [, (S?). Thus [, (S?) is not a left B (H>°)-module for ¢ < 2.

(3) We only have to consider the case when ¢ =2 and p € [1,2) U (2,00).
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Let {e,} —, be an orthonormal basis in H, let P,, be the projections on Ce,,

n € N and {V,} | be partial isometries that map Ce,, onto Ce, i.e.,
Vaen, = e; for all n and V,e; = 0, for all j # n.
Noticing that (V,e,,e1) =1 = (e,, V.'e1), for all n, and
(Vien,er) = (e1,ex) =0 = (en, V'ey) , for all n and all k # 1,
we have that V*e; = e, and Ve, =0, for all k£ # 1. Thus
P, =VIV, for all n.

Set now R,; =V, in (6.27). Let x = (z,,);-, € H® and 1 = > o, apey, € H.

As R,1x1 = V21 = aeq, we have that R € B (H™), since

6.27)
IR 15 (1) = SUP, | Ralffpe 27 sup ZIIRnlelHH

7 =17
= sup leanelllH = sup Za = 1.
lel=1 % lel=1 2

(3a) Let p € [1,2). Set A, = n¥/?V, and A = (4,)°

n=1"

Since A¥ A, =

n_z/pvn*vn - n—z/ppen and [|[V*V, Hp/2 HPean/2 = 1, we have

1/2

2 (5.5) *
1Al (sr) = (ZI\Aan> = (ZI\AnAan/z>
n=1 n=1
o 1/2 o 1/2
= (Z n_z/pHPen p/2> — <Z n—z/p) < o0,
n=1 n=1
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Thus A € 5 (SP). Since R € B (H®), the operator

Riy - Ry oo 2 n1 By An

RR=1909 ... 0 ...|l€B(H”)and R"A= 0

The operator

B=Y R = SV (V) = Yo,
n=1 n=1 n=1

is self-adjoint and positive. Thus its s-numbers are the eigenvalues {nil/p }20:1'
Hence B ¢ S? and R*A ¢ l5 (SP). Thus I3 (S?) is not a left B (H*)-module.

(3b) Assume now that p € (2,00). Set A, = 0, for all n > 2, and A4; =
> nY2P, . Then A, is self-adjoint and positive. Thus, the s-numbers of A4, are

its eigenvalues {n~*/2}> . Hence A; € S (H), since

0 1/p
1A, - (an) .
n=1

and A € [y (S?), since

0o 1/2
141, = (Z HAnHi) = Al < oo.
n=1
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For each n, AP, Ay = A|P, A1 = Aijn~'2P, = n~!'P, . Therefore

Ry Ay ViA, 12
||RA||12(SP) - : - : - <Z ||V”A1||12))
R, A Vi Aq n=1
: 15(5P) : 15(5P)
0o 1/2 00 1/2
(5.5) * —
= (ZH(VnAl) vnA1||p/2) = (Z||A1vnvnA1||p/2)
n=1 n=1
o0 1/2 oo 1/2 o 1/2
= (Z ||ATPenA1Hp/2> = <Z Hanean/Q) - (Z nl)
n=1 n=1 n=1

diverges. Thus RA ¢ 5 (S?), so that [y (SP) is not a left B (H*)-module. m

Making use of Theorem 5.22; we obtain the following theorem.

Theorem 6.2 Let R € B(H®).

(i) Let p € [1,2] and A €1, (S?). Then

RA€15(S") and [|RA| 0y < Bl gy ||A||zp(5p)-
(i) Let p € [2,00) and A € Iy (SP). Then

RA€1,(5") and ”RAHz,,(SP) < ”RHB(Hoo) HAHZQ(SP)'

Proof. (i) Let p € [1,2) and A € [, (S?). Applying Theorem 5.22(i), we obtain
that A € SP (H, H*). Hence, by Lemma 5.16, RA € SP (H, H*) and [[RA[|, <
| Rl p(groey [ Al Since p € [1,2), we have from Theorem 5.22(i) that RA € I (SP)
and [|RA|[,, sy < [[RA||,. We also have from Theorem 5.22(i) that [|A[|, < [[A[];, s»)-

Combining these inequalities yields

(5.48)
[RAll, 50y < IRAN, < (1Rl gegeey A, < 1Rl peee) 1Al (s0) -
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(ii) Let p € (2,00) and A € I3 (SP). Applying Theorem 5.22(ii), we have that A €
SP(H, H*). Hence, by Lemma 5.16, RA € SP (H, H*) and || RA[|,, < || R| 5oy [|All,-
We have from Theorem 5.22(ii) that RA € [,(S"), |[RA|, ) < [IRA, and

|All, < [IAll,,s»y- Combining these inequalities yields

48)

(5
1RAN, 50y < IRAN, < {[Bll peoey 1Al < 1Rl pearee) [[Allcsp) -

For p = 2, it follows from Theorem 5.22(iii) and Lemma 5.16 that [|A[|,,s2) = [[All,

and || RA|,, g2y = [[RA[l,. Thus

5.48)

(
1RAl 52 = IRAly < 1Bl peare) [[Ally = (1Bl pearoey 1Al s2) -

This completes the proof. m

6.3 The main result: The case of /[, (S”) spaces
For operators R € B (H®) of a particular form, we can use inequality (6.21) to
obtain some further analogues of McCarthy inequality (6.1) for [, (S*) spaces. Let

{ny}re, be a sequence of positive integers. For A = (A4,))", € 1, (S?), let

Al An1+1 A’Vl1+--.+7lk_1+1
o=l | &=| : |.. A= :

Am Am +n2 Anl +...4ng

Then each Ay, belongs to Iy (SP), and we have

[e'e) 1/‘1
: — 149
A=| ¢ | and HAHZQ(SP):(ﬂ\Ak lnk(sp)> - (6.28)
k=1 1
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For each k, let H™ = H & ... ® H be the orthogonal sum of n; copies of H and
H>® =@ H™ Let R, € B(H"™). Then Ry, is an ny X n, block-operator. Consider
a block-diagonal operator R = {Ry},-, € B (H>) such that the operators Ry are

on the diagonal and off the diagonal there are all 0, i.e.,

Ry 0
0 . 0 -
R= (6.29)
0 0 R, O
0

Theorem 6.3 Let p € [1,00) and ¢ € [min (p,2),max (p,2)]. Let R = {Ry} o, €
B (H®) be a block-diagonal operator on H* described in (6.29). Assume that
= o i S
w= sup n, | R|| < 0o and let ¢ = ugfnk B
k=1,..
Then
¢ ”Aqu(Sp) < HRAqu(Sp) Sw HAqu(sp) for A€ ly (S7). (6.30)
Proof. It follows from (6.28) and the block-diagonal structure of R that
Ry A,

RA=| | and |RA||, s = (ZHR@
R Ay, k=1

. 1/q
. 6.31
lq" (SP)) (6:31)

Replacing s and ¢ with ¢ and n with n, we have from (6.21) that, for all k,

11 e~ 11 __
e L v <1 IR - 632
q

: < HRkEc

Iy (sp Ig*(SP)
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Applying RHS of (6.32) to formula (6.31), we have

. 1/q
Z’“(sm)
00 1/q
- (6.28)
q -2
(ZW A ZZ’“(SP)> = WHAqu(Sp)-
k=1

Applying LHS of (6.32) to formula (6.31), we have
1/q

IRA]l,, 50 > (Z n Q'HR i

0o 1/q

e 628)
(Zc A le(gp)) Gl sm) -
k=1

1RAl s = ( AT
k=1

IA

This completes the proof. m

Let n = 2. Consider the block-diagonal operator R = {Ry},-,, where all R, =

1y 1y
2-1/2 are unitary operators on H?, as R} = Ry and Rj Ry, = R? = 1p».
1, —1p

The operator R is also unitary, as R* = R and R*R = R* = {R}},_, = {12 }re, =

1y~. Then R € B (H®), since

T + i)
1 — T2
IRl gy = sup ||Ra] e = sup 272 ‘ (6.33)
l|lzl|=1 [|lz[|=1 Top_1 + To
n— n
Ton—1 — Ton
Hoo
o 0o 1/2
= sup 21/ Z(ffzn—ri*ﬂhn +Z Top—1 — Top) 2
[|lz||=1 n=1 n=1
= sup [jzf| =1.
l|lzl|=1
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For A = (A,).2, € 1,(SP), consider X = (X,,)>", and Y = (Y,,).~, such that

X, = Agp—1 and Y, = Ay,. Then XY €[, (SP) and

(o] o) 1/q
1/q
Al smy = (Z s+ ||A2n||g) = (10 gy + IV 1 5y)
n=1 n=1

Then
Ay + Ay
A — Ay

RA =272 ‘ (6.34)
Agp1 + Ay,

A2n—1 - A2n

and
00 00 1/q
||RA||zq(sp) =271 (Z | A2n—1 + AQnHZ + Z | A2n—1 — A?n”Z) =
n=1 n=1
1/q
—9-1/2 (HX + YT gy 11X = Y||;1q(5p)> :

Using Theorems 6.2 and 6.3, we obtain the following analogue of McCarthy inequal-

ities (6.1) and (6.2) for [, (S?) spaces.
Corollary 6.4 (i) Let p € [1,2] and X, Y € 1, (S?). Then

2 2 V2 _ i P p p
(X + Y1 n) + 1X = YVlsn ) <22 (X oy + 1Y I sny) - (6:35)

Letp € [2,00) and X,Y € l5(S?). Then

X +Y]|P x—vir ) <o (1x)2 vz, )
[ X + Y7 5oy + 1X =Y} (0) < 27 (X sy + 1Y liyes0y) - (6.36)
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(ii) Let p € [1,00), ¢ € [min (p,2),max (p,2)] and X,Y €,(S?). Then

1/q
2 B3 (X2 oy + 1Y I s (6.37)
1/q
< (IX + YU oy + 1X = Y o))
1_1(41 1/q
< 2B (X oy IV o))

Proof. We proved in (6.33) that ||R|| gy = 1. The rest is simply substitution of
—1/2 q q 1
|RAlLsn) = 272 (IX + YIIE o) + 1X = Y sy )

and
1/q
1Al sm) = (1XIE sy + IV, )

in Theorems 6.2 and 6.3. Additionally, we need to see that, in this case in Theorem

6.3, w = oli—2l and ( = 9152l as n = 2 and all operators Rk,R,gl are unitary. m

6.4 Uniform convexity of spaces [, (S?)
This section is dedicated to the proof that the spaces [, (S?), for p € [2,00), are

p-uniformly convex.

Definition 6.5 (i) [39, p.23] A Banach space B is called uniformly convex if and

only if, for all 0 < € < 2, the modulus of convexity

. 1
5 6) = it {1 = Loyl 2.0 € Bl = ol = L= wll > <}

15 strictly positive.
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(ii) [3, p.464] A Banach space B is r-uniformly convez, if its modulus of convezity

dp (&) is such that
dp(e) > (¢/C)" for 0 < e <2 where C > 0 is some constant.

Lemma 6.6 For all x € [0,1] andp > 1,

p\ P
1—xpg(1—x—) .
P

Proof. Fix p and consider the function

xp

f(zx)= (1——>p—1+:cp.

p

Then f(0) =0 and

p\ P—1 p\ P—1
fi(z)=p <1 - %) (=2™") + pa? ™! = paP! (1 — (1 - %) ) > ().

Hence f increases, so that f (z) >0, for all z € [0,1]. =

Theorem 6.7 The space 1, (SP), for p € [2,00), is p-uniformly convez.

Proof. Let 2 < p = ¢ < co. Then 1—1)

_1
2

+%:1—%and, forX,YGlp(Sp), it

follows from Corollary 6.4(ii) that
p p Lp 1-1 P p Lp
(X + Y1 oy + 1X =Yl en) <275 (XN oy + IV I sry)  (6:38)

To apply the definition of p-uniformly convex space, we set | X ||, o) = Y]l (50 = 1

and || X — Y|, gy = €. Substituting into (6.38) and rearranging we have

_1_1\P
X+ Y1 gony < (27525) = I1X = VI gy =27 = X = VI gy <20 =7
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Thus, making use of Lemma 6.6, we have

p e\P\ P
P (-8
2 0 2 p
Hence
HX+Y 1_(;)”
2 Miyesmy P

and we obtain that

X+Y
2

-

1, (S¥) =1 <1 - (%p> = (2;_1/17)17- (6.39)

Thus

511)(51”) (8)

) 1
= inf {1 D) X + YHZP(SP) : HXHzp(SP) = HYHZP(SP) =1,[|X - YHlp(SP) = 5}

(6.39) c p
> (55)

The proof is complete. =

Problem 6.8 Are the spaces 1, (SP), for p € [1,2), p-uniformly convex?

6.5 Estimates for partitions of operators from S5”

Let {P,})_, € Py, be a partition of 1. Then (see [21, Theorem I11.4.2])

N
> PAPR,|| <|A],.
n=1 D

Let {Qm}Y_, € Py be another partition and U = {PnAQm}fZ;i/[:l be a partition of

AeSP(H),1<p< oo (see Definition 5.7). For M, N < oo, it was proved in [25,
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Theorem 4] that, for 2 < ¢ < p < o0,

1/q
3(2 P, AQqu) < ||Al, < (NM)?~ i(ZnP A@mHQ)

belongs to [ (S?) and

1/q

E\»—‘

(NM

In other words, U = {P, AQm}

n,m=1
(NM)#™ qHqum”(SP)< [A]l, < (NM)2™a [[U]]jyn s -

For 0 < p < ¢ < 2, the inequalities are reversed.

For N =M, P, = @, and ¢ = 2 or p, these inequalities were proved by Bhatia
and Kittaneh [7, Theorem 1 for ¢ = 2 and Theorem 2 for ¢ = p.]. They used them to
prove that symmetrically normed ideals of B (H) corresponding to Q*-norms have
Radon-Riesz property.

In this section we consider the case when M = N = oo and prove that, if

A€ SP(H) and 2 < p < oo, then the partition U = {P,AQ} . _, belongs to

n,m=1

l, (SP) and

0o 1/p 00 1/2
(Z HPnAQmH§> < [l4], < (Z HPnAQmH§> :

n,m=1 n,m=1
In other words,

Note that, for U ¢ I5 (S*), we set |||, s») = 00. For 1 < p < 2, U belongs to 5 (S7)
and satisfies the reversed inequalities.

We start with the following proposition.
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Proposition 6.9 Let A = (A,),~, € SP(H,H®), 1 < p < oo and let {A,},

have mutually orthogonal ranges, 1i.e.,

AiA, =0 ifk #n. (6.40)

Let P, be the projections on the closure of the ranges A,H of the operators A,.
Then the series ) " | A, converges in ||-||, to some operator A € S (H) such that

HAH |Al, and all A, = P,A.

m+k * m+k
() -(2)
n=m-+1 n=m+1
It follows from (6.40) that, for all m = 0,1,... and k = 1,2, ...,
m+k

(=) ()

n=m-++1 n=m-+1 p/2
m+k */ mtk m+k

(84 (8015

n=m-+1 n=m++1 n=m+1

As all A, belong to S? (H), the operators A*A, belong to SP/2 (H). Hence all

Proof. We have

m-+k

2, A

n=m-+1

=) (6.41)

2
(5.4)

p/2 P

operators Y v, A* A, also belong to SP/2 (H). As A € S? (H, H®), we have A*A €

SP/2 (H) (see (5.8)). Hence we obtain from (6.41)

m+k m+k m+k
ZA —ZA = (Z A) Y ArA, (6.42)
n=m+1 P n=m++1 p/2
m+k
=) AzA, —A*A+ ATA - ZA*
n=1 n=1 p/2
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If 1 <p <2then § <1. It follows from (5.11), (6.42) and (5.37) that

m+k m+k p/2
ZA —ZA (ﬁé” S A, - ATA+ ATA - ZA*
n=1 n=1 p/2
(5.11) mk v/ " o (5.37)
< 2(ATA- D ALA, 2||ATA =D ALA, =70.
n=1 p/2 n=1 p/2
If 2 < p then 1 < § and we have
m-+k m
ZA —ZA ke ZA* —AALAA-Y AA,
n=1 p/2
(5.12) mk = (5.37)
< ||ATA - ZA* +]|ATA=D) " ArA, =70.
n=1

p/2 p/2

We conclude that {7 | A,} | is a Cauchy sequence in S? (H). Thus it converges

in [[-[|,, to some operator Ae S (H):

iAn—Z

lim =0, (6.43)
so that
= lim (> A, (6.44)
m—00 — »

Hence HEH = [|A][,, since
P

‘ 6—44) lim ZA (6:41 lim ZA*
p/2
(537) | 4 5.54) | 12
|A A||p/2 =" [l Al

It follows from (6.40) that all projections P, are mutually orthogonal and that

P, Ay = P,P,A, =0 if n # k. Fix n € N. Then, for m > n,

- (4.3) - - (6.43)
| = ||, (A—ZAk> < IRN[A-D 4 =)o
k=1 p k=1

p
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= 0. Hence Png— A, =0, so that Pnﬁ =A, =

p

Thus ‘ Pn/T — A,

Theorem 6.10 Let {P,} -, be a partition of 1y. Let A € S? (H). Then

1/p

0o 1/2 00
(Z HPnAIIf)) < [ A]l, < (Z IIPnAHi) for1<p<2,
n=1 n=1

where the last series could diverge. For 2 < p < oo, the above inequalities are

reversed.
Proof. It follows from Definition 5.7 that Q,, => ", P, 504 1y, as m — oc:
|z — Qmz|| — 0 for all x € H. (6.45)

We have QF, =>""  Pr=>" P, =Qn. As P,P, =0, if k # n, we also have

Q% =" P =" P, = Q. Thus Q,, are projections and

||meH2 = (Qm7,Qnr) = (Q,Qm,7) = (Qumz, )

= > (Pax,x) =) (Pox, Px) = Y _ || Paz|®.
n=1

n=1 n=1

Hence, by (6.45), > |Paz|® = |Qmz|* — ||lz||?, as m — oo. Thus

][> =" || Paz||* for = € H. (6.46)

n=1

Set A, = P,A. As A€ SP(H), all A, belong to SP (H), since S? (H) is an ideal

of B(H), and all A, satisfy (6.40):

AtA, = A*PIP,A = A"0A = 0 if k # n. (6.47)
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Consider the operator A = (A,)>" | from H to H*®. For x € H,

1 Az|f}y = ZHA z|)® —ZHPA 12 20— )| A2

Hence A € B (H, H*) and ||AHB(H7HOO) = [|All )

We shall now prove that A*A = A*A. For all z,y € H, we have

<A*Ax — Z A Ay, y) G20

n=1

as m — 0o0. We also have

(i Al Apx — A* Az, y)
n=1

= (i )" P,Ax — A* Az, y)

= (i PAw—A*Axy)

1

(6. 45)

= |(QmAx Ax Ay)|
as m — o0o. Thus
!([l*/_la: — A" Az, y)|

(A*Ax - zm: A Anz, y) +

n=1

m—0o0

(i Al Ay — A" Ax, y)

n=1

Hence (A*Az,y) = (A*Axz,y) for all z,y € H, so that A*A = A*A.

— 0.

Applying (5.5) we have that A*A € SP/2 (H). It follows from (5.54) that A €

SP(H, H*) and H/_l”p = || Al
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Let 1 < p < 2. It follows from theorem 5.22(i) that A € I, (SP) and

2
61)

00 1/2 00 1/ 55 1 5.
(zupnAu;) =(Z||Annz) 1 AlLe 2 A
n=1 n=1

o 1/p
(5.61)  _ )
=l4l, < 4], s (5.58) (Z”P"A“ﬁ) :
n=1

where the last series could diverge if A ¢ [, (SP).

Let 2 < p < oo. By Theorem 5.22(ii) and (iii), A € [, (S?) and
/p

0o 1/p ) 1
(Z HPnAnz) _ (z uAnuz) 5 4],
n=1 n=1

. 1/2

(5.62)  _ (5.62)  _ _

<AL =141, < Al 2 (ZHPnAHfZ) ,
n=1

where the last series could diverge if A ¢ I5 (SP). The proof is complete. m

Consider now partitions of operators. If A ¢ [, (S7), we set [|Al]; g0y = o0.

Theorem 6.11 Let {P,} ~, and {Q},-,be partitions of 1. Let A € SP (H) and
U = {P,AQk}, -, be the partition of A.

(i) If1 <p <2, thenU € l5(S?) and

oo 1/2 oo 1/p
Hquz(SP) = (Z HPnAQkHz) < ||A||p < (Z ”PnAQk“§> - ||u||zp(5p) :

n,k=1 n,k=1

(i) Let 2 < p < oo. ThenU € 1, (S?) and

0 1/p oo 1/2
Ay, 50y = (Z ||PnAQk||§> <4, < (Z ||PnAQk||§> = Ul (0 -

n,k=1 n,k=1
Proof. (i) Let 1 < p < 2. It follows from Theorem 6.10 that

0o 1/2 00 1/p
(Z ||PnA||§> < JlA4], < (Z ||PnA||§Z) : (6.48)
n=1 n=1
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where the last series above could diverge.

Fix n and set B, = A*P,. As A € SP(H) and SP (H) is a s.n. ideal of B (H),

we have B, € S? (H). Replacing in (6.48), A by B, and {P,}~, by {Qx},—, we

obtain
1/p

(Z HQ%H;) < [[Bnll, < (Z HQanH§> :
k=1 k=1

(6.49)

where the last series above could diverge. Since, by (4.3), || B.ll, = | B ||, = [|P.All,

and

4

* (4.3) * *
1QxBnll, = [|QeA B, =" [(QrA*P)" |, = ([ PaAQk ], ,

we can rewrite (6.49) as follows:

1/p

00 1/2 S
(Z ||PnAQk||12)> < [[P.All, < (Z ||PnAQk||§) , for each n,
k=1 k=1

and obtain

> IPAQ], < IPAll, and [|PAJY < Y | PuAQy]ly , for each n.

k=1 k=1
Thus summing up for n, we get
-~ 1/2 o 1/2
(Z HPnAQkHi) < (Z HPnAIIZ>
n,k=1 n=1

and

o 1/p 0 1/p
(Z HPnAH£> < (Z HPnAQkH£> -
n=1

n,k=1
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We can now apply (6.48) to obtain

o 1/2 o 1/2
(Z HPnAQkH§> < (ZHPnAHﬁ> < [|4]],
n,k=1 n=1
s 1/p o 1/p
(ZIIPnAHg) < (Z IIPnAlelz) :
n=1

n,k=1

IN

1/2
Clearly, on the left we have |||, s») = (Z;’;’kzl HPnAQka)) and on the right we
1/
have (Zf;:k:l ||PnAQk||£> g 14|, (s¢)- This ends the proof of (i).

(ii) Let 2 < p < o0. It follows from Theorem 6.10 that

1/2

o 1/p 0
(Z ||PnA||§;) < 4], < (Z ||PnA||f,> , (6.50)
n=1 n=1

where the last series could diverge. Proceeding now, as in (i), fix n and set B,, =

A*P,. Then B, € S?(H). Replacing in (6.50) A by B, and {P,},~, by {Qx},—,

we get
o 1/p 00 1/2
(Z HQanHﬁ) < IBull, < (Z lleBnllf,) , (6.51)
k=1 k=1
where the last series can diverge. Since, as in (i), || B, = ||B;ll, = [[P.All, and

|QxBoll, = [[PnAQk||,,, We can rewrite (6.51) as

~ 1/p - 1/2
(Z HPnAQH!i) <[[PA], < (Z ”PnAQkHZ) , for each n.
k=1 k=1
Hence ) 3,7, | P AQ4 |l < || P, Al and ||PnA||§ <> ||PnAQk||12), for each n. Thus

summing up for n, we get

- 1/p 00 1/p
(Z ||PnAQk||§> < (ZHPnAHi)
n=1

n,k=1
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and

0o 1/2 00 1/2
(Z IIPnAIIfZ) < (Z ||PnA@k||§> :
n=1

n,k=1

We can now apply (6.50) to obtain

0 1/p 0o 1/p
(Z IIPnAQkHi) < (Z HPnAH§> < [|A]],
n,k=1 n=1
. 1/2 . 1/2
< (Z HPMHi) < <Z ranA@k\@) :
n=1

n,k=1
N\ 1/2
Clearly, on the right we have [[U]],, g, = (ijk:l ||PnAQk||p) and on the left we
1/p
have (Zf;:k:l ||PnAQk||§> = |||, (s»)- The proof is complete. m

The case of finite families { P, } and {Qy} was studied in [7] and [25].

6.6 Cartesian decomposition of operators
In this chapter we analyse the following natural involution on I, (B (H)):

A Ay

Af = (A2 = | | foreach A= (A", = | i | et (B ().
Ay,

-5

Then (A#)# = A and # preserves all spaces [, (S?), since, by (4.3),
AN, 50y = HA#”lq(Sp) , for all A e, (S?). (6.52)

However, if A = (A,)%2, € SP(H, H*®) then A# does not necessarily belong to

n=1

SP(H, H*). We will now construct an example to show this.
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Example 6.12 Let {e;}?2, be an orthonormal basis in H. Let A = (4,,)°

1 > Where

each A, has matrix form A, = (a*™) with respect to {e;}2°, such that a™! > 0 for

all n, and all other a*™ = 0, i.e.,.

0 0

0 0 0 0 CLZl 0
A, = , and Ay =

anl 0 0 0 0 0

0 0

Then A*A, = (f™) € B(H) and A,A* = (d*™) € B(H), where c!' = (a™)? and

all other ™ = 0, and d™ = (a™*)” and all other d*™ = 0, i.e.,

0 0 0 0
nl\2
(az’)” 0 0 0 0 0
A A, = and A,A; =
0 0 0 0 (a)? 0
0 0 0 0

1) Let p € [1,2). Set ap' = —'7 for all n. Then A*A = Y A7 A, = (") € B(H),
where ¢!t = S (a™)? = Yo = < 00, as p < 2, and all other ¢*™ = 0.
Thus A*A = P, and |A| = (¢')"? P., is a multiple of the projection P., on the
subspace Cey, so that |A| € SP(H). Hence A € SP(H, H*).

On the other hand, (A#)" A% = 3~ A4, A* = (d*™) € B(H) is a diagonal operator
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with d" = (a2!)* = L, for all n, and all other d"™ =0, i.e.,

Therefore s, (A%*) = -~ and A% ¢ SP(H, H*), since

nl/p

HA#Hz = Z (n’l/”)p = Zn’l diverges.
n=1 n=1

2) Let p € [2,00). Set a! =n~'/?for all n. Then A*A =3 ArA, = (™) ¢ B(H),
since ¢! = 572 (am)? = 7% n! diverges, as p > 2. Hence A ¢ SP(H, H®).

On the other hand, (A#)*A# (see above) is a diagonal operator with d"" =

(a™)? = n~!, for all n, and all other d*™ = 0, i.e.,

10

(A%) A% = [

[

Therefore s, (A*) = -5 and A% € SP(H, H*), since

1

n=1

Thus B = A#* € SP(H, H®), while B¥ = (A#)" = A ¢ SP(H, H>).
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All [, (S?) spaces are symmetrically normed ideals of the Banach*-algebra [, (B (H))
with involution # and multiplication
AlBl
AB=| " | for A= (A0, B = (B>, €l (B(H)).

n=1> n=
ATL Bn

Indeed, let A € [, (S?) and T, B € lo (B (H)), then

T A B

HTAB“zq(Sp) =

lq(SP)

4.3) oo 1/‘1
S OITall Al HBan)
n=1

o 1/q (
- (Smam)
n=1

o0 1/q
< (Slip HTanSEllp 1B, ||* Z HAn”Z> = HTHZOO(B(H)) HBHIOO(B(H)) HAHZLI(SP) .

n=1

Let A, = X,, + 1Y, be the "Cartesian decomposition" of all A, in A, where

1 . 1 .
Xy =5 (Au+ A7) and Y, = o (A, = 4})

are self-adjoint operators. Indeed,

Xo=((An+47) /2)" = (A} + An) /2= X,y

n

and, similarly, Y* =Y. Set X = (X,,),~, and Y = (Y¥},)"",, so that

X:%(A+A#) andY:%(A—A#). (6.53)
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Then X,Y € [, (S7). Indeed as || X,||? < 1 <\|An||p + ||A;‘;Hp> = || Ay]l,,, we have

1/q

0o 1/q 19
1 X[y, (s0) = (Z ||Xn\|§) < (Z HAnHZ> = lAll;, gr) < 00
n=1 n=1

Similarly, ||Y||lq(5'p) < ||A||zq(Sp) < 0.

Theorem 6.13 Let A € 1,(S?), where p € [1,00) and ¢ € [min (p,2),max (p, 2)],
and let X = 3 (A+ A#) and Y = - (A — A#). Then

1/q

1_1_|1_1 1_1.,./1_1
2:7 37 1% 2!|\A|qu(5p)§ (HXHZ(S,,)JF]\Y!\;’q(sp)) < 2i 35 QIHAqu(Sp),

Proof. Replacing Y by Y in Corollary 6.4(ii), we have
4 . 1/q 11,1 _ 1/q
(X + VI oy + 1X = i s) < 28073008 (IS ) + 1Y ) )

Replacing now X +iY by A and X —iY by A%, we have

1

1/q 1,1 1/q
q i—z|+3 ;
(A2 ooy + IAFI ) = 2857308 (UXUE ) + 1 50))
Then, applying (6.52), we obtain
1 |;_;|+1 q g 1/q
20 || All s < 217218 (XD o) + 1Y o))

Thus, the left-hand side inequality holds:

1_1 1

s 1/q
2~ 1573l 4)), 4 < (”X”?ASPW”Y“?q(sp)> '

Replacing now X by A and Y by A# in Corollary 6.4(ii), we have

1/q 11 1 1/‘1
(14 A o + 114 = A y) ™ = 257800 (AT gy + 145 s
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Applying (6.53) and (6.52), and rearranging, we obtain the right-hand side inequal-
ity:
q q Y 1 1+|2-3]
(X0 oy + IV o)) < 2075 5573 )
The proof is complete. m

In [25, Theorem 5 (ii)] Kissin proved a result for [;' (S”) spaces similar to Theorem

6.13.

Remark 6.14 Doing the same replacements in Corollary 6.4(i) instead of (ii), as
we did in the proof of Theorem 6.13, we get the following inequalities: for p € [1, 2]

and A € [, (SP),
1/p
[AlLyqsny < (X2 g5y + IV o)) (6.54)
1/2 11
(X0 oy + 1Y omy) <2072 1Al 50 (6.55)

for p € [2,00) and A € Iy (SP),

Jun
‘d\'—‘

1 1/2
AL smy < 257 (IXIEqsm + 1Y Ism) (6.56)

1/p
(X7 g5+ IV 50)) < DAl - (6.57)

To get (6.54), replace in (6.35) Y by iY and, consequently, replace X + Y by A
and X —iY by A#. To get (6.55), we replace X by A and Y by A#.
To get (6.56), replace in (6.36) Y by ¢Y and, consequently, replace X +iY by A

and X —iY by A#. To get (6.57), we replace X by A and Y by A#.
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However, these estimates could be deduced from Theorem 6.13. Indeed, let

pe (1,2 and A € 1, (S). Then |}~ 3| =1

3 and [[A[l, 0 < Al (sr)- Setting

q = p in the LHS of the inequality in Theorem 6.13, we obtain (6.54):

1/p
| Allyqsny < 14l sny < (X8 g5y + IV IE )

If we set ¢ = 2 in the RHS inequality Theorem 6.13, we get (6.55):

9 9 1/2 11 11
(HXHzQ(Sp) + ”YHZQ(SP)> <2072 Al 50 <2772 |All (s0) -

= 1 — 1 and by (5.62)

1
p

_1
2

1
p

Let now p € [2,00) and A € [5(S?). Then

[All, 50y < [IAll,(s)- Setting ¢ = 2 in the LHS inequality in Theorem 6.13, we

obtain (6.56):

11 2 2
1Al 5n) < NAlyqsny < 2577 (XD oy + 1Y 50 )
Setting ¢ = p in the RHS inequality Theorem 6.13,we obtain (6.57):
» » 1/p
(X2 5oy + IV ) < Ny < Nl -

Although the involution # preserves all spaces [, (SP), it does not preserve

SP (H, H*®), if p # 2 (see Example 6.12). Since, by Theorem 5.22(iii), S? (H, H*)

I5 (S?), the involution # preserves S? (H, H*).

Set S°(H, H®) = B (H,H*) and S* (H, H*®) = C (H, H*®) - the space of all

compact operators from H to H*>. For each p € [1,00] U {b}, set

D,(#)={A€ S"(H,H>): A% € S*(H,H™)} .
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Note that D, (#) is the maximal linear subspace of SP (H, H*) preserved by #.
Indeed, if A € D, (#) then A € SP (H, H®) and A* € SP(H, H®). Thus A% €
D, (#), as A* € 57 (H, H®) and (A#)" = A € 57 (H, H*).

If A,B € D, (#) then A,B € SP(H,H*®) and A*, B¥ € SP(H, H*). Hence
A + BB € 5P (H,H*) and (0A + B)* = aA#* + GB# ¢ SP(H,H*™). Thus
aA+ BB € D, (#), so that D, (#) is a linear subspace of SP (H, H*). To see that
D,, (#) is maximal, assume that there is a linear subspace D of SP (H, H*) preserved
by # such that D, (#) & D. If A € D~ D, (#) then A% € D C S* (H, H*). Hence
A € D, (#), so that D, (#) = D. Thus D, (#) is the maximal linear subspace of

SP (H, H*) preserved by #.

Proposition 6.15 (i) If 1 <p <2, thenl,(S*) G D, (#) & S* (H, H*®).
(i) S (H, H*) = Dy (#)

(iii) If 2 < p < oo then D, (#) G SP (H, H®) € Dy (#).

Proof. Let {e,} -, be an orthonormal basis in H, P, be the projections on C.,
and let {Vn}zo:1 be partial isometries from C,, on C.,: V,e, = e; and V,e; = 0, for

j #n. Then, for all n, V*e; = e, and Ve, =0 if k£ # 1. Thus
P, =V*V,and P,, =V, V. (6.58)

(i) Let 1 < p < 2. By Theorem 5.22(i), [, (S*) C S? (H,H™). As # preserves
all 1, (S?), we have [, (SP) C D, (#) C SP(H,H™) It follows from Example 6.12
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that D, (#) # SP (H, H*). Thus to finish the proof of (i), we need to show that

by (57) # Dy (#)-

Let A= (A4,)2, € lo (B(H)) where A, = n 7 P... As |P||, =1,

o o0 1
A = 3 14l = 3 73
n=1 n=1

Hence A ¢ [, (S?).

oo
P 1
= g n~ diverges.
p —

n=1

Let u =", @n_%el, where each n_%el lies in the n-th component of H* =
Iy (H). Then ||ju® = 3% n"» < 0o. Thus u € H*. For each z = Yo ane, € H,

n=1

_1 _1
we have A,x =n"» P, x =n rayey, so that

o 0.) oo
_1 _1
Ax = E DA,z = g dn raje; = ag g dn re; = aqu.
n=1 n=1 n=1

Hence A = e; @ u is a rank one operator in B (H, H®), ie., Ar = (e ®u)zr =
(z,e1)u = aqu. Thus A € SP (H, H®) (see (5.59) and (5.60)). Moreover, since for
each n, A* = A,, we have that A% = A. Thus A € D, (#). We proved earlier that
A ¢ 1,(SP). Therefore 1, (SP) # D, (#).

(ii) From Theorem 5.22(iii) it follows that S? (H, H®) =I5 (5%).As # preserves
l5 (S?), we have S? (H, H*®) = Dy (#).

(iii) Let 2 < p < oo. It follows from Example 6.12 that D, (#) # SP (H, H™).
Thus we only need to show that SP(H,H*) ¢ Dy (#). To prove this, we shall
construct an operator A = (A4,)°7, € S? (H, H*®) such that A ¢ D, (#).

Set A, = n~2V,, for n € N. The operator 3.7 n 'R, = S" n~ (-, e,) e, is

self-adjoint, for all m, and its eigenvalues are exactly all n=! (see Corollary 2.36).
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Hence

(5-54) * (5.28) - .
1P Al =7 (P A) PaAll,, = ||> AnAn
n=1 p/2
N 6.58) [~ _;
m 2/p m 2/])
n=1 n=1

Therefore, by Lemma 5.21(ii), A € SP (H, H*®) for all 2 < p < co. As SP (H, H*®) C
S (H,H*) = C (H, H®), we have A € S® (H, H*). On the other hand, A# does

not belong to B (H, H*), since
Ate; = (Aner)p_; = <n_%vﬁk€1> = (n_%en>
=1
and

141 5 = sup [[A%a] . > A%l

A e
-~ ,\ 12 o 1/2
= (ZHnéen ) = (an) -diverges.
n=1 n=1

Thus A ¢ Dy (#), so that SP (H,H>®) ¢ D, (#) for 2 < p < oo. The proof is

complete. m
Let A = (A,)7, € D,(#). Then A#* € D, (#). As in (6.53), let X =
1(A+A#) and Y = L (A — A#) be the *Cartesian decomposition’ of A. Since

D, (#) is a linear subspace of S? (H, H*), we have X,Y € D, (#). Since A, =
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X, +1Y, and all X,,, Y,, are self-adjoint, we have

AT A, +AA = (X, —iY,) (X, +1iY,) + (X, +14Y5) (X, —iY,)  (6.59)

= 2(X2+Y7).

Therefore
A]? + |A#]) = A7 A+ (a#)" a# O2Y i (A% A, + A A7) (6.60)
1
=2 lim Em: (X2+V2) =2 i (x2+v2) "2V o (x*X + VY.
= o
Hence

NE

I
[\)
N[

1/2 1/2
H(W +larp)” (x? +y,3)) (6.61)

lim <
p m—00
1/2
2 lim < (X3+Y,3)>
n=1

Theorem 6.16 Let A= (A,)", € D,(#), A, =X, +1Y,. For1<p<2,

1

3
Il

NE

I
(\]
[N

p

m 1/2
||A||12(5p) < lim <Z(X§+Yn2)>

m—o0o
n=1

p

_ 2_% <]A\2—|— ‘A#’2>1/2

11
<2072 || A[l, (50 5

p

where ||All, g0y =00 if A& 1, (S"). For2 < p < oo, the inequalities are reversed.

Proof. By our assumption, A € D, (#). Hence A, A% € SP(H, H*).Consider

the operator B = (B,),—, such that By; = A;and By;_ = A%, Let us show that
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B, B#* € S¢ (H, H®). Indeed,

A
Ay Bix
B = | |adBBe=8B"| " | =Y BB
A* B,x n=1
Ay

= Z B;jleijl.fC + Z B;jBQjSL’
j=1

j=1
= i (A Atz + i Ajdge = ((AF)" A% + A°A) .
. <

7=1

for each x € H. Thus B*B = (A#)*A# + A*A. Applying (5.8), we obtain that
(A#)" A# A*A € SP/2(H). Since SP/? (H) is a linear space (see [16, Lemma X1.9.9
(b)]), we have B*B = (A#)" A#* + A*A € SP/? (H). Applying (5.8) again, we have
that B € SP(H, H™).

Similarly, we have that, for each x € H,

(B*) B¥x=> (B;)"Bjr =) By1Bj yu+ Y ByBjx
n=1 j=1 j=1

=Y AAm+ Y (A) Az = AT Az + (A*)" A*a
j=1 j=1
Thus (B#)" B# = A*A+ (A#)" A* € 5¢/2(H), so that B# € SP(H, H®). Thus
B, B¥ € SP(H, H®), so that B € D, (#).
We also have
6.59)

By; 1Baj—1+ By;Byj = AjAT + AjA,; C2y (X7 +Y7). (6.62)
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From the considerations just above the Theorem 6.16 and from Proposition 6.15
we know that X,Y € D, (#) C S?(H,H*). By Theorem 5.22, S? (H,H*) C
lo(SP), for 1 < p < 2, and SP(H,H>®) C [,(S?), for 2 < p < oo. Thus all
X, Y, € SP(H), so that X?, Y} € S*/2(H).

1/2
Set T, = (E;nzl (X7 + Yf)) . As SP/2 (H) is a linear space,
=> (X7 +Y}) € P2 (H)
j=1

and is self-adjoint. Then T,, € S? (H) and

* 53) 2
HTﬁsz/Q 1T T ||p/2 = HTme- (6.63)
Thus
m 1/2
(5.54) 12 (5.37) . \
IBll, =" I1B*Bl,j; =" lm ||>" BB, (6.64)
n=1 p/2
m 1/2 m 1/2
= lim || (B3, Baj-1+ B3;By)) 682 5172 Z (X2 +Y7?)
=1 p/2 J=1 /2
m 1/2
(663 21/2 1im (Z X2+Y2 )
p
As || Byll, = 1451, = || A )= | Baj-1l,,, we have, for each g,
1Bl s = 3 (1812 + 11B242) (6.65)

jfl

= ZHA ||q+Z 14311

- 2 ||A||lq Sp .

Let 1 < p < 2. Then

m 1/
(5 664
HB”lz(sp) HBH 21/2 hm <Z X2+Y2>
7=1

p

(5 61)
1By, sy -
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By (6.65), HB”zp(SP) = 2!/ HAHzp(Sp) and HBHZQ(SP) =22 ||AHl2(SP)' Hence

" 1/2
2!/2 HAHIQ(S <212 hm (Z X2 + Y2 ) < 2!/ HAHZP(SP) .
J=1

p

Making use of (6.61), we complete the proof of the case when 1 < p < 2:

N

m 1/2
|Alysmy < lim (Z (Xf+Yf)>

—
! P

_1
= 2

11
<202 ||A||zp(sp)-
P

(14P +]4%| )

To prove the estimate in the case 2 < p < oo, we use inequality (5.62) instead
of (5.61). We have

(5 (6:64) 51/2 S 2 2 v (5 62)
||B||l2(SP) ||B|| 2 hm Z X +Y ||B||zp(5p)
7j=1

p

By (6.65), HB”ZP(SP) =21/P HAHlp(SP) and HB||I2(SP) =22 ||AHl2(Sp)- Hence

m 1/2
2!/2 HAHlQ(sp > 2!/ hm (Z X2 + Y2 ) > 2!/7 ||A|’zp(5p) .
j=1

p

Making use of (6.61), we obtain

m 1/2
1A, > lim (Z X2+Y2>
j=1
p

1
= 2

11
> 20 2 ||A||1p(sp)-
P

(147 +]4%| )

The theorem is proved. m
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6.7 Conclusion
The main aim of this chapter is to find a generalization of Clarkson-McCarthy in-
equalities (6.21) to infinite families of operators. The inspiration came from studying
actions of operators from B (H*) on [, (S?) spaces.

In Proposition 6.1 we prove that, apart from I, (S?) = S? (H, H*®), the Banach
spaces [, (S?) are not left B (H>)-modules. By applying results from Chapter 5,
namely Theorem 5.22 and Lemma 5.16, we obtain, in Theorem 6.2, important in-
equalities involving operators from B (H>), I3 (SP) and [, (S?). Using interpretation
(6.21) we prove Theorem 6.3, that gives us estimate (6.30) involving a block-diagonal
operator on H> (see (6.29)) and operator from the space [, (S*). We know that a
similar estimate would not work for all bounded operators on H* as the spaces
l, (SP) other than I (SP) are not left B (H>)-modules. Applying Theorems 6.2 and
6.3 we obtain Corollary 6.4. It gives us an analogue of McCarthy inequalities (6.1)
and (6.2) for [, (S?) spaces. In Theorem 6.7 we prove that for 2 < p < oo, the space
l, (SP) is p-uniformly convex.

Next, we concentrate on infinite partitions of operators from S?. We prove
estimates for partitions in Theorem 6.11. The case when the partitions were finite
was studied in [25] and [7]. In Theorem 6.13 we prove estimates for Cartesian
decomposition of operators from I, (S?). A similar result for [f (SP) spaces was
proved in [25, Theorem 5(ii)]. We also prove Proposition 6.15 that shows inclusions

of spaces 1, (SP), D, (#), SP (H, H*®) and [, (S?). Our last Theorem in this thesis
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is Theorem 6.16. It proves estimates for Cartesian decomposition of operator A €

SP(H, H*®) such that A% € SP (H, H*®). Tt is similar to [25, Theorem 5(i)].
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Chapter 7 Conclusion

This thesis had two aims. The first aim was to identify and prove a number of
minimax conditions that arise in the context of the theory of Hilbert spaces and
linear operators on Hilbert spaces. The second aim was to analyze [,-spaces [, (S?)
of operators from Schatten ideals SP. In this chapter we summarize the results we
have achieved until now and indicate possible future research in this area.

We began our research in Chapter 3 by considering sequences of bounded semi-
norms on Hilbert spaces and obtaining minimax theorems for them. We established
two minimax formulae for bounded seminorms on Hilbert spaces, namely Proposi-
tion 3.6 and Theorem 3.8. We consider a sequence {gy},.; of bounded seminorms
on a Hilbert space H that is bounded at each point x € H. We find that one
of the above minimax formulae holds for such a sequence and its value is zero, if
the bounded seminorm ¢ (x) = sup,, g, () is not equivalent to the norm ||-|| of the
Hilbert space H. We prove that the condition does not hold when ¢ is equivalent
to ||-|| but all g,, are not equivalent to ||-||. Generally, if ¢ is equivalent to ||-|| then
this minimax condition holds if and only if, for each € > 0, there exists n. such that
gn. is equivalent to [|-|| and infj=1 gn. (z) > infjz=1 g(x) — . We also showed that
the reversed minimax condition, as stated in Theorem 3.8, holds for all sequences
of seminorms. The restrictions imposed on the sequences of seminorms are different
for the reversed version. In Theorem 3.8 we require that the sequence {gy},-, of

seminorms on H is such that g, (z) = inf,, g,(z) for all x € H and some m € N
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(for example, {gi},-; could be monotone increasing, i.e. gi(x) < ggi1 (z) for all
x € H). We illustrate Proposition 3.6 and Theorem 3.8 with examples of seminorms
on the Hilbert space [5.

By replacing sequences of seminorms with sequences of operators {A;},-, on H

and evaluating their norms, we obtain the following version of the minimax condi-

tion:
inf sup||A,z| =sup inf [|A,z|,
lzll=1" n n llzll=1
inf sup ||A,z| = sup inf|A4,z] .
" el=1 flef=1 "™

Perhaps, it would be interesting to find necessary and sufficient conditions for
the minimax to hold and to evaluate the left and right hand sides of the above
minimax formulae.

At the end of Chapter 3, we divert our attention from seminorms and concentrate
on finding minimax theorems that hold for bounded operators on Hilbert spaces.
In Theorem 3.12, we obtain certain minimax conditions for bounded operators on
H. We evaluate this minimax formula as zero if the bounded operator A is not
invertible and find that the minimax condition does not hold if A is invertible and
dim H > 1. We discuss application of this minimax formula to a bounded bilinear
functional 2 on H in Corollary 3.15.

In Chapter 4 we study the validity of various types of minimax conditions for

operators in Schatten ideals of compact operators. Our work has been inspired
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by reading the theory of linear nonselfadjoint operators in [21]. In Theorem 4.9
we consider minimax conditions that involve a bounded operator A on a Hilbert
space H and a sequence of self-adjoint bounded operators on H that converges
to 1y in the s.o.t. We were able to identify exactly for which bounded operators
A this minimax condition holds. We proved that the reversed minimax condition
holds for all operators A € B(H). The most important theorem in this chapter
is, in our opinion, Theorem 4.15. It evaluates and verifies minimax conditions in
Schatten ideals for a family of projections. We discovered that the first formula
in this theorem holds in all cases and is equal to zero. However, the validity of
the second minimax condition depends on a new interesting property - approximate
intersection of a family of subspaces. Details of this notion and the results are
explained in Definition 4.13 and Theorem 4.15(ii).

A possibility of future research in this direction lies in the further attempts to
identify and verify some other minimax conditions for various classes of bounded
operators on Hilbert spaces. Another avenue which is worth, perhaps, pursuing is
investigating whether the minimax conditions could be generalized and then applied
to the operator theory.

In Chapter 5 we study [, (S?) spaces of operators from Schatten ideals S? and
the spaces S? (H, H*) of Schatten operators from Hilbert space H into H*. In
Theorem 5.22 we establish the inclusion of these spaces in each other and obtain

various estimates for norms of operators from these spaces. In particular, we found
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that the spaces I, (5?) and S? (H, H*) coincide. Lemma 6 [25], gives some estimates
for norms of n-tuples A = (A, ..., A,) of operators from [} (S?). In Proposition 5.10,
we extended these estimates to infinite families of operators. In Theorem 5.11 we
establish a connection between the norms of an operator, A € I, (S*) U, (S?) and
the operator B = RA, where R is a bounded operator on H*. This, in fact, extends
the results of Corollary 7 [25], which proved this estimate for the norms of an n-
tuple of operators A = (Ay,..., A,) and the n-tuple of operators B = RA, where
R e B(H").

We obtained further generalization of Clarkson-McCarthy estimates in Chapter
6 in Corollary 6.4. We apply this result to prove that the spaces [, (S?) are p-
uniformly convex for p € [2,00). This, in turn, implies that the spaces [, (S?), for
p € [2,00), are reflexive (see [39, p.23]). Partitions of operators were studied in
section 6.5. We established inequalities for infinite partitions of operators from S?
in Theorem 6.11. This result builds on estimates achieved in Theorem 4 [25] for
finite partitions of operators from SP. In Theorem 6.13 we consider the Cartesian
decomposition A = X + 7Y of infinite sequences A = (A,) ~, of operators from
Iy (SP), for p € [1,00) and ¢ € [min (p, 2) , max (p, 2)]. We obtain a certain estimates
that link the norms [|X{]; gu, [[Y[[;,(sv) and [[A[]; (gs)- These results extend Theorem
5(ii) [25], where this decomposition was investigated for n-tuples A = (A4, ..., A,)
of operators from SP. We also study special type of operators from S? (H, H*) and

obtain some inequalities for Cartesian decomposition of these operators in Theorem
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6.16.
As we stated in Problem 6.8, the question about p-uniformly convexity of the
spaces [, (S?), for p € [1,2), is still open. This question is a subject for our future

research.
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